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  Part I: Finding graphs from unstructured data

  Part II: The sketching approach

  Part III: Algorithmic solution

  Part IV: Limits, Open questions, partial answers
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X = (x1, · · · ,xn),xi 2 Rd

<latexit sha1_base64="yG6wDoRLa2zwxiBxf6hyfK1NoEM="></latexit>

 Input: a dataset

xi 2 Rd ⇠ µ

<latexit sha1_base64="3mt/wmSiJZMgPnx/BEAbh3oUlQo="></latexit>

Graphs from data
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Graphs from data

also: genomics,  
biological networks, energy…
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Graphs from data

also: genomics,  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⇥ij =
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: interaction between variable i and j

statistical correlations

statistical dependencies
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  Gaussian Graphical Model 
µ = N (0,⌃ = ⇥�1)
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 ⇥ij = 0 ()
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Pn
i=1 xix>
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Emp. cov.

⇥MLE = argmin
⇥�0

� logdet(⇥) + hb⌃,⇥iF

<latexit sha1_base64="CZ16mj58/9APikrp5aedIPuit60="></latexit>

Gaussian assumption

 When      is invertibleb⌃ = 1
n

Pn
i=1 xix>

i
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⇥MLE = (b⌃)�1

<latexit sha1_base64="NkCTxDevg+u/zuaC+preWpH1JiE="></latexit>

 ⇥ij = 0 ()

<latexit sha1_base64="bmVslAgAnVCleQ7uMJB4RH7NowU="></latexit>
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� logdet(⇥) + hb⌃,⇥iF + �k⇥k1,o↵
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k⇥k1,o↵ =
P

i<j |⇥ij |

<latexit sha1_base64="0HowO2y+p53DYnM1F6mVSbzCnFY="></latexit>

promotes sparsity for the output graph

[Friedman-Hastie-Tibshirani, 2007]

True precision matrix. d = 8 Emp covariance matrix, n= 500 Esti precision matrix GLASSO Esti precision matrix
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 Optimization: convex problem
Coordinate descent

Involves LASSO steps (on the rows)
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is a Laplacian matrix of a graph
[Kumar, 2020]

+ other estimators…
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  High overview:

n big
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Parameters

m ⇡ # params ⌧ nd
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Random  
projections

Inverse  
problem
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  « Low-dim » representation 
of a dataset

  « Dimension » reduction

Here: linear « sketch »

Only one vector

22

Dimension reduction

Random projections (JL 
lemma)
Feature selection
Minimum distorsion 
embedding, PCA

Subsampling

Coresets

Importance sampling

The sketching approach
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Only one vector
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do we learn 

from sketch ?
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  Obtaining the sketch
  A function called feature operator � : Rd ! Rm

<latexit sha1_base64="Fcm7vJuRA/vFoafhH97HMWriC5Q="></latexit>

  Averaging

  Average is a simple idea but …

n points ! s := 1
n

Pn
i=1 �(xi)

<latexit sha1_base64="orkIvj+oXstlcnBOC8kUuVI/sXc="></latexit>

n points ->

  It can be calculated in parallel …
t

<latexit sha1_base64="mD8f3spumH+rjPgFce23CHNHh6U="></latexit>

  Suitable for distributed /streaming scenarii
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X = (x1, · · · ,xn),xi 2 Rd

<latexit sha1_base64="yG6wDoRLa2zwxiBxf6hyfK1NoEM="></latexit>

n

<latexit sha1_base64="lk5YNLijCZd9yCf6w9FgfFmdwKM="></latexit>

 Input: a dataset

xi 2 Rd ⇠ µ

<latexit sha1_base64="3mt/wmSiJZMgPnx/BEAbh3oUlQo="></latexit>

 Output: graph of relations between  
the d variables 

1

<latexit sha1_base64="O6WL9X/tqap22tpIh+tkPyqw8tc="></latexit>

d

<latexit sha1_base64="J0rt+iW5uDzMOs7/dBfpZZewjZQ="></latexit>

2

<latexit sha1_base64="iPs+ltK2ryKisJnGJriBlqAydv4="></latexit>

O(d2)

<latexit sha1_base64="vOOrnrpfOXMjvLVlOnOEROkTIw8="></latexit>

In memory In time
O(d3)

<latexit sha1_base64="BnpgSKTscPBsPCeo6eLb7CHpFAI="></latexit>

b⌃ = 1
n

Pn
i=1 xix>

i

<latexit sha1_base64="aK/mceZJAEs+kKmTwYqv+4CernQ="></latexit>

GLASSO

GLASSO ⇥ 2 Rd⇥d

<latexit sha1_base64="64aAHxj71bmWj9B7TYwIaGPEcAg="></latexit>
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n
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i

<latexit sha1_base64="aK/mceZJAEs+kKmTwYqv+4CernQ="></latexit>

GLASSO

⇥ 2 Rd⇥d

<latexit sha1_base64="64aAHxj71bmWj9B7TYwIaGPEcAg="></latexit>

Sketch

Sketching

In memory In time

m ⇡ # edges

<latexit sha1_base64="+LGOMXzuAHp6TvEOdqO3B4ea0n4="></latexit>

O(m) ⌧ d2

<latexit sha1_base64="wnzSCfXIZM0J74Fpib0+MH9RSFM="></latexit>

s = Ex[�(x)] 2 Rm

<latexit sha1_base64="yzx9gt6bG8CGjUChfRfFoP8I7dM="></latexit>

O(?)

<latexit sha1_base64="TM9V/U8Tx26IHiT6Q0UYx4eQCNU="></latexit>

s = Sketch(X) 2 Rm

<latexit sha1_base64="j9f0SqNLylSXTLCAmq5CgVq9AXo="></latexit>
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n
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n

Pn
i=1 xix>

i

<latexit sha1_base64="aK/mceZJAEs+kKmTwYqv+4CernQ="></latexit>

GLASSO

⇥ 2 Rd⇥d

<latexit sha1_base64="64aAHxj71bmWj9B7TYwIaGPEcAg="></latexit>

Sketch

Sketching

In memory In time

m ⇡ # edges

<latexit sha1_base64="+LGOMXzuAHp6TvEOdqO3B4ea0n4="></latexit>

O(m) ⌧ d2

<latexit sha1_base64="wnzSCfXIZM0J74Fpib0+MH9RSFM="></latexit>

s = Ex[�(x)] 2 Rm

<latexit sha1_base64="yzx9gt6bG8CGjUChfRfFoP8I7dM="></latexit>

O(?)

