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Machine Learning: Learn to make 
decision from data
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Mathematical representation

Tools which build upon this representation
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Machine Learning: Learn to make 
decision from data

How to represent data?

How to operate on them?

Mathematical representation
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structured data, heterogeneous spaces
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As probability distributions
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Machine Learning: Learn to make 
decision from data

How to represent data?

How to operate on them?

Mathematical representation

Particularly challenging: highly 
structured data, heterogeneous spaces

Tools which build upon this representation

As probability distributions

Optimal Transport theory

molecules, sequences..

graphs

In short:
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Machine Learning: Learn to make 
decision from data

How to represent data?

How to operate on them?

Mathematical representation

high & low resolution images

Particularly challenging: highly 
structured data, heterogeneous spaces

Tools which build upon this representation

As probability distributions

Optimal Transport theory
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Machine Learning: Learn to make 
decision from data

How to represent data?

How to operate on them?

Tools which build upon this representation

Optimal Transport theory

μ ν

molecules, sequences..

graphs

high & low resolution images

Particularly challenging: highly 
structured data, heterogeneous spaces

Use + Develop the 
Optimal transport theory in 
this challenging scenario

Applicability

Mathematical foundations

8

In short:
Mathematical representation

As probability distributions



From linear Optimal Transport 
to Gromov-Wasserstein
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μ ν



From linear Optimal Transport…
What is it?
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Output:
Geometric notion of distance between these distributions

Find correspondences/relations between the samples

Input:
<latexit sha1_base64="fU70gb9i4GlHkpPRNIdBcGhZTEI="></latexit>

µ 2 P(X ), ⌫ 2 P(Y)

Two probability distributions



Why do we care about probability distributions?
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Measure and probability distributions are at the core of Machine learning

From linear Optimal Transport…
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ai � 0,
Pn

i=1 ai = 1
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Measure and probability distributions are at the core of Machine learning

A point of view on the data
<latexit sha1_base64="R6XwixBcqdp63Oe+5mIMTGtsBCg="></latexit>

(xi)iœ[[n]] ; xi œ RdData: A probability distribution describing the data

<latexit sha1_base64="uJ/MAh8OotJBSjhzfzsDaTktDVE="></latexit>

”xi(x) = 1 if x = xi else 0
(point clouds)

Why do we care about probability distributions?
From linear Optimal Transport…
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Lagrangian:
qn

i=1 ai”xi
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ai � 0,
Pn

i=1 ai = 1
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a = (ai)iœ[[n]] œ �n
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Probability simplex
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Measure and probability distributions are at the core of Machine learning

A point of view on the data
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ai � 0,
Pn

i=1 ai = 1
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a = (ai)iœ[[n]] œ �n
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Probability simplex

(histograms)
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Eulerian:
qN

i=1 ai”x̂i
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x̂i fixed position (grid)
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Lagrangian:
qn

i=1 ai”xi
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From linear Optimal Transport…
Formulation
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µ 2 P(X ), ⌫ 2 P(Y)

Two probability distributions
<latexit sha1_base64="Pv5fam5fOGeQahfJUkFNu4hf1/U="></latexit>

c(x, y) : X ⇥ Y ! R
A cost function
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Optimal Transport



From linear Optimal Transport…
Kantorovitch Formulation
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Two probability distributions
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A cost function
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Optimal Transport

by a transport plan is transported to 
All the mass of 
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fi œ P(X ◊ Y)



From linear Optimal Transport…
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A cost function
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Optimal Transport

We want to find the plan that minimizes the overall cost of moving all the points

by a transport plan is transported to 
All the mass of 
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Kantorovitch Formulation



From linear Optimal Transport…
Kantorovitch Formulation: an example

Two probability distributions
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c(x, y) : X ⇥ Y ! R
A cost function
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Bakeries = quantity of breads
<latexit sha1_base64="L+jkWw9pYq785YBWYKvxs6WesD8="></latexit>xiloc: <latexit sha1_base64="re8+7GVEZgzVvXrbvZ0GT8mGMEo="></latexit>aiquantity:

Cafés = demand of breads
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bjdemand:
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c(xi, yj)

Distance between bakeries 
and cafés

We want to route all the breads from bakeries to cafés the 
cheapest way

µ =
Pn

i=1 ai�xi

<latexit sha1_base64="1IDMUfKU5X/HvtCopVOBY1QlTxM="></latexit>

⌫ =
Pm

i=j bj�yj
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Kantorovitch formulation

From linear Optimal Transport…
Kantorovitch Formulation: an example

Two probability distributions
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c(x, y) : X ⇥ Y ! R
A cost function
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min
fiœ�(a,b)

m,nq
i,j=1

c(xi, yj)fiij

µ =
Pn

i=1 ai�xi
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⌫ =
Pm

i=j bj�yj
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Kantorovitch formulation

From linear Optimal Transport…
Kantorovitch Formulation: an example

Two probability distributions
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Set of couplings/
transport plans

<latexit sha1_base64="9h03da8GEsM0OaPDwlPcvi/ttrw="></latexit>

�(a, b) = {fi œ Rn◊m
+ | ’(i, j),

qm
j=1 fiij = ai,

qn
i=1 fiij = bj}
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min
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m,nq
i,j=1

c(xi, yj)fiij

µ =
Pn

i=1 ai�xi
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Kantorovitch formulation

From linear Optimal Transport…
Kantorovitch Formulation: an example

Two probability distributions
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min
fiœ�(a,b)

m,nq
i,j=1

c(xi, yj)fiij

How much is shifted 
from         to <latexit sha1_base64="L+jkWw9pYq785YBWYKvxs6WesD8="></latexit>xi
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Kantorovitch formulation
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Two probability distributions
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Kantorovitch formulation

From linear Optimal Transport…
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Two probability distributions
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min
fiœ�(a,b)

m,nq
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c(xi, yj)fiij

Total cost

µ =
Pn

i=1 ai�xi
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Kantorovitch formulation

From linear Optimal Transport…
Kantorovitch Formulation: an example

Two probability distributions
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A cost function
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xi yj
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From linear Optimal Transport…
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Two probability distributions

xi yj

Kantorovitch Formulation: an example

Kantorovitch formulation <latexit sha1_base64="rIORSF81u5pCtqBBsv7JlSEpzKE="></latexit>
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From linear Optimal Transport…
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A cost function
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Two probability distributions

