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Graphs for data science and ML 

Machine Learning for graphs and with graphs
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Exploit the properties of the matrices of graphs
Second: find clusters, cut the graphIntroduction Communities Cuts Spectral clustering Modularity End

Cuts, clustering and communities
The good, the bad and the ugly

• Networks are often inhomogeneous, with important links,
hubs, clusters, or communities (modules)

• These are observed in various types of data on networks:
social, technological, biological,...

• Importance of cuts: the min-cut max-flow theorem.
These are two primal-dual linear programs.

The max value of a flow = the min capacity over all cuts.

• For clusters and communities, see the extensive surveys:

[S. Fortunato, Physic Reports, 2010]

[von Luxburg, Statistics and Computating, 2007]

p. 4

Introduction Communities Cuts Spectral clustering Modularity End

Example of graph cut

• Example of (spectral) bisection on an irregular mesh

 

 

 

 

 

 

 

 

� It is not guaranteed to minimize �, but it often does very well. 

 

� The spectral partitioning based on the Laplacian (Fiedler, 1973, 

Pothen, Simon and Liou, 1990) is a poor approach for detecting 
natural community structure in real-world networks. 
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COMMUNITY DETECTION

• Community detection:
‣ Find groups of nodes that are:

- Strongly connected to each other
- Weakly connected to the rest of the network
- Ideal form: each community is 1)A clique, 2) A separate connected component

‣ No formal definition 
‣ Hundreds of methods published since 2003

Introduction Communities Cuts Spectral clustering Modularity End

Some examples of networks with clusters or
communities

• Mobile phones (The Belgium case, [Blondel et al., 2008])
• Scientometric (co)-citation (or publication) networks

[Jensen et al., 2011]

Modules often overlap with 

properties/functions of nodes

Data mining perspective:

Uncovering communities might 

help to uncover hidden properties 

between nodes

Why looking for modules?

  

Laboratoire de physique ENSL 
sous-thématiques, taille nœud = nb articles

réseau plutôt bien connecté (hors physique théorique)
Question : quels ponts entre sous-thématiques ?

p. 6
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Clustering: a well known topic in data analysis
COMMUNITY DETECTION
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Clustering of graphs : a well known topic in DA

Introduction Communities Cuts Spectral clustering Modularity End

Some examples of networks with clusters or
communities

• Social face-to-face interaction networks

Mesure et analyse d’un réseau social Menaut Rémi

grand nombre d’évènements espacés dans le temps. En considérant l’instantanéités des courtes fenêtre
temporelle, nous pouvons construire pour une fenêtre temporelle une structure discrète (N, L) qui liste
les nœuds et les liens du réseaux pour une fenêtre temporelle donnée. Nous pouvons aussi utiliser
une représentation algébrique en considérant la matrice d’adjascence du réseau. Dans la suite, nous
utiliserons surtout cette représentation.

L’obtention de la matrice d’adjascence à partir des données bruts se fait en plusieurs étape que
nous détaillons ici. Grâce à de précédentes études, nous savons qu’il faut un temps d’interaction entre
deux badges de 20 s pour que ce contact soit enregistré avec une probabilité de plus de 99% [2]. Nous
discrétisons donc le temps en fenêtres temporelles de 20 s. Ensuite pour chaque fenêtre temporelle t,
nous construisons la matrice d’adjacence At du réseau. Il s’agit d’une matrice carrée de la taille du
nombre de participants. Ses coefficients At

ij valent 1 si les individus i et j ont eu un contact pendant
les 20 s de la fenêtre temporelle t ou 0 sinon. De plus, puisque nous ne différencions pas les cas où i
voit j aux cas où j voit i, la matrice At est symétrique.

Dans toute la suite et dans un souci d’allègement du discours, nous appellerons une fenêtre tempo-
relle un instant.

2 Premières analyses

2.1 Analyse du graphe agrégé

Une première méthode de visualisation du réseau consiste à construire son graphe agrégé. Pour cela,
il faut considérer la matrice d’adjacence agrégée du réseau : Aag =

P
t At. Le graphe obtenu est alors

statique : il ne dépend plus du temps. Le coefficient Aag
ij est appelé le poids de la liaison ij. Il correspond

au nombre d’instants pendant lesquels i et j étaient en contact. Le graphe peut alors être construit en
symbolisant chaque individu par un nœud puis en traçant un lien (d’épaisseur proportionnel au poids)
entre les nœuds i et j s’ils ont eu un contact.