<latexit sha1_base64="TM9V/U8Tx26IHiT6Q0UYx4eQCNU="></latexit>

s = Sketch(X) 2 Rm

<latexit sha1_base64="j9f0SqNLylSXTLCAmq5CgVq9AXo="></latexit>

 Keep only what we need through  
the sketch 

 The underlying graph is sparse 

  Why should it work ?
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  The feature operator � : Rd ! Rm

<latexit sha1_base64="Fcm7vJuRA/vFoafhH97HMWriC5Q="></latexit>
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Aj ⇠ ⇤

<latexit sha1_base64="BmEYTW2TtxaadXXK2bqY42fG4XI="></latexit>

  The feature operator � : Rd ! Rm

<latexit sha1_base64="Fcm7vJuRA/vFoafhH97HMWriC5Q="></latexit>

 In this talk: quadratic measurements is a random matrix

�(x) = 1p
m
(x>A1x, · · · ,x>Amx)>

<latexit sha1_base64="VobITy/OPxOLXu4JKf1ssXh8azI="></latexit>
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Aj ⇠ ⇤

<latexit sha1_base64="BmEYTW2TtxaadXXK2bqY42fG4XI="></latexit>

  The feature operator � : Rd ! Rm

<latexit sha1_base64="Fcm7vJuRA/vFoafhH97HMWriC5Q="></latexit>

 In this talk: quadratic measurements is a random matrix

Gaussian measurements

�(x) = 1p
m
(x>A1x, · · · ,x>Amx)>

<latexit sha1_base64="VobITy/OPxOLXu4JKf1ssXh8azI="></latexit>

Aj ⇠
i.i.d

N (0, Id⇥d)

<latexit sha1_base64="WQKwhErmUrPpFbPOk3CpWMlRkWk="></latexit>
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Aj ⇠ ⇤

<latexit sha1_base64="BmEYTW2TtxaadXXK2bqY42fG4XI="></latexit>

  The feature operator � : Rd ! Rm

<latexit sha1_base64="Fcm7vJuRA/vFoafhH97HMWriC5Q="></latexit>

 In this talk: quadratic measurements is a random matrix

Rank-one measurements

Aj = aja>j

<latexit sha1_base64="TEMEsZF0bTcg4CbvenEsorIK9II="></latexit>

�(x) =
�
|haj ,xi|2

�
j2[[m]]

<latexit sha1_base64="B4CJoFQrtfwdVi11OTSQlC3HryU="></latexit>

Gaussian measurements

aj ⇠
i.i.d

N (0, Id)

<latexit sha1_base64="f9J8NbxPOS8peaw0xASrfh5Xc0M="></latexit>

�(x) = 1p
m
(x>A1x, · · · ,x>Amx)>

<latexit sha1_base64="VobITy/OPxOLXu4JKf1ssXh8azI="></latexit>

Aj ⇠
i.i.d

N (0, Id⇥d)

<latexit sha1_base64="WQKwhErmUrPpFbPOk3CpWMlRkWk="></latexit>

Structured rank-one

End of presentation

 Inspired by works on low-rank matrix completion
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Aj ⇠ ⇤

<latexit sha1_base64="BmEYTW2TtxaadXXK2bqY42fG4XI="></latexit>

  The feature operator � : Rd ! Rm

<latexit sha1_base64="Fcm7vJuRA/vFoafhH97HMWriC5Q="></latexit>

 In this talk: quadratic measurements is a random matrix

Rank-one measurements

Aj = aja>j

<latexit sha1_base64="TEMEsZF0bTcg4CbvenEsorIK9II="></latexit>
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�
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<latexit sha1_base64="B4CJoFQrtfwdVi11OTSQlC3HryU="></latexit>

Gaussian measurements
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i.i.d

N (0, Id)

<latexit sha1_base64="f9J8NbxPOS8peaw0xASrfh5Xc0M="></latexit>

�(x) = 1p
m
(x>A1x, · · · ,x>Amx)>

<latexit sha1_base64="VobITy/OPxOLXu4JKf1ssXh8azI="></latexit>

Aj ⇠
i.i.d

N (0, Id⇥d)

<latexit sha1_base64="WQKwhErmUrPpFbPOk3CpWMlRkWk="></latexit>

Structured rank-one

End of presentation

 Inspired by works on low-rank matrix completion

A : Sd ! Rm

<latexit sha1_base64="wmGVrhNLrYX9YJCfzQ6ukJlCZcg="></latexit>

 Defined a linear op. on symmetric matrices

s = 1
n

nP
i=1

�(xi) = Ab⌃ 2 Rm

<latexit sha1_base64="5+5Au6NcMk7aIV2s947FqeACdfo="></latexit>

AS = 1p
m
(hAj ,SiF )j2[[m]]

<latexit sha1_base64="29D3/NlT+Dx8aa6wT7U3fUwYbEY="></latexit>

Emp. cov.
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  Objective/setting

X = (x1, · · · ,xn),xi 2 Rd

<latexit sha1_base64="yG6wDoRLa2zwxiBxf6hyfK1NoEM="></latexit>

xi 2 Rd ⇠ µ

<latexit sha1_base64="3mt/wmSiJZMgPnx/BEAbh3oUlQo="></latexit>

E
x⇠µ

[xx>] = ⌃? = ⇥�1
?

<latexit sha1_base64="GgNVtVYz4h0jyfYVBfZ+Bl54Dhs="></latexit>

with

⇥? 2 S

<latexit sha1_base64="zftr6qcphPgbb5U37e61h+spTQE="></latexit>

in some low-dim. space (e.g. sparse p.d matrices = sparse graph)

 The objective is to find          from the sketch⇥? 2 S

<latexit sha1_base64="zftr6qcphPgbb5U37e61h+spTQE="></latexit>

s 2 Rm

<latexit sha1_base64="oJQVD4OYpIuo1b3hI6xZ7gI21yw="></latexit>
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  Objective/setting

X = (x1, · · · ,xn),xi 2 Rd

<latexit sha1_base64="yG6wDoRLa2zwxiBxf6hyfK1NoEM="></latexit>

xi 2 Rd ⇠ µ

<latexit sha1_base64="3mt/wmSiJZMgPnx/BEAbh3oUlQo="></latexit>

E
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[xx>] = ⌃? = ⇥�1
?

<latexit sha1_base64="GgNVtVYz4h0jyfYVBfZ+Bl54Dhs="></latexit>

with

⇥? 2 S

<latexit sha1_base64="zftr6qcphPgbb5U37e61h+spTQE="></latexit>

in some low-dim. space (e.g. sparse p.d matrices = sparse graph)

 The objective is to find          from the sketch⇥? 2 S

<latexit sha1_base64="zftr6qcphPgbb5U37e61h+spTQE="></latexit>

s 2 Rm

<latexit sha1_base64="oJQVD4OYpIuo1b3hI6xZ7gI21yw="></latexit>

 Can be framed as a compressed sensing problem

⇥? 2 S

<latexit sha1_base64="zftr6qcphPgbb5U37e61h+spTQE="></latexit>

Find from s = Ab⌃ = A⌃? + e

<latexit sha1_base64="x03BLg25u8BoBukgDK2TMEppW4Y="></latexit>
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  Objective/setting

X = (x1, · · · ,xn),xi 2 Rd
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s 2 Rm

<latexit sha1_base64="oJQVD4OYpIuo1b3hI6xZ7gI21yw="></latexit>

 Can be framed as a compressed sensing problem

⇥? 2 S

<latexit sha1_base64="zftr6qcphPgbb5U37e61h+spTQE="></latexit>

Find from s = Ab⌃ = A⌃? + e

<latexit sha1_base64="x03BLg25u8BoBukgDK2TMEppW4Y="></latexit>

We want the inverse of the matrix  
that is measured

 Notable difference

s = Ab⌃ = A⌃? + e

<latexit sha1_base64="x03BLg25u8BoBukgDK2TMEppW4Y="></latexit>

⌃?

<latexit sha1_base64="PAe4bsucgadi7TgagbpUZ+VFhKo="></latexit>

not givenfind
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s = Ab⌃ = A⌃? + e

<latexit sha1_base64="x03BLg25u8BoBukgDK2TMEppW4Y="></latexit>

⌃?

<latexit sha1_base64="PAe4bsucgadi7TgagbpUZ+VFhKo="></latexit>

givenfind

⌃�1
?