Kantorovitch formulation

xi yj

Kantorovitch Formulation: an example
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From linear Optimal Transport…
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Two probability distributions

Kantorovitch formulation

xi yj

Kantorovitch Formulation: an example
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Kantorovitch formulation

From linear Optimal Transport…
Kantorovitch Formulation: general case

<latexit sha1_base64="fU70gb9i4GlHkpPRNIdBcGhZTEI="></latexit>

µ 2 P(X ), ⌫ 2 P(Y)

Two probability distributions
<latexit sha1_base64="Pv5fam5fOGeQahfJUkFNu4hf1/U="></latexit>

c(x, y) : X ⇥ Y ! R
A cost function

<latexit sha1_base64="sNR5VhrpU8lBoS8O8VmMmhkjRGs="></latexit>

Tc(µ, ⌫) = inf
⇡2⇧(µ,⌫)

R
X⇥Y c(x, y)d⇡(x, y)
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Wasserstein distance

From linear Optimal Transport…
Wasserstein distance

Two probability distributions A distance
<latexit sha1_base64="Z92w9jQhGLqPoDniCVHTN52vlo0="></latexit>

µ 2 P(⌦), ⌫ 2 P(⌦)
<latexit sha1_base64="7r0uPI4bxEbddquPYYKUoZY3R60="></latexit>

d : ⌦⇥ ⌦ ! R+

<latexit sha1_base64="Y7UP6S9D538o74oHE8kESMP/xCU="></latexit>

W p
p (µ, ⌫) = inf

⇡2⇧(µ,⌫)

R
⌦⇥⌦ dp(x, y)d⇡(x, y)

Example: 
<latexit sha1_base64="2AWSmtkRE61cP6WkY9fCMtkLNNA="></latexit>

⌦ = Rd

28

<latexit sha1_base64="7nkAo7NWCaosn14xr2lEqo/UXrg="></latexit>

P(�) is a metric space
<latexit sha1_base64="1tqtYq61pnXk2hiE24cXWMikjOQ="></latexit>

Wp(µ, ‹) = 0 ≈∆ µ = ‹

Result:



…to Gromov-Wasserstein
What if ?

29

Two probability distributions
<latexit sha1_base64="9LYLGwYkp0TyYTGU7zx4QJhYLd0="></latexit>

µ 2 P(X ), ⌫ 2 P(Y) with X ,Y * ⌦
<latexit sha1_base64="Pv5fam5fOGeQahfJUkFNu4hf1/U="></latexit>

c(x, y) : X ⇥ Y ! R
A cost function ?????

Not straightforward to find a suitable cost (e.g. no distance available)

Data are in Incomparable spaces



…to Gromov-Wasserstein
What if ?

30

Samples = nodes of different graphsDifferent Euclidean spaces

Two probability distributions
<latexit sha1_base64="9LYLGwYkp0TyYTGU7zx4QJhYLd0="></latexit>

µ 2 P(X ), ⌫ 2 P(Y) with X ,Y * ⌦
<latexit sha1_base64="Pv5fam5fOGeQahfJUkFNu4hf1/U="></latexit>

c(x, y) : X ⇥ Y ! R
A cost function ?????

Not straightforward to find a suitable cost (e.g. no distance available)

Example:

Data are in Incomparable spaces

<latexit sha1_base64="5J0FqFA8FarqHPthjFQzIBUhc0Y="></latexit>

d(x, y)

<latexit sha1_base64="Ef6LpEEvXAw8sb+DokgAV6l7yfQ="></latexit>

X = R28ú28, Y = R16ú16

<latexit sha1_base64="sUIpygZ2PIcrmmnXtx+OTlqyvAc="></latexit>

X = Graph 1, Y = Graph 2Example:



…to Gromov-Wasserstein

Two probability distributions
<latexit sha1_base64="QknYN9ipSq6s3pBtVWrxVJJXiDk="></latexit>

µ 2 P(X ), ⌫ 2 P(Y)

Gromov-Wasserstein distance

Two « intra-domain » costs
<latexit sha1_base64="B8s7oeSR0+sCcevjXGHV9xxjYK4="></latexit>

cX : X ⇥ X ! R
<latexit sha1_base64="UIh2VbQskoKdC+2Byqedbszp8XM="></latexit>

cY : Y ⇥ Y ! R

<latexit sha1_base64="RoIJtuyVUioHNHQjj7F4CglK8A8="></latexit>

GW p
p (cX , cY , µ, ⌫) = inf

⇡2⇧(µ,⌫)

R
X⇥Y

R
X⇥Y

��cX (x, x0)�cY(y, y0)
��pd⇡(x, y)d⇡(x0, y0))

Gromov-Wasserstein distance

31



…to Gromov-Wasserstein

Two probability distributions
<latexit sha1_base64="QknYN9ipSq6s3pBtVWrxVJJXiDk="></latexit>

µ 2 P(X ), ⌫ 2 P(Y)

Gromov-Wasserstein distance

Two « intra-domain » costs
<latexit sha1_base64="B8s7oeSR0+sCcevjXGHV9xxjYK4="></latexit>

cX : X ⇥ X ! R
<latexit sha1_base64="UIh2VbQskoKdC+2Byqedbszp8XM="></latexit>

cY : Y ⇥ Y ! R

Gromov-Wasserstein distance
<latexit sha1_base64="RoIJtuyVUioHNHQjj7F4CglK8A8="></latexit>

GW p
p (cX , cY , µ, ⌫) = inf

⇡2⇧(µ,⌫)

R
X⇥Y

R
X⇥Y

��cX (x, x0)�cY(y, y0)
��pd⇡(x, y)d⇡(x0, y0))

Measure the costs distorsion 

32



…to Gromov-Wasserstein

Two probability distributions
<latexit sha1_base64="QknYN9ipSq6s3pBtVWrxVJJXiDk="></latexit>

µ 2 P(X ), ⌫ 2 P(Y)

Gromov-Wasserstein distance

Two « intra-domain » costs
<latexit sha1_base64="B8s7oeSR0+sCcevjXGHV9xxjYK4="></latexit>

cX : X ⇥ X ! R
<latexit sha1_base64="UIh2VbQskoKdC+2Byqedbszp8XM="></latexit>

cY : Y ⇥ Y ! R

Gromov-Wasserstein distance
<latexit sha1_base64="RoIJtuyVUioHNHQjj7F4CglK8A8="></latexit>