Les graphes agrégés traçés sur la Figure 1 représentent les graphes agrégés des deux semaines de
mesures au laboratoire. Ils ont été tracés à l’aide du logiciel Gephi. La couleur d’un nœud donne son
appartenance à une équipe du laboratoire. Le placement des points a été fait à partir de l’algorithme
Force Atlas. Nous pouvons aussi constater un regroupement des nœuds d’une même équipe ce qui sera
étudié plus précisément dans la partie 4.

(a) Semaine 1 (b) Semaine 2

Figure 1 – Graphes agrégés des deux semaines de mesure. Chaque nœud représente un individu et
l’épaisseur d’un lien est proportionnelle à son poids. La couleur d’un nœud code l’équipe du laboratoire
dont il fait partit : Bleu : équipe 1, Rouge : équipe 2, Vert : équipe 3, Jaune : équipe 4, Orange : autre.

De nombreuses quantités peuvent être définies à partir de ce graphe agrégé [11]. Nous nous concen-
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(Lab. physique, ENSL, 2013) (école primaire, Sociopatterns)
• Brain networks [Bullmore, Achard, 2006]

10   neurons11

fMRI
10  voxels

0.3 Hz
5

Parcellation

Time series

Connectivity
using wavelets

Graphs of 
cerebral connections

Challenge 1: Robustness and hierarchical 
                     analysis of brain connectivity

Challenge 2: Brain networks clustering Challenge 3: Longitudinal study of brain networks

GRAPHSIP project challenges

p. 5

Graph Wavelets Multiscale community mining Developments; Stability of communities Conclusion

The dynamic social network of a primary school
Collaboration with A. Barrat (CPT Marseille)

• Mesures à l’aide de la plate-forme sociopatterns.org
• Collecte de contacts entre personnes, résolus en temps à

des conférences, des musées, des écoles, des hôpitaux,...
• Contacts face-à-face résolus dans le tempsThe SocioPattern platform

Nicolas Tremblay Constrained graph resampling ECCS, 03/09/2012 5 / 22

p. 43
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Clustering of graphs : also well known in Graph Theory    

Introduction Communities Cuts Spectral clustering Modularity End

Graph cuts
• Graph cuts in 2 (or bisection): find the partition in two

groups of nodes that minimize the cut size (i.e., the number
of links cut)

• Exhaustive search can be computationally challenging

• About the problem of cuts:
An important result is the min-cut max-flow theorem.

Min-cut pb and Max-flow pb are two primal-dual problems

The max value of a flow = the min capacity over all cuts

One possible solution from linear program

p. 10
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p. 10

Min-Cut and Max-Flow
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Clustering of graphs : a well known topic in DA
Some theoretical properties: Algebraic Connectivity

Algebraic Connectivity, Fiedler 
Vector

21

Multiplicity of eigenvalue 0 gives connectedness of graph

What if �2 > 0 ?

where d(G) is the diameter of the graph
�2 > 1

vol(G)d(G)

Experiment: 
Gradually increase connections 
between two Erdos-Renyi subgraphs
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Clustering of graphs : a well known topic in DA
Some theoretical properties: The Cheeger Constant

The Cheeger Constant

22

Cheeger constant measures presence of a “bottleneck”

@A =
�
(u, v) 2 E s.t. u 2 A, v 2 A

 
A ⇢ V

h(G) = min
A⇢V

8
<

:
|@A|

min
⇣
vol(A), vol(A)

⌘ s.t. 0 < |A| < 1

2
|V |

9
=

;

vol(A) =
X

u2A

d(u)
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Clustering of graphs : a well known topic in DA
Some theoretical properties: The Cheeger ConstantThe Cheeger Constant

23

Bottleneck
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Clustering of graphs : a well known topic in DA
Some theoretical properties: The Cheeger Constant

A Cheeger Inequality

24

The Cheeger constant and algebraic connectivity are related by  
Cheeger inequalities. A simple example:

For a general graph G, 

Theorem: Cheeger Inequality[Polya, Szego]

Remark: the eigenvector associated to the algebraic connectivity 
is called the Fiedler vector

2h(G) > �2 > h2(G)

2
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Clustering of graphs : a well known topic in DA
Some theoretical properties: The Fiedler Vector