<latexit sha1_base64="8juznEQpQ9xkHujrSo5sUNSLMDU="></latexit>

s = Ab⌃ = A⌃? + e

<latexit sha1_base64="x03BLg25u8BoBukgDK2TMEppW4Y="></latexit>

givenfind
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  Objective/setting

X = (x1, · · · ,xn),xi 2 Rd
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with

⇥? 2 S

<latexit sha1_base64="zftr6qcphPgbb5U37e61h+spTQE="></latexit>

in some low-dim. space (e.g. sparse p.d matrices = sparse graph)

 The objective is to find          from the sketch⇥? 2 S

<latexit sha1_base64="zftr6qcphPgbb5U37e61h+spTQE="></latexit>

s 2 Rm

<latexit sha1_base64="oJQVD4OYpIuo1b3hI6xZ7gI21yw="></latexit>

 Can be framed as a compressed sensing problem

⇥? 2 S

<latexit sha1_base64="zftr6qcphPgbb5U37e61h+spTQE="></latexit>

Find from s = Ab⌃ = A⌃? + e

<latexit sha1_base64="x03BLg25u8BoBukgDK2TMEppW4Y="></latexit>

We want the inverse of the matrix  
that is measured

 Notable difference

s = Ab⌃ = A⌃? + e

<latexit sha1_base64="x03BLg25u8BoBukgDK2TMEppW4Y="></latexit>

⌃?

<latexit sha1_base64="PAe4bsucgadi7TgagbpUZ+VFhKo="></latexit>

not givenfind

 Ill-posed problem:

⇥? 2 S

<latexit sha1_base64="zftr6qcphPgbb5U37e61h+spTQE="></latexit>

lies in some low-dim. space
Key assumption:

m ⌧ d2

<latexit sha1_base64="DdvfT6l5G6TyS45e921gVf+lQyw="></latexit>
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Sk,a,b = {⇥ � 0 ; k⇥k0  d+ 2k, spec(⇥) ✓ [a, b]}

<latexit sha1_base64="NjEtlTQH6g2oezluBaoXa1Botsc="></latexit>

sym. positive definite matrices

with at most 2k non-zero coeff 
outside the diagonal

localized spectrum

Towards theoretical compressive recovery

  Example of low-dim space
A : Sd ! Rm

<latexit sha1_base64="wmGVrhNLrYX9YJCfzQ6ukJlCZcg="></latexit>

⇥? 2 S

<latexit sha1_base64="zftr6qcphPgbb5U37e61h+spTQE="> </latexit>

      a subspace of        of idealized precision matrices (low-dim)
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Sk,a,b = {⇥ � 0 ; k⇥k0  d+ 2k, spec(⇥) ✓ [a, b]}

<latexit sha1_base64="NjEtlTQH6g2oezluBaoXa1Botsc="></latexit>

sym. positive definite matrices

with at most 2k non-zero coeff 
outside the diagonal

localized spectrum

 Sparse precision (= sparse graph) matrices with known spectrum

 Called the model set

Towards theoretical compressive recovery

  Example of low-dim space
A : Sd ! Rm

<latexit sha1_base64="wmGVrhNLrYX9YJCfzQ6ukJlCZcg="></latexit>

⇥? 2 S

<latexit sha1_base64="zftr6qcphPgbb5U37e61h+spTQE="> </latexit>

      a subspace of        of idealized precision matrices (low-dim)
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 Consider a linear op. on symmetric matrices A : Sd ! Rm

<latexit sha1_base64="wmGVrhNLrYX9YJCfzQ6ukJlCZcg="></latexit>

A : Sd ! Rm

<latexit sha1_base64="wmGVrhNLrYX9YJCfzQ6ukJlCZcg="></latexit>

⇥? 2 S

<latexit sha1_base64="zftr6qcphPgbb5U37e61h+spTQE="></latexit>

      a subspace of        of idealized precision matrices (low-dim)
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 Consider a linear op. on symmetric matrices A : Sd ! Rm

<latexit sha1_base64="wmGVrhNLrYX9YJCfzQ6ukJlCZcg="></latexit>

invRIP

(1� �)k⇥�1
1 �⇥�1

2 k2  kA(⇥�1
1 �⇥�1

2 )k22  (1 + �)k⇥�1
1 �⇥�1

2 k2

<latexit sha1_base64="li1qq8NvatprUk+eMhKRt7rhQ1g="></latexit>

9� 2 [0, 1[, 8⇥1,⇥2 2 S

<latexit sha1_base64="aIId/ZkXpM6aLGPFHg3O0h/6IEg="></latexit>

A : Sd ! Rm

<latexit sha1_base64="wmGVrhNLrYX9YJCfzQ6ukJlCZcg="></latexit>

⇥? 2 S

<latexit sha1_base64="zftr6qcphPgbb5U37e61h+spTQE="></latexit>

      a subspace of        of idealized precision matrices (low-dim)
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 Consider a linear op. on symmetric matrices A : Sd ! Rm

<latexit sha1_base64="wmGVrhNLrYX9YJCfzQ6ukJlCZcg="></latexit>

invRIP

(1� �)k⇥�1
1 �⇥�1

2 k2  kA(⇥�1
1 �⇥�1

2 )k22  (1 + �)k⇥�1
1 �⇥�1

2 k2

<latexit sha1_base64="li1qq8NvatprUk+eMhKRt7rhQ1g="></latexit>

9� 2 [0, 1[, 8⇥1,⇥2 2 S

<latexit sha1_base64="aIId/ZkXpM6aLGPFHg3O0h/6IEg="></latexit>

8x k-sparse

<latexit sha1_base64="SqZ/Tm/Ojc14pUHzEj5Br/M8kpI="></latexit>

(1� �k)kxk22  kAxk22  (1 + �k)kxk22

<latexit sha1_base64="S5G4Jabv9hGb79NbI4lm5Lf4vVM="> </latexit>

[Candes & Tao, 2005]

9�k 2 [0, 1[

<latexit sha1_base64="6mHHV2wkxffif+ng6fSULG+6abM="></latexit>

Figure 1: Illustration of several CS models. From left to right: k-sparse vectors, union of subspaces,
smooth manifold and point cloud.

the size of the constant C in (1) (with !2 norm and !2 distance) and the dimension reduction ratio
m/n.

1.2 Low-dimensional models beyond sparsity

Beyond the sparse model, many other low-dimensional models have been considered in the context
of linear inverse problems and CS [5]. In these generalized models, the signals of interest typically
live in or close to a subset Σ of the space, which typically contains far fewer vectors than the
whole space. Such models encompass sets of elements as various as block-sparse signals [24], unions
of subspaces, whether finite [8] or possibly infinite [7], signals sparse in a redundant dictionary
[37], cosparse signals [32], approximately low-rank matrices [38, 14], low-rank and sparse matrices
[43, 12], symmetric matrices with sparse inverse [42, 41] or manifolds [6, 23]. An old result which
can also be interpreted as generalized CS is the low-dimensional embedding of a point cloud [31, 1].
Some of these models are pictured in Figure 1.

Since these models generalize the sparse model, the following question arises: can they be
considered under a general framework, sharing common reconstruction properties? In this work,
we are particularly interested in the extension of the results of [19] to these general models, allowing
to further investigate the well-posedness of such problems.

In [36], the theoretical results of [19] are generalized in the case where one aims at stably decoding
a vector living near a finite union of subspaces (UoS). They also show in this case the impossibility
of getting a good !2/!2 instance optimal decoder with substantial dimensionality reduction. Their
extension also covers the case where the quantity one wants to decode is not the signal itself but a
linear measure of the signal.