GW p
p (cX , cY , µ, ⌫) = inf

⇡2⇧(µ,⌫)

R
X⇥Y

R
X⇥Y

��cX (x, x0)�cY(y, y0)
��pd⇡(x, y)d⇡(x0, y0))

The transportation problem is not linear anymore but quadratic
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Associate pair of points with similar costs in each space



…to Gromov-Wasserstein
Gromov-Wasserstein distance

Gromov-Wasserstein distance
<latexit sha1_base64="RoIJtuyVUioHNHQjj7F4CglK8A8="></latexit>

GW p
p (cX , cY , µ, ⌫) = inf

⇡2⇧(µ,⌫)

R
X⇥Y

R
X⇥Y

��cX (x, x0)�cY(y, y0)
��pd⇡(x, y)d⇡(x0, y0))

A distance w.r.t isomorphism
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� is a isometry dX (x, x0) = dY(�(x),�(x0))

Isometry: permutations, rotations, 
translations,…
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X = {(X , dX , µ œ P(X )); dX metric } (mm-spaces)
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GW is a distance on the "space of all spaces":
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• GWp(dX , dY , µ, ‹) = 0 i� ÷„ : X æ Y



…to Gromov-Wasserstein
Gromov-Wasserstein distance

Gromov-Wasserstein distance
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A distance w.r.t isomorphism
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� is a isometry dX (x, x0) = dY(�(x),�(x0))
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GW is a distance on the "space of all spaces":
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µ =
qn

i=1 ai”xi æ
„#µ

qn
i=1 ai”„(xi)

<latexit sha1_base64="hkHdqErlHum+PKUniBqVzIML9kY="></latexit>

„#µPush-forward

<latexit sha1_base64="u4RHDQIqsNFzb5GIUkeMk8Gz7y8=">  </latexit>

„ is measure-preserving: „#µ = ‹
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• GWp(dX , dY , µ, ‹) = 0 i� ÷„ : X æ Y



…to Gromov-Wasserstein
Gromov-Wasserstein distance

Gromov-Wasserstein distance
<latexit sha1_base64="RoIJtuyVUioHNHQjj7F4CglK8A8="></latexit>

GW p
p (cX , cY , µ, ⌫) = inf

⇡2⇧(µ,⌫)

R
X⇥Y

R
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��cX (x, x0)�cY(y, y0)
��pd⇡(x, y)d⇡(x0, y0))
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A distance w.r.t isomorphism

<latexit sha1_base64="yjWwxDIIphetxyE1F9Vl47rzx98="></latexit>

� is a isometry dX (x, x0) = dY(�(x),�(x0))
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X = {(X , dX , µ œ P(X )); dX metric } (mm-spaces)

<latexit sha1_base64="WTPFq/XaHWe7gZVnhesyvzBK6Ls="></latexit>

GW is a distance on the "space of all spaces":

Compatible

1

1
2

1
2

ϕ

(Weights are compatible)
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i=1 ai”xi æ
„#µ
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„#µPush-forward

1
2

+
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→ 1
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…to Gromov-Wasserstein
Gromov-Wasserstein distance

Gromov-Wasserstein distance
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A distance w.r.t isomorphism
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� is a isometry dX (x, x0) = dY(�(x),�(x0))
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X = {(X , dX , µ œ P(X )); dX metric } (mm-spaces)
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GW is a distance on the "space of all spaces":
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µ =
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i=1 ai”xi æ
„#µ

qn
i=1 ai”„(xi)
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„#µPush-forward
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1 1
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1
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1 ↛ (
1
2

,
1
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„ is measure-preserving: „#µ = ‹
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…to Gromov-Wasserstein
Gromov-Wasserstein distance

Applications for geometric data 

Shape comparison [Mémoli 2011, Solomon 
2016]

Graphs [Xu 2019, Fey 2020], biology 
[Demetci 2020], generative modeling 
[Bunne 2019]
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Barycenter of relational data [Peyré 2016], 
Point clouds/meshes [Ezuz 2017]

Gromov-Wasserstein = a bending invariant distance

ϕ
[Solomon 2016]

<latexit sha1_base64="yjWwxDIIphetxyE1F9Vl47rzx98="></latexit>

� is a isometry dX (x, x0) = dY(�(x),�(x0))
<latexit sha1_base64="jEEj3K8mdy0mcrkTU+sS7kFMi0o="></latexit>

� is measure-preserving �#µ = ⌫

<latexit sha1_base64="GF6rcOlq2rdwuUwuVu3pf08L/XA="></latexit>

• GW is � 0 and satisfies the triangle inequality

Let X = {(X , dX , µ 2 P(X )); dX metric } (mm-spaces)

• GWp(dX , dY , µ, ⌫) = 0 i↵ 9� : X ! Y



Solving OT
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Solving OT
A linear problem

40

Linear Program:

Simplex, Network flow, Hungarian algorithms

<latexit sha1_base64="LcscZ5AOyMhKYBJFtlDjTe3Apok="></latexit>

min
fiœ�(a,b)

q
ij ci,jfii,j = min

fiœ�(a,b)
ÈC, fiÍ

<latexit sha1_base64="LJIgoWGRgcv9Ja7SbbLMDA48QEI="></latexit>

≥ O(n3 log(n))

Discrete probability measures
<latexit sha1_base64="p+HT5ooAOWA5NuSjslVtIx6PgLo="></latexit>

µ =
qn

i=1 ai”xi

<latexit sha1_base64="s6x6Qx2yUcB0HgkmlR3i8X59O9w="></latexit>

‹ =
qm

j=1 bj”yj



A linear problem

Uniform weights
<latexit sha1_base64="r4mGrtA7Xzm2rORu3KYCZMMi6kc="></latexit>

min
‡œSn

qn
i=1 ci,‡(i)

Monge Problem

Linear Program:

Simplex, Network flow, Hungarian algorithms

<latexit sha1_base64="LcscZ5AOyMhKYBJFtlDjTe3Apok="></latexit>

min
fiœ�(a,b)

q
ij ci,jfii,j = min

fiœ�(a,b)
ÈC, fiÍ

<latexit sha1_base64="XYri5GB23kb6sxnE1ROxx1RMEMU="></latexit>

a = b = 1n
n

One-to-one

Discrete probability measuresSolving OT

<latexit sha1_base64="LJIgoWGRgcv9Ja7SbbLMDA48QEI="></latexit>

≥ O(n3 log(n))
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µ =
qn

i=1 ai”xi

<latexit sha1_base64="s6x6Qx2yUcB0HgkmlR3i8X59O9w="></latexit>

‹ =
qm

j=1 bj”yj
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A linear problem

42
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fiú ¡ ‡ú œ Sn

Fundamental theorem LP:

Optimal coupling is a permutation

Solves the Monge Problem

Uniform weights

Linear Program:

Simplex, Network flow, Hungarian algorithms
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min
fiœ�(a,b)

q
ij ci,jfii,j = min

fiœ�(a,b)
ÈC, fiÍ

Monge Problem
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a = b = 1n
n

<latexit sha1_base64="r4mGrtA7Xzm2rORu3KYCZMMi6kc="></latexit>

min
‡œSn

qn
i=1 ci,‡(i)

One-to-one

Discrete probability measuresSolving OT
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≥ O(n3 log(n))
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µ =
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i=1 ai”xi
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Entropic regularization

Strongly convex problem:
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<latexit sha1_base64="L20z8nibDgqthC8fHdgXHdX5TZw="></latexit>

H(⇡) = �
P

ij(log(⇡ij)� 1)⇡ijEntropy term

Sinkhorn-Knopp algorithm: 1) fast 2) based on matrix multiplication

approximate solution
<latexit sha1_base64="0lXVF2NlR3N8FY+RU2PgwUAY7tQ="></latexit>

⇠ O(n2 log(n)⌧�3)<latexit sha1_base64="+Fg4HoauLcUgT5AedGmNJk90aDE="></latexit>⌧
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Solving OT Discrete probability measures
<latexit sha1_base64="p+HT5ooAOWA5NuSjslVtIx6PgLo="></latexit>

µ =
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i=1 ai”xi

<latexit sha1_base64="s6x6Qx2yUcB0HgkmlR3i8X59O9w="></latexit>

‹ =
qm

j=1 bj”yj

<latexit sha1_base64="No+CYaPpSeU3mciwAHi74ElT9Cg="></latexit>

min
fiœ�(a,b)

ÈC, fiÍ ≠ ÁH(fi)



Entropic regularization

Strongly convex problem:
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<latexit sha1_base64="L20z8nibDgqthC8fHdgXHdX5TZw="></latexit>

H(⇡) = �
P

ij(log(⇡ij)� 1)⇡ijEntropy term

Sinkhorn-Knopp algorithm: 1) fast 2) based on matrix multiplication

approximate solution
<latexit sha1_base64="0lXVF2NlR3N8FY+RU2PgwUAY7tQ="></latexit>

⇠ O(n2 log(n)⌧�3)<latexit sha1_base64="+Fg4HoauLcUgT5AedGmNJk90aDE="></latexit>⌧
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Linear OT: costly but solvable in practice

Solving OT

<latexit sha1_base64="No+CYaPpSeU3mciwAHi74ElT9Cg="></latexit>

min
fiœ�(a,b)

ÈC, fiÍ ≠ ÁH(fi)

Discrete probability measures
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A quadratic problem (QP)

<latexit sha1_base64="i26OFjaFdUM8pjYGE/3LND8NFDM="></latexit>µ
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|C1(i, k)� C2(j, l)|

Discrete probability measures
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X , Y ”µ �

Solving OT
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A quadratic problem (QP)
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Discrete probability measures
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Non convex QP: NP-hard in general (graph matching problem)

Solving OT

<latexit sha1_base64="TvnPZZh5lfSVmVWCeMP1kaiEDTg="></latexit>
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ijkl |C1(i, k) ≠ C2(j, l)|pfiijfikl
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A quadratic problem (QP)
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Discrete probability measures
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Non convex QP: NP-hard in general

With entropic regularization [Peyré 2016, Solomon 2016]

Can be solved using projected gradient descent under KL geometry

Each gradient step: Sinkhorn algorithm

<latexit sha1_base64="NSKQcJ7+aRdLnMDGbNpUjfpFt/Y="></latexit>

≠ÁH(fi)

Solving OT
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A quadratic problem (QP)
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Discrete probability measures
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Non convex QP: NP-hard in general

With entropic regularization [Peyré 2016, Solomon 2016] 

Can be solved using projected gradient descent under KL geometry

Each gradient step: Sinkhorn algorithm

<latexit sha1_base64="awgMamDwHtEI9BxITirVJfdHf1A="></latexit>

≥ O(niter ú n
2 log(n))

Solving OT
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A quadratic problem (QP)
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Non convex QP: NP-hard in general

With entropic regularization [Peyré 2016, Solomon 2016]

Can be solved using projected gradient descent under KL geometry

Each gradient step: Sinkhorn algorithm

Computing a lower bound (TLB [Mémoli 2011])
<latexit sha1_base64="3yj+twi2mLMkwksCgRB1KzlDelc="></latexit>

≥ O(n3 log(n))

<latexit sha1_base64="awgMamDwHtEI9BxITirVJfdHf1A="></latexit>

≥ O(niter ú n
2 log(n))

Hard to solve and even to approximate…

Solving OT
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q
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Discrete probability measures
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Computing GW

<latexit sha1_base64="mi/Gd5LO/ls1TUpeJr+eXZLq9Sk="></latexit>

Algorithm 1 Conditional Gradient (CG) for FGW

1: ⇡(0)  hg>

2: for i = 1, . . . , do
3: G Gradient from GW loss w.r.t. ⇡(i�1)

4: ⇡̃(i)  Solve OT with ground loss G
5: ⌧ (i)  Line-search for GW loss with ⌧ 2 (0, 1) (closed-form)

6: ⇡(i)  (1� ⌧ (i))⇡(i�1)
+ ⌧ (i)⇡̃(i)

7: end for

Quadratic function over polytope -> Conditional Gradient algorithm (a.k.a Frank-Wolfe)

Non convex but converges to a local optimal solution [Lacoste-Julien 2016]

Find a sparse solution. FW gap = 

Complexity
<latexit sha1_base64="DTkQjqh7KQpsa5IHVv/lzAM20qw="></latexit>

O(niter n
3)
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Solving FGW: a non convex QP

<latexit sha1_base64="WqzC29zoxUcZOOEGSAxlIWDteu4="></latexit>

O( 1Ô
niter

)

Solving OT
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…to Gromov-Wasserstein
An example on graphs

are the shortest path distance in each graph
<latexit sha1_base64="EytGNlgAef8gQfSDf32l+KNgE/g="></latexit>

C1,C2
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Optimal transport for 
structured data

52
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d(x, y)



Optimal Transport for structured data
Motivations

53

Motivation: Is the Optimal transport framework suited for structured 
data ?