Algebraic Connectivity, Fiedler 
Vector

25

Set of 1490 US political blogs, labelled “Dem” or “Rep” 
Hyperlinks among blogs 
Removed small degrees (<12), keep N = 622 vertices 
Compute normalised Laplacian, Fiedler vector 
Assign attributes +1, -1 by sign of Fiedler vector

Ground truth

11



Clustering of graphs or Communities
and their relation to the Laplacian eigenvectorsIntroduction Graph SP First examples Cuts, clustering GSP on directed graphs Other Examples End

Example: graph with multiscale communities
finest scale (16 com.):

coarser scale (4 com.):

fine scale (8 com.):

coarsest scale (2 com.):

p. 30

Introduction Graph SP First examples Cuts, clustering GSP on directed graphs Other Examples End

Spectral analysis: the �i and �i of this multiscale graph
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Clustering of graphs: the spectral approach
U. von Luxburg, “A Tutorial on spectral clustering”, Stat. Comput., 2007

• To cut a graph, one has to measure the size of the cut = # of cut edges


• then associate a cost function inspired by the Cheeger constant

Back to the Start: Cut and 
Cluster

28

RatioCut(A,A) :=
1

2

C(A,A)

|A| +
1

2

C(A,A)

|A|

When cutting through edges, we can associate cost functions inspired by the 
Cheeger constant: 

NormalizedCut(A,A) =
1

2

C(A,A)

vol(A)
+

1

2

C(A,A)

vol(A)

Normalization seeks to impose balanced clusters

C(A,B) :=
X

i2A,j2B

W[i, j]
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Clustering of graphs: the spectral approach
How to minimise RatioCut ? (a combinatorial problem)

15

• Re-write the problem with features indicative of each set :


•    and 


• then  and 


• One can compute the RatioCut : 


• The problem can be written as:


• With sign  an indicator function! <= still combinatorics

f(i) = +
| Ā |
|A |

if i ∈ A f(i) = −
| Ā |
|A |

if i ∈ Ā

∥f∥2 = |V | f⊤1 = 0

f⊤L f = |V | ⋅ RatioCut(A, Ā) .

( f )

Introduction Graph SP First examples Cuts, clustering GSP on directed graphs Other Examples End

Spectral approach for min-RatioCut
• The same problem written in a relaxed form introducing:

f(i) = +

s
|Ā|

|A|
if i 2 A and f(i) = �

s
|A|

|Ā|
if i 2 Ā

Then, ||f|| =
p

|V | and f>1 = 0.
• Finally, one has

f>L f = |V | · RatioC(A, Ā).

• Hence, problem with relaxed constraints:

minf f>L f
such that f>1 = 0, ||f||2 =

p
|V|

• This method falls down under the category of Spectral
clustering of data represented by networks

cf. [von Luxburg, Statistics and Computating, 2007]
p. 36



How to minimise RatioCut ? (a relaxed, spectral, problem)

• The exact problem with f indicator function of A is (NP-)hard 


• The same problem with any f is a relaxed version: looking for a smooth 
partition function

Exposing RatioCut

31

argmin
f

fTLf subject to kfk =
p
N, hf, 1i = 0

Solution (G connected): eigenvector of �2

Warning: recover partition after thresholding f = sign(u2)

So we are back to the Fiedler vector !!!

Clustering of graphs: the spectral approach
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RatioCut : generalization to k >2 
RatioCut: Generalizing to k > 2

32

For more than two components, we look for a set of partition functions

F 2 RN⇥k F [i, j] = fj [i] =

⇢
1/

p
|Aj | if vi 2 Aj

0 otherwise

Observe: fT
j Lfj =

Cut(Aj , Aj)

|Aj |

RatioCut(A1, . . . , Ak) = Tr(FTLF )

FTF = I

Suggests the relaxed problem:

arg min
F2RN⇥k

Tr(FTLF ) such that FTF = I

Clustering of graphs: the spectral approach
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Unnormalized Spectral ClusteringUnnormalized Spectral Clustering

33

This form of relaxed RatioCut = Unnormalized Spectral Clustering

Compute the matrix F of first k eigenvectors of L 
Apply k-means to rows of F to obtain cluster assignments