In this work, we further extend the study of the IOP to general models of signals: we consider
signals of interest living in or near a subset Σ of a vector space E, without further restriction, and
show that instance optimality can be generalized for such models. In fact, we consider the following
generalizations:

• Robustness to noise: noise-robust instance optimality is characterized, showing somewhat
surprisingly the equivalence between the existence of two flavors of noise-robust decoders
(noise-aware and noise-blind);

• Infinite dimension: signal spaces E that may be infinite dimensional are considered. For
example E may be a Banach space such as an Lp space, the space of signed measures, etc. This
is motivated by recent work on infinite dimensional compressed sensing [4, 30] or compressive
density estimation [9];
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Figure 1: Illustration of several CS models. From left to right: k-sparse vectors, union of subspaces,
smooth manifold and point cloud.

the size of the constant C in (1) (with !2 norm and !2 distance) and the dimension reduction ratio
m/n.

1.2 Low-dimensional models beyond sparsity

Beyond the sparse model, many other low-dimensional models have been considered in the context
of linear inverse problems and CS [5]. In these generalized models, the signals of interest typically
live in or close to a subset Σ of the space, which typically contains far fewer vectors than the
whole space. Such models encompass sets of elements as various as block-sparse signals [24], unions
of subspaces, whether finite [8] or possibly infinite [7], signals sparse in a redundant dictionary
[37], cosparse signals [32], approximately low-rank matrices [38, 14], low-rank and sparse matrices
[43, 12], symmetric matrices with sparse inverse [42, 41] or manifolds [6, 23]. An old result which
can also be interpreted as generalized CS is the low-dimensional embedding of a point cloud [31, 1].
Some of these models are pictured in Figure 1.

Since these models generalize the sparse model, the following question arises: can they be
considered under a general framework, sharing common reconstruction properties? In this work,
we are particularly interested in the extension of the results of [19] to these general models, allowing
to further investigate the well-posedness of such problems.

In [36], the theoretical results of [19] are generalized in the case where one aims at stably decoding
a vector living near a finite union of subspaces (UoS). They also show in this case the impossibility
of getting a good !2/!2 instance optimal decoder with substantial dimensionality reduction. Their
extension also covers the case where the quantity one wants to decode is not the signal itself but a
linear measure of the signal.

In this work, we further extend the study of the IOP to general models of signals: we consider
signals of interest living in or near a subset Σ of a vector space E, without further restriction, and
show that instance optimality can be generalized for such models. In fact, we consider the following
generalizations:

• Robustness to noise: noise-robust instance optimality is characterized, showing somewhat
surprisingly the equivalence between the existence of two flavors of noise-robust decoders
(noise-aware and noise-blind);

• Infinite dimension: signal spaces E that may be infinite dimensional are considered. For
example E may be a Banach space such as an Lp space, the space of signed measures, etc. This
is motivated by recent work on infinite dimensional compressed sensing [4, 30] or compressive
density estimation [9];
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lnN (Sk, ")  k
�
ln(3"�1) + ln(e d

k )
�

<latexit sha1_base64="IHZ0XHcX0XxW+eEoT5OPC6ufj7g="></latexit>

 In our case ok with:

Sk,a,b = {⇥ � 0 ; k⇥k0  d+ 2k, spec(⇥) ✓ [a, b]}

<latexit sha1_base64="NjEtlTQH6g2oezluBaoXa1Botsc="></latexit>

invRIP with high prob.
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 Sketch with 

Gaussian measurements

Aj ⇠
i.i.d

N (0, Id⇥d)

<latexit sha1_base64="WQKwhErmUrPpFbPOk3CpWMlRkWk="></latexit>

A : Sd ! Rm

<latexit sha1_base64="wmGVrhNLrYX9YJCfzQ6ukJlCZcg="></latexit>

      a subspace of        of idealized precision matrices (low-dim)⇥? 2 S

<latexit sha1_base64="zftr6qcphPgbb5U37e61h+spTQE="></latexit>

Sk,a,b = {⇥ � 0 ; k⇥k0  d+ 2k, spec(⇥) ✓ [a, b]}

<latexit sha1_base64="NjEtlTQH6g2oezluBaoXa1Botsc="></latexit>
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A : Sd ! Rm

<latexit sha1_base64="wmGVrhNLrYX9YJCfzQ6ukJlCZcg="></latexit>

      a subspace of        of idealized precision matrices (low-dim)⇥? 2 S

<latexit sha1_base64="zftr6qcphPgbb5U37e61h+spTQE="></latexit>

Sk,a,b = {⇥ � 0 ; k⇥k0  d+ 2k, spec(⇥) ✓ [a, b]}

<latexit sha1_base64="NjEtlTQH6g2oezluBaoXa1Botsc="></latexit>

m & (d+ 2k) ln(d)

<latexit sha1_base64="f0BSyEFZyNw0WJcOJ1Pv2z5QvjE="></latexit>

invRIP with high prob.

Hides a, b, �, ⇢

<latexit sha1_base64="cTSDhKsd57W6qbMbkLddGfa4xfk="></latexit>

 Sketch with 

Gaussian measurements

Aj ⇠
i.i.d

N (0, Id⇥d)

<latexit sha1_base64="WQKwhErmUrPpFbPOk3CpWMlRkWk="></latexit>
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A : Sd ! Rm

<latexit sha1_base64="wmGVrhNLrYX9YJCfzQ6ukJlCZcg="></latexit>

      a subspace of        of idealized precision matrices (low-dim)⇥? 2 S

<latexit sha1_base64="zftr6qcphPgbb5U37e61h+spTQE="></latexit>

Sk,a,b = {⇥ � 0 ; k⇥k0  d+ 2k, spec(⇥) ✓ [a, b]}

<latexit sha1_base64="NjEtlTQH6g2oezluBaoXa1Botsc="></latexit>

m & (d+ 2k) ln(d)

<latexit sha1_base64="f0BSyEFZyNw0WJcOJ1Pv2z5QvjE="></latexit>

invRIP with high prob.

Optimal decoder
�[s] 2 argmin

⇥2S
kA(⇥�1)� sk2

<latexit sha1_base64="QPVq9E5tGVxnQbOqcPp0RUlBiAo="></latexit>

Happiness  
and joy

Hides a, b, �, ⇢

<latexit sha1_base64="cTSDhKsd57W6qbMbkLddGfa4xfk="></latexit>

 Sketch with 

Gaussian measurements

Aj ⇠
i.i.d

N (0, Id⇥d)

<latexit sha1_base64="WQKwhErmUrPpFbPOk3CpWMlRkWk="></latexit>
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A : Sd ! Rm

<latexit sha1_base64="wmGVrhNLrYX9YJCfzQ6ukJlCZcg="></latexit>

      a subspace of        of idealized precision matrices (low-dim)⇥? 2 S

<latexit sha1_base64="zftr6qcphPgbb5U37e61h+spTQE="></latexit>

Sk,a,b = {⇥ � 0 ; k⇥k0  d+ 2k, spec(⇥) ✓ [a, b]}

<latexit sha1_base64="NjEtlTQH6g2oezluBaoXa1Botsc="></latexit>

m & (d+ 2k) ln(d)

<latexit sha1_base64="f0BSyEFZyNw0WJcOJ1Pv2z5QvjE="></latexit>

invRIP with high prob.