Problem 1: How do we model structured data ?

Problem 2: How do we compare structured data ?

As probability distributions!

Based on the theories of Wasserstein and Gromov-Wasserstein



Optimal Transport for structured data
Structured data as probability distribution

}
}
}

Discrete case
Structured data can be seen as a labeled graph
Combines a feature and a structure information
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Optimal Transport for structured data
Structured data as probability distribution

}
}
}

Discrete case
Structured data can be seen as a labeled graph
Combines a feature and a structure information

Features
<latexit sha1_base64="OW5HfmUVsyqukRZLTJjotmPQUYY="></latexit>

2 ⌦
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Optimal Transport for structured data
Structured data as probability distribution

}
}
}

Discrete case
Structured data can be seen as a labeled graph
Combines a feature and a structure information

Features

Structure: nodes in the 
metric space of the graph

<latexit sha1_base64="OW5HfmUVsyqukRZLTJjotmPQUYY="></latexit>

2 ⌦
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Optimal Transport for structured data
Structured data as probability distribution

}
}
}

Discrete case
Structured data can be seen as a labeled graph
Combines a feature and a structure information

Features

Structure: nodes in the 
metric space of the graph

Weights

<latexit sha1_base64="OW5HfmUVsyqukRZLTJjotmPQUYY="></latexit>

2 ⌦
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Add weights that encodes the relative importance of the nodes 



Optimal Transport for structured data
Structured data as probability distribution

}
}
}

Discrete case
Structured data can be seen as a labeled graph
Combines a feature and a structure information
Add weights that encodes the relative importance of the nodes 

Form a probability measure 
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Optimal Transport for structured data
Fused Gromov-Wasserstein distance

Two structured data

<latexit sha1_base64="fZwTnLT3qKmMvkUFrriObTAvf00="> f2WoN/K6fdykYUxulcQVc9T7RXj8HmB9ZrUeq3A+rDQ8rAwSkeUIWUjO5TmmX2I+KytT9ll1nJA </latexit>

µ =
P

i hi�(xi,ai), ⌫ =
P

j gj�(yj ,bj)

Two matrices describing 
structures

<latexit sha1_base64="fgggvIH2G5+4LAa0hjf61fzpkOg="></latexit>

C1,C2

A distance between labels

<latexit sha1_base64="7r0uPI4bxEbddquPYYKUoZY3R60="></latexit>

d : ⌦⇥ ⌦ ! R+

Fused Gromov-Wasserstein distance
<latexit sha1_base64="bL3NRX1SwChamTNbUQPxeEJCaYc="></latexit>

FGW (MAB,C1,C2,h,g) = min
⇡2⇧(h,g)

P
i,j,k,l(1�↵)d(ai, bj)

q+↵|C1(i, k)�C2(j, l)|q⇡i,j⇡k,l
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Optimal Transport for structured data
Fused Gromov-Wasserstein distance

Two structured data

<latexit sha1_base64="fZwTnLT3qKmMvkUFrriObTAvf00="> f2WoN/K6fdykYUxulcQVc9T7RXj8HmB9ZrUeq3A+rDQ8rAwSkeUIWUjO5TmmX2I+KytT9ll1nJA </latexit>

µ =
P

i hi�(xi,ai), ⌫ =
P

j gj�(yj ,bj)

Two matrices describing 
structures

<latexit sha1_base64="fgggvIH2G5+4LAa0hjf61fzpkOg="></latexit>

C1,C2

A distance between labels

<latexit sha1_base64="7r0uPI4bxEbddquPYYKUoZY3R60="></latexit>

d : ⌦⇥ ⌦ ! R+

Fused Gromov-Wasserstein distance

<latexit sha1_base64="PYIWwBTjaqPWnLqmV4BlzXbyXuk="></latexit>

d(ai, bj)

<latexit sha1_base64="YEloAC0VSXI/b+hxmLONIYYO42o="></latexit>

FGW (MAB,C1,C2,h,g) = min
⇡2⇧(h,g)

P
i,j,k,l(1�↵)d(ai, bj)

q+↵|C1(i, k)�C2(j, l)|q⇡i,j⇡k,l
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Optimal Transport for structured data
Fused Gromov-Wasserstein distance

Two structured data

<latexit sha1_base64="fZwTnLT3qKmMvkUFrriObTAvf00="> f2WoN/K6fdykYUxulcQVc9T7RXj8HmB9ZrUeq3A+rDQ8rAwSkeUIWUjO5TmmX2I+KytT9ll1nJA </latexit>

µ =
P

i hi�(xi,ai), ⌫ =
P

j gj�(yj ,bj)

Two matrices describing 
structures

<latexit sha1_base64="fgggvIH2G5+4LAa0hjf61fzpkOg="></latexit>

C1,C2

A distance between labels

<latexit sha1_base64="7r0uPI4bxEbddquPYYKUoZY3R60="></latexit>

d : ⌦⇥ ⌦ ! R+

<latexit sha1_base64="0jJpa7X3MUpEdmzl4jcy6X0+6Jw="></latexit>

|C1(i, k)� C2(j, l)|

<latexit sha1_base64="Ri0/hnUJasQVUFwk1NZ4aWHxeGM="> eGBzMTZkx1lG20G7L47GeMmlug9qoKRObfppuuYPI+N26/hWe2SPP2gOqnuKatVtkJ7uTnoQSnEvZX3pI+/heTPlrE0quVTunv0MP8IUJ5kuy9qZCCddHz/X56Y7Fr9NPfZY/t2E9abJuHvROWrT5x9zGeomvmNJ0z1SrqiVO+q1N7E7EfEmLWpx6oDdoweFnHOLeoxjtI4q2Llreoxu3gKctlvayJm3irLvNhdWmnlf+srFs4211s/rW+83Fx5vs1+B7xPviM/QObWIj+T5+Q3iKRTYiw8WzAW7IXh8q/L2vLV8nVsem+BYb4l3GfZ/w/2y/pH</latexit>