Algorithm: Unnormalized Spectral Clustering

arg min
F2RN⇥k

Tr(FTLF ) such that FTF = I

18



Normalized Spectral Clustering
consider Normalized Cut, k=2

Normalized Cut, k=2

35

NormalizedCut(A,A) =
1

2

C(A,A)

vol(A)
+

1

2

C(A,A)

vol(A)

Check that:

f [i] =

8
<

:

q
vol(A)/vol(A) if vi 2 A

�
q

vol(A)/vol(A) otherwise

hDf, 1i = 0 fTDf = vol(G)

argmin
f

fTLf subject to fTDf = vol(G), hDf, 1i = 0

argmin
g

gTLnormg subject to kgk2 = vol(G), hg,D1/21i = 0

g = D1/2f

fTLf = vol(V )NormalizedCut(A,A)

Normalized Cut, k=2

35

NormalizedCut(A,A) =
1

2

C(A,A)

vol(A)
+

1

2

C(A,A)

vol(A)

Check that:

f [i] =

8
<

:

q
vol(A)/vol(A) if vi 2 A

�
q

vol(A)/vol(A) otherwise

hDf, 1i = 0 fTDf = vol(G)

argmin
f

fTLf subject to fTDf = vol(G), hDf, 1i = 0

argmin
g

gTLnormg subject to kgk2 = vol(G), hg,D1/21i = 0

g = D1/2f

fTLf = vol(V )NormalizedCut(A,A)

Then :
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Normalized Spectral Clustering
consider Normalized Cut, k>2

Then :

Normalized Cut, k> 2

36

F [i, j] = fj [i] =

⇢
1/

p
vol(Aj) if vi 2 Aj

0 otherwise

fT
j Lfj =

Cut(Aj , Aj)

vol(Aj)
FTF = I fT

j Dfj = 1

H = D1/2
F

Compute the matrix H of first k eigenvectors of 
Apply k-means to rows of H to obtain cluster assignments

Algorithm: Normalized Spectral Clustering

Lnorm

arg min
H2RN⇥k

Tr(HTLnormH) such that HT
H = I

20



Spectral Clustering in a nutshell



Spectral clustering in a  nutshell: (from [Ref2])





















Graphically:





 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 



Spectral clustering in a  nutshell: (from [Ref2])





















Graphically:





 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

from Bishop, Pattern Recognition and 
Machine Learning, 2006 (chapt. 6)
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Spectral Clustering in action

von Luxburg, 2007

Introduction Communities Cuts Spectral clustering Modularity End

The classical spectral clustering algorithm
[Von Luxburg ’07]
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Figure 1: Toy example for spectral clustering. Left upper corner: histogram of the data. First and second row: eigenvalues and
eigenvectors of Lrw and L based on the k-nearest neighbor graph. Third and fourth row: eigenvalues and eigenvectors of Lrw
and L based on the fully connected graph. For all plots, we used we use the Gaussian kernel with � = 1 as similarity function.

Before we dive into the theory of spectral clustering, we would like to illustrate its principle on a very simple
toy example. This example will be used at several places in this tutorial, and we chose it because it is so simple
that the relevant quantities can easily be plotted. This toy data set consists of a random sample of 200 points
x1, . . . , x200 2 drawn according to a mixture of four Gaussians. The first row of Figure 1 shows the histograms
of a sample drawn from this distribution. As similarity function on this data set we choose the Gaussian similarity
function s(xi, xj) = exp(�|xi � xj |2/2�2) with � = 1. As similarity graph we consider both the fully connected
graph and the k-nearest neighbor graph with k = 10. In Figure 1 we show the first eigenvalues and eigenvectors
of the unnormalized Laplacian L and the normalized Laplacian Lrw. That is, in the eigenvalue plot we plot i vs. �i

(for the moment ignore the dashed line and the different shapes of the eigenvalues in the plots for the unnormalized
case; their meaning will be discussed in Section 8.4). In the eigenvector plots of an eigenvector v = (v1, . . . , v200)�

we plot xi vs. vi. The first two rows of Figure 1 show the results based on the k-nearest neighbor graph. We can see
that the first four eigenvalues are 0, and the corresponding eigenvectors are cluster indicator vectors. The reason is
that the clusters form disconnected parts in the k-nearest neighbor graph, in which case the eigenvectors are given
as in Propositions 2 and 4. The next two rows show the results for the fully connected graph. As the Gaussian
similarity function is always positive, this graph only consists of one connected component. Thus, eigenvalue 0
has multiplicity 1, and the first eigenvector is the constant vector. The following eigenvectors carry the information
about the clusters. For example, in the unnormalized case (last row), if we threshold the second eigenvector at
0, then the part below 0 corresponds to clusters 1 and 2, and the part above 0 to clusters 3 and 4. Similarly,

7
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Spectral Clustering in actionApplications

37

In practice normalised spectral clustering is often preferred

In practice the eigenvectors are “re-normalized” by the degrees F = D�1/2
H

before k-means, because these are real cluster assignments

If data has k clear clusters, there will be a gap in the Laplacian  
spectrum after the k-th eigenvalue. Use to choose k.