  Remarks

Optimal decoder
�[s] 2 argmin

⇥2S
kA(⇥�1)� sk2

<latexit sha1_base64="QPVq9E5tGVxnQbOqcPp0RUlBiAo="></latexit>

Happiness  
and joy

Hides a, b, �, ⇢

<latexit sha1_base64="cTSDhKsd57W6qbMbkLddGfa4xfk="></latexit>

 The number of measurements low compared to d2

<latexit sha1_base64="XTGCPqr8AEDeDTtDsIwRo3qc4jg="></latexit>

 Almost optimal up to a logarithmic factor

 Now all we need is to compute the decoder …

 Sketch with 

Gaussian measurements

Aj ⇠
i.i.d

N (0, Id⇥d)

<latexit sha1_base64="WQKwhErmUrPpFbPOk3CpWMlRkWk="></latexit>
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�[s] 2 argmin
⇥2S

kA(⇥�1)� sk2

<latexit sha1_base64="QPVq9E5tGVxnQbOqcPp0RUlBiAo="></latexit>

  Recover the precision matrix from the sketch

 We need to compute: 

Sk,a,b = {⇥ � 0 ; k⇥k0  d+ 2k, spec(⇥) ✓ [a, b]}

<latexit sha1_base64="NjEtlTQH6g2oezluBaoXa1Botsc="></latexit>

 Where: 

 Quite difficult because of       constraints! (probably NP-hard)`0

<latexit sha1_base64="TrE5enfcnLpJcmpqbwa+XcUDmTQ="></latexit>

Towards practical recovery
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�[s] 2 argmin
⇥2S

kA(⇥�1)� sk2

<latexit sha1_base64="QPVq9E5tGVxnQbOqcPp0RUlBiAo="></latexit>

  Recover the precision matrix from the sketch

 We need to compute: 

Sk,a,b = {⇥ � 0 ; k⇥k0  d+ 2k, spec(⇥) ✓ [a, b]}

<latexit sha1_base64="NjEtlTQH6g2oezluBaoXa1Botsc="></latexit>

 Where: 

 Quite difficult because of       constraints! (probably NP-hard)`0

<latexit sha1_base64="TrE5enfcnLpJcmpqbwa+XcUDmTQ="></latexit>

e⇥ 2 argmin
⇥2Sd(R)

aId�⇥�bId

1
2kA(inv(⇥))� sk22 + �k⇥k1,o↵

<latexit sha1_base64="q7ePRbPcgcMFTNEa/gftz3yRowA="></latexit>

 Approximate decoder:

Towards practical recovery
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�[s] 2 argmin
⇥2S

kA(⇥�1)� sk2

<latexit sha1_base64="QPVq9E5tGVxnQbOqcPp0RUlBiAo="></latexit>

  Recover the precision matrix from the sketch

 We need to compute: 

Sk,a,b = {⇥ � 0 ; k⇥k0  d+ 2k, spec(⇥) ✓ [a, b]}

<latexit sha1_base64="NjEtlTQH6g2oezluBaoXa1Botsc="></latexit>

 Where: 

 Quite difficult because of       constraints! (probably NP-hard)`0

<latexit sha1_base64="TrE5enfcnLpJcmpqbwa+XcUDmTQ="></latexit>

e⇥ 2 argmin
⇥2Sd(R)

aId�⇥�bId

1
2kA(inv(⇥))� sk22 + �k⇥k1,o↵

<latexit sha1_base64="q7ePRbPcgcMFTNEa/gftz3yRowA="></latexit>

 Approximate decoder:

 Optimisation problem:

argmin
⇥2Rd⇥d

f(⇥) + �g(⇥) + h(⇥)

<latexit sha1_base64="s5TM5QOoXw9Vb1fwGR+FgknxfyI=">AAArGXicpVrbcuPGER3bSWxvbuvLW15oy1tlK7Ysre1yKlVbZUnrcGNLXq5uK2m5qwJIEEKJAGEApESx+CX5mlReUnlMnvIH8WvyA+nuGdw417XFEgn0nNPT09PTcwH8dBzlxebmv1959bWf/fwXr7/x5p1f/urXv/nt3bfePskn02wQHA8m40l26nt5MI6S4LiIinFwmmaBF/vj4Kl/tYvlT2dBlkeT5KiYp8Hz2AuTaBQNvA </latexit>

f(⇥)
�
= 1

2kA(inv(⇥))� sk22

<latexit sha1_base64="VFIpPmeF2KdQ/Y30r7381sDCkBg="></latexit>

g(⇥)
�
= k⇥k1,o↵

<latexit sha1_base64="v5iAJ5nOAIsEqQ/b6eEWWI/ktMI="></latexit>

h(⇥)
�
= ı ({aI � ⇥ � bI} \ {⇥ 2 Sd(R)})

<latexit sha1_base64="76AoYvrmCbl7zG6MKpZ+1cvJnpM="></latexit>

Towards practical recovery
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 Optimisation problem:

argmin
⇥2Rd⇥d

f(⇥) + �g(⇥) + h(⇥)

<latexit sha1_base64="s5TM5QOoXw9Vb1fwGR+FgknxfyI="></latexit>

f(⇥)
�
= 1

2kA(inv(⇥))� sk22

<latexit sha1_base64="VFIpPmeF2KdQ/Y30r7381sDCkBg="></latexit>

g(⇥)
�
= k⇥k1,o↵

<latexit sha1_base64="v5iAJ5nOAIsEqQ/b6eEWWI/ktMI="></latexit>

h(⇥)
�
= ı ({aI � ⇥ � bI} \ {⇥ 2 Sd(R)})

<latexit sha1_base64="76AoYvrmCbl7zG6MKpZ+1cvJnpM="></latexit>

 Non-convex with non-smooth penalty + smooth fidelity term ->

Towards practical recovery

rf

<latexit sha1_base64="K7xBHtUxU1oNB2BlVEliDFxMZh0="></latexit>
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 Optimisation problem:

argmin
⇥2Rd⇥d

f(⇥) + �g(⇥) + h(⇥)

<latexit sha1_base64="s5TM5QOoXw9Vb1fwGR+FgknxfyI="></latexit>

f(⇥)
�
= 1

2kA(inv(⇥))� sk22

<latexit sha1_base64="VFIpPmeF2KdQ/Y30r7381sDCkBg="></latexit>

g(⇥)
�
= k⇥k1,o↵

<latexit sha1_base64="v5iAJ5nOAIsEqQ/b6eEWWI/ktMI="></latexit>

h(⇥)
�
= ı ({aI � ⇥ � bI} \ {⇥ 2 Sd(R)})

<latexit sha1_base64="76AoYvrmCbl7zG6MKpZ+1cvJnpM="></latexit>

Algorithm 1 Three-operator splitting algorithm

1: Input: initial guess ⇥init and step size � > 0.
2: Initialize Z0 = prox�h(⇥init) and U0 = 0.
3: for t 2 0, 1 · · · , do
4: ⇥t+1 = prox�g(Zt � �tUt � �rf(Zt))
5: Zt+1 = prox�h(⇥t+1 + �Ut)
6: Ut+1 = Ut + (⇥t+1 � Zt+1)/�
7: end for

<latexit sha1_base64="tSxNqLiWvYOT2OwHG4m+R8FWXoI="> pv5kKqRRsYiKodxjz9iX8M3Jqn5V387f6sDH9e29sfUKVH71cGVr8S3O5sXp9sbWFxtfvtle+WpPvuH5MfsT+wvsebbYX9lXMMcfshM2WHqy9GbpYulyfWl9bX1zfVtAH3wkOZ+w2mf97/8DDKRb1A==</latexit>