FGW (MAB,C1,C2,h,g) = min
⇡2⇧(h,g)

P
i,j,k,l(1�↵)d(ai, bj)

q+↵|C1(i, k)� C2(j, l)|q⇡i,j⇡k,l
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Fused Gromov-Wasserstein distance



Optimal Transport for structured data
Fused Gromov-Wasserstein distance

Two structured data

<latexit sha1_base64="fZwTnLT3qKmMvkUFrriObTAvf00="> f2WoN/K6fdykYUxulcQVc9T7RXj8HmB9ZrUeq3A+rDQ8rAwSkeUIWUjO5TmmX2I+KytT9ll1nJA </latexit>

µ =
P

i hi�(xi,ai), ⌫ =
P

j gj�(yj ,bj)

Two matrices describing 
structures

<latexit sha1_base64="fgggvIH2G5+4LAa0hjf61fzpkOg="></latexit>

C1,C2

A distance between labels

<latexit sha1_base64="7r0uPI4bxEbddquPYYKUoZY3R60="></latexit>

d : ⌦⇥ ⌦ ! R+

Fused Gromov-Wasserstein distance
<latexit sha1_base64="bL3NRX1SwChamTNbUQPxeEJCaYc="></latexit>

FGW (MAB,C1,C2,h,g) = min
⇡2⇧(h,g)

P
i,j,k,l(1�↵)d(ai, bj)

q+↵|C1(i, k)�C2(j, l)|q⇡i,j⇡k,l
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<latexit sha1_base64="tCxG7Let9C26it/m/fi7sXU6DLI="></latexit>⇡ provides a soft assignment of the nodes



Optimal Transport for structured data
Fused Gromov-Wasserstein distance: example

63

Consider two trees



Optimal Transport for structured data
Fused Gromov-Wasserstein distance: example

64

Consider two trees

We want to compare the leaves of the trees



Optimal Transport for structured data
Fused Gromov-Wasserstein distance: example

65

Consider two trees

We want to compare the leaves of the trees

Features: blue or red

Structures : shortest path between the leaves

2
4



Optimal Transport for structured data
Fused Gromov-Wasserstein distance: example

66

Wasserstein distance  
(features only)

Gromov-Wasserstein distance  
(structures only)FGW



Optimal Transport for structured data
Fused Gromov-Wasserstein distance: example
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Wasserstein distance  
(features only)

Gromov-Wasserstein distance  
(structures only)FGW



Optimal Transport for structured data
Fused Gromov-Wasserstein distance: example

68

Wasserstein distance  
(features only) FGW Gromov-Wasserstein distance  

(structures only)



Optimal Transport for structured data
Fused Gromov-Wasserstein distance

A distance w.r.t strong isomorphism

<latexit sha1_base64="0F2R+rUTSbCdqRW2yKsiNVS9AgE="></latexit>

(conservation of the weights) hi = g�(i)
<latexit sha1_base64="Dqu+9oDGI0+DsGmorXT5PSMRHyI="></latexit>

(conservation of the features) ai = b�(i)
<latexit sha1_base64="Mn5L0+EFko2PAapisrG/zkFgZ9A="></latexit>

(conservation of the structures) C1(i, k) = C2(�(i),�(k))

<latexit sha1_base64="nrr3/mpxUdl6UygdehLTrFNTSUw="></latexit>

• FGW � 0 and satisfies the triangle inequality

• C1,C2 distances. FGW = 0 i↵ 9� permutations of the nodes
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Optimal Transport for structured data
Fused Gromov-Wasserstein distance

A distance w.r.t strong isomorphism

<latexit sha1_base64="0F2R+rUTSbCdqRW2yKsiNVS9AgE="></latexit>

(conservation of the weights) hi = g�(i)
<latexit sha1_base64="Dqu+9oDGI0+DsGmorXT5PSMRHyI="></latexit>

(conservation of the features) ai = b�(i)
<latexit sha1_base64="Mn5L0+EFko2PAapisrG/zkFgZ9A="></latexit>

(conservation of the structures) C1(i, k) = C2(�(i),�(k))

<latexit sha1_base64="nrr3/mpxUdl6UygdehLTrFNTSUw="></latexit>

• FGW � 0 and satisfies the triangle inequality

• C1,C2 distances. FGW = 0 i↵ 9� permutations of the nodes

70

Isometric + same features but not strongly isomorphic

Same weights, same labels at the same 
place up to a permutation

<latexit sha1_base64="nywfMgoys/yqSb2b4x3d8u/DiSM="></latexit>

(x2, a2) (x3, a3)

(x4, a4)(x1, a1)

(y2, b2) (y3, b3)

(y1, b1)
(y4, b4)



Optimal Transport for structured data
Fused Gromov-Wasserstein distance

A distance w.r.t strong isomorphism

<latexit sha1_base64="0F2R+rUTSbCdqRW2yKsiNVS9AgE="></latexit>

(conservation of the weights) hi = g�(i)
<latexit sha1_base64="Dqu+9oDGI0+DsGmorXT5PSMRHyI="></latexit>

(conservation of the features) ai = b�(i)
<latexit sha1_base64="Mn5L0+EFko2PAapisrG/zkFgZ9A="></latexit>

(conservation of the structures) C1(i, k) = C2(�(i),�(k))

<latexit sha1_base64="nrr3/mpxUdl6UygdehLTrFNTSUw="></latexit>

• FGW � 0 and satisfies the triangle inequality

• C1,C2 distances. FGW = 0 i↵ 9� permutations of the nodes

71

Other properties

Interpolates GW between the structures and W between the features

Extends to the continuous setting: geodesic properties + sample complexity



Optimal Transport for structured data
Computing FGW (and GW!)