Rem: this is equivalent to using the “random walk Laplacian”

Lrw = D�1L

38

Example

39
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Spectral Clustering in action

Ng, Jordan, Weiss,

NIPS’01



2-c) If one has a graph describing the data points = 
 

Spectral clustering converts back the graph in "Euclidean" space, and leverages usual clustering (1)


























































Note = there exist Methods from statistical physics of complex networks: 
•
	 Community (or module) detection methods	 

	 See [S. Fortunato, "Community Detection" Physic Reports, 2010] 

	 or R. Cazabet's lecture (Complex Networks)
















































24



Spectral Clustering interpretation 1
What is the algorithm doing - 

view 1

40

At each vertex the algorithm associates a feature vector that represents the fine 
and large scale structure of that vertex’s neighbourhood in the graph 

vertex [i], feature fi 2 Rk

fi[`] = u`[i], ` = 1, . . . , k

These are the lines of the matrix F

If the graph has k disconnected components,  
what does F look like ?

k-means is then applied to these vectors to cluster into k clusters

In short, we transform the graph into a feature matrix and partition it.  
These features are selected because they discriminate our classes. Classic unsupervised ML.25



Spectral Clustering interpretation 2
What is the algorithm doing - 

view 2

41

We are looking for k “partition signals (functions)”

In the ideal case (k disconnected components)

These are maximally smooth graph signals:
<latexit sha1_base64="MlnrtsmkVee6DggVwCmvAcsbPxg="></latexit>

fT
` Lf` = 0

<latexit sha1_base64="qkcP0pdrvuZPpEmozV7r8H9RHeE="></latexit>

f` : V 7! R

<latexit sha1_base64="AUruG7ft/V8/LMDc/9N28JKE/Ok="></latexit>

f`[i] =

⇢
ci if i 2 cluster `
0 otherwise

26



Exploit the properties of the matrices of graphs
Third: find communities in complex networks

COMMUNITY DETECTION

• Community detection:
‣ Find groups of nodes that are:

- Strongly connected to each other
- Weakly connected to the rest of the network
- Ideal form: each community is 1)A clique, 2) A separate connected component

‣ No formal definition 
‣ Hundreds of methods published since 2003

Introduction Communities Cuts Spectral clustering Modularity End

Some examples of networks with clusters or
communities

• Mobile phones (The Belgium case, [Blondel et al., 2008])
• Scientometric (co)-citation (or publication) networks

[Jensen et al., 2011]

Modules often overlap with 

properties/functions of nodes

Data mining perspective:

Uncovering communities might 

help to uncover hidden properties 

between nodes

Why looking for modules?

  

Laboratoire de physique ENSL 
sous-thématiques, taille nœud = nb articles

réseau plutôt bien connecté (hors physique théorique)
Question : quels ponts entre sous-thématiques ?

p. 6
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REAL NETWORKS WITH GT

• Example: the most famous of all networks: Zackary Karate 
Club

If your algorithm find the right 
communities,

Then it is wrong…

• Communities are more loosely defined:


• usually =  nodes more connected together than with the outside


• Many methods (thousands of papers):


• Modularity [Girvan, Newman, 2004]


• Infomap [Rosvall, Bergstrom, 2009]


• Stochastic Block Models


• Win a prize at NetSci: be 1st to talk about the Zachary Karate Club :-)



Summary up to now: 
Exploit the spectral analysis of graphs

• Graph spectral analysis: eigenvectors and eigenvalues of matrices , , ,…


• They have interesting properties, especially for : new basis of representation, 
analog for Fourier oscillations, study of smoothness on graphs,…


• Centralities: can be studied with these matrices


• Clusters: can be found with them as well (in a relaxed way)


• More processing methods to come!

A L Lrw

L