[Davis & Yin, 2017]

prox�'(⇥)
�
= argmin

A2Rd⇥d

'(A) + 1
2�kA�⇥k2F

<latexit sha1_base64="CMlTjz5//9oDp57twH3K1TTS0Kg="> </latexit>

 Non-convex with non-smooth penalty + smooth fidelity term ->
 We use Davis & Yin three-operator splitting scheme

Towards practical recovery

rf

<latexit sha1_base64="K7xBHtUxU1oNB2BlVEliDFxMZh0="></latexit>
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 Optimisation problem:

argmin
⇥2Rd⇥d

f(⇥) + �g(⇥) + h(⇥)

<latexit sha1_base64="s5TM5QOoXw9Vb1fwGR+FgknxfyI="></latexit>

f(⇥)
�
= 1

2kA(inv(⇥))� sk22

<latexit sha1_base64="VFIpPmeF2KdQ/Y30r7381sDCkBg="></latexit>

g(⇥)
�
= k⇥k1,o↵

<latexit sha1_base64="v5iAJ5nOAIsEqQ/b6eEWWI/ktMI="></latexit>

h(⇥)
�
= ı ({aI � ⇥ � bI} \ {⇥ 2 Sd(R)})

<latexit sha1_base64="76AoYvrmCbl7zG6MKpZ+1cvJnpM="></latexit>

Algorithm 1 Three-operator splitting algorithm

1: Input: initial guess ⇥init and step size � > 0.
2: Initialize Z0 = prox�h(⇥init) and U0 = 0.
3: for t 2 0, 1 · · · , do
4: ⇥t+1 = prox�g(Zt � �tUt � �rf(Zt))
5: Zt+1 = prox�h(⇥t+1 + �Ut)
6: Ut+1 = Ut + (⇥t+1 � Zt+1)/�
7: end for

<latexit sha1_base64="tSxNqLiWvYOT2OwHG4m+R8FWXoI="> pv5kKqRRsYiKodxjz9iX8M3Jqn5V387f6sDH9e29sfUKVH71cGVr8S3O5sXp9sbWFxtfvtle+WpPvuH5MfsT+wvsebbYX9lXMMcfshM2WHqy9GbpYulyfWl9bX1zfVtAH3wkOZ+w2mf97/8DDKRb1A==</latexit>

[Davis & Yin, 2017]

prox�'(⇥)
�
= argmin

A2Rd⇥d

'(A) + 1
2�kA�⇥k2F

<latexit sha1_base64="CMlTjz5//9oDp57twH3K1TTS0Kg="> </latexit>

 Non-convex with non-smooth penalty + smooth fidelity term ->
 We use Davis & Yin three-operator splitting scheme

Towards practical recovery

prox�g(⇥) = D+D> + diag(⇥)

where

(
Dij = max{⇥ij � �, 0} i < j

Dij = 0 i � j

(1)

<latexit sha1_base64="HY3NMo5hblhHeaCyiCCoGOTeUZY="></latexit>

proxh(⇥) = Udiag(v)U>

where vi = min{max{�i(⇥), a}, b}
(1)

<latexit sha1_base64="Cj5E8poQDyi/3tGx9rDau1/QZz8="></latexit>

 We know the prox

rf

<latexit sha1_base64="K7xBHtUxU1oNB2BlVEliDFxMZh0="></latexit>

O(d3)

<latexit sha1_base64="BnpgSKTscPBsPCeo6eLb7CHpFAI="></latexit>

complexity
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 Setting:
 We generate sparse         according to some laws⇥? 2 S

<latexit sha1_base64="zftr6qcphPgbb5U37e61h+spTQE="></latexit>

X = (x1, · · · ,xn),xi 2 Rd

<latexit sha1_base64="yG6wDoRLa2zwxiBxf6hyfK1NoEM="></latexit>

 Data                                                                          and sketchxi ⇠ N (0,⇥�1
? )

<latexit sha1_base64="5QvouN/f4rZ/7FtDdxHQO6KaQus="></latexit>

 Compare with the approximate decoder e⇥ 2 argmin
⇥2Sd(R)

aId�⇥�bId

1
2kA(inv(⇥))� sk22 + �k⇥k1,o↵

<latexit sha1_base64="q7ePRbPcgcMFTNEa/gftz3yRowA="></latexit>

Erdös-Réyni Sklearn Powerlaw
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 Sanity-check: X = (x1, · · · ,xn),xi 2 Rd

<latexit sha1_base64="yG6wDoRLa2zwxiBxf6hyfK1NoEM="></latexit>

xi ⇠ N (0,⇥�1
? )

<latexit sha1_base64="5QvouN/f4rZ/7FtDdxHQO6KaQus="></latexit>

s = A⌃?

<latexit sha1_base64="1o23XdgpyTcRyLuhFG2RJFRAgWQ="></latexit>

(n = +1)

<latexit sha1_base64="o3k5BFy5ikTZPzbCwkUJlOGMYFU="></latexit>
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Average best score for dataset Erdos. d = 64
nnz(Q) = [386, 224, 304]Erdös-Réyni

Sketch of the true cov

d = 64

<latexit sha1_base64="ny4vvYZgupEDmyGNEGCUjGxF/q4="></latexit>
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 Sanity-check: X = (x1, · · · ,xn),xi 2 Rd

<latexit sha1_base64="yG6wDoRLa2zwxiBxf6hyfK1NoEM="></latexit>

xi ⇠ N (0,⇥�1
? )

<latexit sha1_base64="5QvouN/f4rZ/7FtDdxHQO6KaQus="></latexit>

Powerlaw
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Average best score for dataset PowerLaw. d = 64
nnz(Q) = [512, 510, 512]

s = A⌃?

<latexit sha1_base64="1o23XdgpyTcRyLuhFG2RJFRAgWQ="></latexit>

(n = +1)

<latexit sha1_base64="o3k5BFy5ikTZPzbCwkUJlOGMYFU="></latexit>

Sketch of the true cov

d = 64

<latexit sha1_base64="ny4vvYZgupEDmyGNEGCUjGxF/q4="></latexit>
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 Sanity-check: X = (x1, · · · ,xn),xi 2 Rd

<latexit sha1_base64="yG6wDoRLa2zwxiBxf6hyfK1NoEM="></latexit>

xi ⇠ N (0,⇥�1
? )

<latexit sha1_base64="5QvouN/f4rZ/7FtDdxHQO6KaQus="></latexit>

Sklearn

s = A⌃?

<latexit sha1_base64="1o23XdgpyTcRyLuhFG2RJFRAgWQ="></latexit>

(n = +1)

<latexit sha1_base64="o3k5BFy5ikTZPzbCwkUJlOGMYFU="></latexit>

Sketch of the true cov
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Average best score for dataset Sklearn. d = 64
nnz(Q) = [212, 228, 276]d = 64

<latexit sha1_base64="ny4vvYZgupEDmyGNEGCUjGxF/q4="></latexit>
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 Comparison with GLASSO:
d = 64

<latexit sha1_base64="ny4vvYZgupEDmyGNEGCUjGxF/q4="></latexit>

Erdös-Réyni
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 Comparison with GLASSO:
d = 64

<latexit sha1_base64="ny4vvYZgupEDmyGNEGCUjGxF/q4="></latexit>

Erdös-Réyni
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n = d

Average best score for dataset Erdos. d = 64
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  Part I: Finding graphs from unstructured data

  Part II: The sketching approach

  Part III: Algorithmic solution

  Part IV: Limits, Open questions, partial answers
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In memory In time
O(m) ⌧ d2

<latexit sha1_base64="wnzSCfXIZM0J74Fpib0+MH9RSFM="></latexit>

s = Ex[�(x)] 2 Rm

<latexit sha1_base64="yzx9gt6bG8CGjUChfRfFoP8I7dM="></latexit>

O(?)