<latexit sha1_base64="mi/Gd5LO/ls1TUpeJr+eXZLq9Sk="></latexit>

Algorithm 1 Conditional Gradient (CG) for FGW

1: ⇡(0)  hg>

2: for i = 1, . . . , do
3: G Gradient from GW loss w.r.t. ⇡(i�1)

4: ⇡̃(i)  Solve OT with ground loss G
5: ⌧ (i)  Line-search for GW loss with ⌧ 2 (0, 1) (closed-form)

6: ⇡(i)  (1� ⌧ (i))⇡(i�1)
+ ⌧ (i)⇡̃(i)

7: end for

Quadratic function over polytope -> Conditional Gradient algorithm (a.k.a Frank-Wolfe)

Non convex but converges to a local optimal solution [Lacoste-Julien 2016]

Find a sparse solution. FW gap = 

Complexity
<latexit sha1_base64="DTkQjqh7KQpsa5IHVv/lzAM20qw="></latexit>

O(niter n
3)

72

Solving FGW: a non convex QP
<latexit sha1_base64="bL3NRX1SwChamTNbUQPxeEJCaYc="></latexit>

FGW (MAB,C1,C2,h,g) = min
⇡2⇧(h,g)

P
i,j,k,l(1�↵)d(ai, bj)

q+↵|C1(i, k)�C2(j, l)|q⇡i,j⇡k,l

<latexit sha1_base64="WqzC29zoxUcZOOEGSAxlIWDteu4="></latexit>

O( 1Ô
niter

)



FGW in action

73



Optimal Transport for structured data
FGW in action

Graph classification

Linear classifier: SVM on the indefinite kernel
<latexit sha1_base64="Brf1pDAXS8psZOho9sjFPZqayEY="></latexit>

e�
1
�FGW (Gi,Gj)

A set of labeled graphs 
<latexit sha1_base64="kF6CaG358cOe89JNmbLOJXROWxg="></latexit>

(Gi, yi) . Structure matrices shortest path

Compare with graph kernel approaches + GCN on benchmark datasets
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Optimal Transport for structured data
FGW barycenter

=+1
2 ( )Making sense of: 

75



<latexit sha1_base64="am+L5vDICHeO5dNefPTTxOK+pP8="></latexit>

inf
x2Rd

Pn
i=1 �ikx� xik22

Euclidean Barycenter:
<latexit sha1_base64="/w7RzozU9ciNxjjjnCH7L3orIQo="></latexit>

(Rd, k.k2)Euclidean Barycenter:

<latexit sha1_base64="OETzCZhVN56JinJ1Bkw+aRIjFaA="></latexit>x1
<latexit sha1_base64="hOMVM3hdA92NOrrhKDrsDmw4ItM="></latexit>x2

<latexit sha1_base64="iJCzIATmmkrxcDnklCNbL43Kaoo="></latexit>x3

<latexit sha1_base64="wF5q8mTraBDvHtacQAVhJpjHhTs="></latexit>

x̂

76

Optimal Transport for structured data
FGW barycenter

=+1
2 ( )Making sense of: 



Fréchet Barycenter:
<latexit sha1_base64="RpQEWdN/MzHbCW14saR1HWCZrQY="></latexit>

inf
x2X

Pn
i=1 �id(x, xi)p

<latexit sha1_base64="krSXWtWncboOAqS1gfu7B/rkRLg="></latexit>

(X , d) metric space

<latexit sha1_base64="OETzCZhVN56JinJ1Bkw+aRIjFaA="></latexit>x1
<latexit sha1_base64="hOMVM3hdA92NOrrhKDrsDmw4ItM="></latexit>x2

<latexit sha1_base64="iJCzIATmmkrxcDnklCNbL43Kaoo="></latexit>x3

<latexit sha1_base64="wF5q8mTraBDvHtacQAVhJpjHhTs="></latexit>

x̂

<latexit sha1_base64="0GecFhA4m44vUWkWJ402p05URlg="></latexit>

(X , d)
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Optimal Transport for structured data
FGW barycenter

<latexit sha1_base64="am+L5vDICHeO5dNefPTTxOK+pP8="></latexit>

inf
x2Rd

Pn
i=1 �ikx� xik22

Euclidean Barycenter:
<latexit sha1_base64="/w7RzozU9ciNxjjjnCH7L3orIQo="></latexit>

(Rd, k.k2)Euclidean Barycenter:

<latexit sha1_base64="OETzCZhVN56JinJ1Bkw+aRIjFaA="></latexit>x1
<latexit sha1_base64="hOMVM3hdA92NOrrhKDrsDmw4ItM="></latexit>x2

<latexit sha1_base64="iJCzIATmmkrxcDnklCNbL43Kaoo="></latexit>x3

<latexit sha1_base64="wF5q8mTraBDvHtacQAVhJpjHhTs="></latexit>

x̂

=+1
2 ( )Making sense of: 



Fréchet Barycenter:
<latexit sha1_base64="RpQEWdN/MzHbCW14saR1HWCZrQY="></latexit>

inf
x2X

Pn
i=1 �id(x, xi)p

<latexit sha1_base64="krSXWtWncboOAqS1gfu7B/rkRLg="></latexit>

(X , d) metric space

<latexit sha1_base64="OETzCZhVN56JinJ1Bkw+aRIjFaA="></latexit>x1
<latexit sha1_base64="hOMVM3hdA92NOrrhKDrsDmw4ItM="></latexit>x2

<latexit sha1_base64="iJCzIATmmkrxcDnklCNbL43Kaoo="></latexit>x3

<latexit sha1_base64="wF5q8mTraBDvHtacQAVhJpjHhTs="></latexit>

x̂

<latexit sha1_base64="0GecFhA4m44vUWkWJ402p05URlg="></latexit>

(X , d)
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Optimal Transport for structured data
FGW barycenter

<latexit sha1_base64="am+L5vDICHeO5dNefPTTxOK+pP8="></latexit>

inf
x2Rd

Pn
i=1 �ikx� xik22

Euclidean Barycenter:
<latexit sha1_base64="/w7RzozU9ciNxjjjnCH7L3orIQo="></latexit>

(Rd, k.k2)Euclidean Barycenter:

<latexit sha1_base64="OETzCZhVN56JinJ1Bkw+aRIjFaA="></latexit>x1
<latexit sha1_base64="hOMVM3hdA92NOrrhKDrsDmw4ItM="></latexit>x2

<latexit sha1_base64="iJCzIATmmkrxcDnklCNbL43Kaoo="></latexit>x3

<latexit sha1_base64="wF5q8mTraBDvHtacQAVhJpjHhTs="></latexit>

x̂

=+1
2 ( )Making sense of: 

FGW barycenter

Barycenter of labeled graphs, relational data with attributes

Consider feature space

<latexit sha1_base64="Z1gOONQSMscPap6tHeKUrOOqFaY="></latexit>

min
µ

PK
k=1 �kFGW q,↵(µ, µk)

<latexit sha1_base64="L2iCGblpbLrCIBFJWcDoC/EIKCg="></latexit>

⌦ = (Rd, k.k22) structured data
<latexit sha1_base64="5ALaIhZpD6X8Mc76Q9oZSabMU5k="></latexit>

(Ck,Bk,hk)Kk=1



Optimal Transport for structured data
FGW barycenter

=+1
2 ( )Making sense of: 

FGW barycenter
<latexit sha1_base64="Z1gOONQSMscPap6tHeKUrOOqFaY="></latexit>

min
µ

PK
k=1 �kFGW q,↵(µ, µk)

Barycenter of labeled graphs, relational data with attributes

Consider feature space
<latexit sha1_base64="5ALaIhZpD6X8Mc76Q9oZSabMU5k="></latexit>

(Ck,Bk,hk)Kk=1

<latexit sha1_base64="L2iCGblpbLrCIBFJWcDoC/EIKCg="></latexit>

⌦ = (Rd, k.k22) structured data

<latexit sha1_base64="MX/Cz5WaXjADAUrmpXJfB4YedZQ="></latexit>

Algorithm 1 FGW barycenter

1: Initialize C C0,A A0.
2: while not converged do
3: for k = 1 . . .K do
4: ⇡k  FGW (MABk ,C,Ck,h,hk)
5: end for
6: C 1

hhT

PK
k=1 �k⇡T

kCk⇡k

7: A 
PK

k=1 �kBk⇡T
k diag(

1
h )

8: end while
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Optimal Transport for structured data
Summarization of graph 

FGW coarsening

Given a labeled graph we look for the closest graph w.r.t FGW with fewer nodes 

Projection w.r.t FGW -> barycenter problem with 

<latexit sha1_base64="oyZeyfgr3bmIaIPIGlc++ew8NKs="></latexit>

min
µ

FGW (µ, ⌫) = min
A,C1

FGW (MAB,C1,C2,h,g)

<latexit sha1_base64="FugXyh1Y2i2nyciyJhFEK6+CN50="></latexit>

K = 1
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Optimal Transport for structured data
Summarization of graph 

FGW coarsening

Given a labeled graph we look for the closest graph w.r.t FGW with fewer nodes 

Projection w.r.t FGW -> barycenter problem with 

<latexit sha1_base64="oyZeyfgr3bmIaIPIGlc++ew8NKs="></latexit>

min
µ

FGW (µ, ⌫) = min
A,C1

FGW (MAB,C1,C2,h,g)

<latexit sha1_base64="FugXyh1Y2i2nyciyJhFEK6+CN50="></latexit>

K = 1
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Optimal Transport for structured data
FGW clustering

cluster 
1 

cluster 2
 

cluster 4
 clus

ter 3 

Training dataset examples Given a set of labeled graphs -> k-means using FGW barycenter 

<latexit sha1_base64="yxFHywutZu4PPQ2y0Srtsg5HttA="></latexit>

Algorithm 1 FGW clustering

1: Number of clusters K. Labeled graphs (Ci,Bi,hi)i2[[N ]]

2: Initialize centroids 8k 2 [[K]],Ck  C0,Ak  A0.
3: while not converged do
4: Calculate N ⇥K FGW distances.
5: for i = 1 . . . N do
6: Assign (Ci,Bi,hi) to a cluster k 2 [[K]]
7: end for
8: for k = 1 . . .K do
9: Ck,Ak  FGW barycenter((Ci,Bi,hi)i2cluster k)

10: end for
11: end while
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Optimal Transport for structured data
FGW clustering

cluster 
1 

cluster 2
 

cluster 4
 clus

ter 3 
Training dataset examples Given a set of labeled graphs -> k-means using FGW barycenter Centroids iter
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84

https://github.com/PythonOT/POTUrl:

The POT library

Python library on Optimal Transport

OT LP solver, Sinkhorn•

<latexit sha1_base64="K4/Sw2IIiTNPnNDePJ6JxYmy1MA=">AAAnA3icpVrbchtFEJ1wDeaWhEdeBI5dUBWM7ZCCoipV8SWRSexEiS+RYzsurbSSt6zVbnZXsmSVHvkCXuELeKN45UP4A3jlC+jumb3PZQN22drt6XNmpqe75ybL7zthtLz855U33nzr7Xfevfre3PsffPjRx9eu3zgIvWHQtvfbXt8LmlYrtPvOwN6PnKhvN/3AbrlW335unW9g+fORHYSON9iLJr594rZ6A6frtFsRiA5vHl </latexit>

Barycenters, Domain adaptation•

<latexit sha1_base64="K4/Sw2IIiTNPnNDePJ6JxYmy1MA=">AAAnA3icpVrbchtFEJ1wDeaWhEdeBI5dUBWM7ZCCoipV8SWRSexEiS+RYzsurbSSt6zVbnZXsmSVHvkCXuELeKN45UP4A3jlC+jumb3PZQN22drt6XNmpqe75ybL7zthtLz855U33nzr7Xfevfre3PsffPjRx9eu3zgIvWHQtvfbXt8LmlYrtPvOwN6PnKhvN/3AbrlW335unW9g+fORHYSON9iLJr594rZ6A6frtFsRiA5vHl </latexit>

Gromov, FGW, graphs OT…•

<latexit sha1_base64="K4/Sw2IIiTNPnNDePJ6JxYmy1MA=">AAAnA3icpVrbchtFEJ1wDeaWhEdeBI5dUBWM7ZCCoipV8SWRSexEiS+RYzsurbSSt6zVbnZXsmSVHvkCXuELeKN45UP4A3jlC+jumb3PZQN22drt6XNmpqe75ybL7zthtLz855U33nzr7Xfevfre3PsffPjRx9eu3zgIvWHQtvfbXt8LmlYrtPvOwN6PnKhvN/3AbrlW335unW9g+fORHYSON9iLJr594rZ6A6frtFsRiA5vHl </latexit>