<latexit sha1_base64="TM9V/U8Tx26IHiT6Q0UYx4eQCNU="></latexit>

Limits/perspectives

 About the complexity:
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In memory In time
O(m) ⌧ d2

<latexit sha1_base64="wnzSCfXIZM0J74Fpib0+MH9RSFM="></latexit>

s = Ex[�(x)] 2 Rm

<latexit sha1_base64="yzx9gt6bG8CGjUChfRfFoP8I7dM="></latexit>

O(?)

<latexit sha1_base64="TM9V/U8Tx26IHiT6Q0UYx4eQCNU="></latexit>

Limits/perspectives

 About the complexity:
In memory In time

m ⇡ (d+ k) ln(d)

<latexit sha1_base64="fHDZke8zgISv388kNMZv6x/RMgw="></latexit>

s = Ex[�(x)] 2 Rm

<latexit sha1_base64="yzx9gt6bG8CGjUChfRfFoP8I7dM="></latexit>
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In memory In time
O(m) ⌧ d2

<latexit sha1_base64="wnzSCfXIZM0J74Fpib0+MH9RSFM="></latexit>

s = Ex[�(x)] 2 Rm

<latexit sha1_base64="yzx9gt6bG8CGjUChfRfFoP8I7dM="></latexit>

O(?)

<latexit sha1_base64="TM9V/U8Tx26IHiT6Q0UYx4eQCNU="></latexit>

Limits/perspectives

 About the complexity:
In memory In time

AS = 1p
m
(hAj ,SiF )j2[[m]]

<latexit sha1_base64="29D3/NlT+Dx8aa6wT7U3fUwYbEY="></latexit>

O(m⇥ d2)

<latexit sha1_base64="Ul/fe+MLqZHkvjJgwolqMZF9bKQ="></latexit>

m ⇡ (d+ k) ln(d)

<latexit sha1_base64="fHDZke8zgISv388kNMZv6x/RMgw="></latexit>

Gaussian

Rank-one
O(m⇥ d)

<latexit sha1_base64="jCBctCmnbO/aS/Nse5lHGe3Qrcw="></latexit>

+

<latexit sha1_base64="rEKcnssAcxHsbewgKPp9+KZJUxQ="></latexit>

s = Ex[�(x)] 2 Rm

<latexit sha1_base64="yzx9gt6bG8CGjUChfRfFoP8I7dM="></latexit>
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In memory In time
O(m) ⌧ d2

<latexit sha1_base64="wnzSCfXIZM0J74Fpib0+MH9RSFM="></latexit>

s = Ex[�(x)] 2 Rm

<latexit sha1_base64="yzx9gt6bG8CGjUChfRfFoP8I7dM="></latexit>

O(?)

<latexit sha1_base64="TM9V/U8Tx26IHiT6Q0UYx4eQCNU="></latexit>

Limits/perspectives

 About the complexity:
In memory In time

O(d3)

<latexit sha1_base64="BnpgSKTscPBsPCeo6eLb7CHpFAI="></latexit>

AS = 1p
m
(hAj ,SiF )j2[[m]]

<latexit sha1_base64="29D3/NlT+Dx8aa6wT7U3fUwYbEY="></latexit>

O(m⇥ d2)

<latexit sha1_base64="Ul/fe+MLqZHkvjJgwolqMZF9bKQ="></latexit>

m ⇡ (d+ k) ln(d)

<latexit sha1_base64="fHDZke8zgISv388kNMZv6x/RMgw="></latexit>

Gaussian

Rank-one
O(m⇥ d)

<latexit sha1_base64="jCBctCmnbO/aS/Nse5lHGe3Qrcw="></latexit>

+

<latexit sha1_base64="rEKcnssAcxHsbewgKPp9+KZJUxQ="></latexit>

+

<latexit sha1_base64="rEKcnssAcxHsbewgKPp9+KZJUxQ="></latexit>

compute s

<latexit sha1_base64="fJEKh8m+GBs7zD+Fr7LL6R5t5gY="></latexit>

O(n⇥md)

<latexit sha1_base64="JGmSvlUv3CVkKj45buGXCn3MrVY="></latexit>

Three op. splittings = Ex[�(x)] 2 Rm

<latexit sha1_base64="yzx9gt6bG8CGjUChfRfFoP8I7dM="></latexit>
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In memory In time
O(m) ⌧ d2

<latexit sha1_base64="wnzSCfXIZM0J74Fpib0+MH9RSFM="></latexit>

s = Ex[�(x)] 2 Rm

<latexit sha1_base64="yzx9gt6bG8CGjUChfRfFoP8I7dM="></latexit>

O(?)

<latexit sha1_base64="TM9V/U8Tx26IHiT6Q0UYx4eQCNU="></latexit>

Limits/perspectives

 About the complexity:
In memory In time

O(d3)

<latexit sha1_base64="BnpgSKTscPBsPCeo6eLb7CHpFAI="></latexit>

AS = 1p
m
(hAj ,SiF )j2[[m]]

<latexit sha1_base64="29D3/NlT+Dx8aa6wT7U3fUwYbEY="></latexit>

O(m⇥ d2)

<latexit sha1_base64="Ul/fe+MLqZHkvjJgwolqMZF9bKQ="></latexit>

m ⇡ (d+ k) ln(d)

<latexit sha1_base64="fHDZke8zgISv388kNMZv6x/RMgw="></latexit>

Gaussian

Rank-one
O(m⇥ d)

<latexit sha1_base64="jCBctCmnbO/aS/Nse5lHGe3Qrcw="></latexit>

+

<latexit sha1_base64="rEKcnssAcxHsbewgKPp9+KZJUxQ="></latexit>

 Structured rank-one:

+

<latexit sha1_base64="rEKcnssAcxHsbewgKPp9+KZJUxQ="></latexit>

compute s

<latexit sha1_base64="fJEKh8m+GBs7zD+Fr7LL6R5t5gY="></latexit>

O(n⇥md)

<latexit sha1_base64="JGmSvlUv3CVkKj45buGXCn3MrVY="></latexit>

΄

%FaOJUJPO �ͼ� 5IF USJQMF�3BEFNBDIFS 	BCCSFWJBUFE sԇϯt
 TUSVD�
UVSFE CMPDL JT EFaOFE BTֳյճɘ � �ԓϯ�ϵ ֫֞ϯ֫֞ϵ֫֞φ 	�


XIFSF ֞φ ֞ϵ ֞ϯ BSF EJBHPOBM NBUSJDFT XJUI J�J�E� 3BEFNBDIFS
FOUSJFT�

)FSF BOE JO UIF GPMMPXJOH ֫ BMXBZT EFOPUFT UIF 8BMTI�)BEBNBSE
NBUSJY JOUSPEVDFE JO 	�ͼ
� /PUF UIBU UIF OPSNBMJ[BUJPO GBDUPS ԓϯ�ϵ
JT DIPTFO TVDI UIBU ֳյճɘ JT BO PSUIPOPSNBM NBUSJY΄� " SFQSFTFOUBUJPO ΄ "T XJMM CF NBEF DMFBS JO -FNNB �Ϳ�
PG UIF DPOTUSVDUJPO 	�
 XIFO ֳؚ � ֳճɘ GPS Ԝ � ԓ � �Κ JT HJWFO JO
'JHVSF �ͽ�

֚յ � φտɘ�ɞ
EJBHPOBM XJUI ᇔ�
EJTUSJCVUFE FOUSJFT

)BEBNBSE
	EFUFSNJOJTUJD


EJBHPOBM XJUIφ FOUSJFT

'JHVSF �ͽ� %FTJHO PG B TUSVDUVSFE TRVBSF
NBUSJY PG GSFRVFODJFT� 8BMTI�)BEBNBSE
BSF NBEF PG φ FOUSJFT BOE XIJUF QBSUT
BSF [FSPT� 5IF DPOTUBOU GBDUPST BSF JN�
QMJDJUMZ NFSHFE JOUP UIF TDBMJOH NBUSJY
IFSF�

5IF DPOTUSVDUJPO PGֳճɘ JT CBTFE PO UIF EFTJHOT PG :V FU BM� <ͽͼ΄> BOE
#PKBSTLJ FU BM� <ͽͽͻ> QSFTFOUFE JO 4FDUJPO �ͼ�ͽ XIJDI UIFNTFMWFT SFMZ PO
UIF ֫֞ CMPDL JOJUJBMMZ JOUSPEVDFE GPS EJNFOTJPOBMJUZ SFEVDUJPO� *O UIF
MBUUFS DBTF UIJT CMPDL DBO CF JOUFSQSFUFE BT B QSFQSPDFTTJOH TUFQ XIPTF
HPBM JT UP TNPPUI UIF FOFSHZ EJTUSJCVUJPO PG JOQVU EBUB WFDUPST <ͼ;ͻ>�

"MUFSOBUJWF DPOTUSVDUJPOT "MUIPVHIXFXJMM NPTUMZ VTF UIF DPOTUSVD�
UJPO QSFTFOUFE BCPWF XF EFaOF IFSF UXP PUIFS UZQFT PG TRVBSF CMPDLT
XIJDI DBO CF VTFE BT BMUFSOBUJWFT GPS ֳյճɘ JO 	�
 	UIF TDBMJOH NB�
USJY ׁؚ TUBZJOH UIF TBNF
�

%FaOJUJPO �ͽ� 5IF (BVTTJBO � EPVCMF 3BEFNBDIFS 	BCCSFWJBUFE
sӼԇϵt
 CMPDL JT EFaOFE BTֳյըճɞ � �ԓધ֞ըધէ ֫֞ը֫֞ϵ֫֞φ 	�


XIFSF ֞ը JT EJBHPOBM XJUI J�J�E� TUBOEBSE (BVTTJBO FOUSJFT BOE֞φ ֞ϵ BSF EJBHPOBM XJUI J�J�E� 3BEFNBDIFS FOUSJFT�

%FaOJUJPO �; 	'BTUGPPE
� 5IF GBTUGPPE CMPDL 	JOUSPEVDFE JO 4FD�
UJPO �ͼ�ͽ BOE BCCSFWJBUFE sêt
 JT EFaOFE BTֳյ

ê � �అԓધ֞ըધէ ֫֞ըႽ֫֞ճ� 	�


XIFSF ֞ը JT EJBHPOBM XJUI J�J�E� (BVTTJBO FOUSJFT ֞ճ EJBHPOBM
XJUI J�J�E� 3BEFNBDIFS FOUSJFT BOE Ⴝ JT B SBOEPN QFSNVUBUJPO�

#PUI ֳյճɘ BOE ֳյ
ê CMPDLT IBWF ԛϵ�OPSNBMJ[FE SPXT BTXJMM CF QSPWFE

  Use random structured matrices: 

Three op. splittings = Ex[�(x)] 2 Rm

<latexit sha1_base64="yzx9gt6bG8CGjUChfRfFoP8I7dM="></latexit>

΄

JO -FNNB �Ϳ� 5IFZ BSF IPXFWFS OPU PSUIPHPOBM� 5IF ֳյճɘ DPOTUSVD�
UJPO JT QSFGFSSFE GSPN B QSBDUJDBM QFSTQFDUJWF BT JU DBO CF TUPSFE NPSF
FëDJFOUMZ 	TFF 4FDUJPO �ͽ�Ϳ
 CVU XF XJMM TFF UIBU POMZ ֳյըճɞ BOE ֳյ

ê
JOEVDF JO FYQFDUBUJPO B (BVTTJBO LFSOFM� 8F EJTDVTT UIFTF BTQFDUT JO
4FDUJPO �Ϳ�

�ͽ�; &YUFOTJPO UP BSCJUSBSZ EJNFOTJPOT
8F BTTVNFE QSFWJPVTMZ UIBU ԓ XBT B QPXFS PG ͽ BOE FYQMBJOFE IPX
UP CVJME POF TRVBSF CMPDL JO UIJT DBTF� )PXFWFS XIFO QFSGPSNJOH
DPNQSFTTJWF MFBSOJOH FNQJSJDBM PCTFSWBUJPOT BOE UIFPSFUJDBM SFTVMUT 	DG�
4FDUJPO ͽ�
 TVHHFTU UIBU UIF UBSHFUFE TLFUDI TJ[F Ԝ TIPVME CF DIPTFO UP
CF PG UIF PSEFS PG UIF OVNCFS ԟ PG QBSBNFUFST UP MFBSO� 'PS JOTUBODFXJUI
DPNQSFTTJWF L�NFBOT SFDPWFSJOH Ԛ ԓ�EJNFOTJPOBM DFOUSPJET SFRVJSFT B
TLFUDI TJ[F Ԝ எ Ԛԓ� )FODF PVS DPOTUSVDUJPO OFFET UP CF FYUFOEFE UP
BSCJUSBSZ ԓ  Ԝ NBUSJDFT XJUI Ԝ � ԓ JODMVEJOH UIF DPOUFYUT XIFSF UIF
EJNFOTJPO ԓ JT OPU B QPXFS PG ��

8F EFOPUF Ԡ � ऱMPHϵ	ԓ
ल ԓ � � ԡ � ऱԜ�ԓल BOE Ԝ � ԡԓ
	XIFSF UIF MFUUFS sQt TUBOET GPS sQBEEJOHt
� 8F VTF GPS TLFUDIJOH Bԓ  Ԝ NBUSJY Ⴛ XIPTF USBOTQPTF Ⴛ JT CVJMU CZ IPSJ[POUBMMZ TUBDLJOH
TRVBSF CMPDLT PG TJ[F �  � UIBU BSF ESBXO JOEFQFOEFOUMZ BDDPSEJOH
UP 	�
 BT EFQJDUFE JO 'JHVSF �;� 8IFO ԓ � ԓ UIF EJTUSJCVUJPO PG
UIF TDBMJOH NBUSJY ׁؚ JO 	�
 NVTU CF BEBQUFE GPS IPNPHFOFJUZ� GPS
JOTUBODF JO PSEFS UP BQQSPYJNBUF B (BVTTJBO LFSOFM UIF SBEJVTFT XJMM
CF ESBXO BDDPSEJOH UP B ᆀտՕ QSPCBCJMJUZ EJTUSJCVUJPO 	JOTUFBE PG ᆀտ
VTFE PUIFSXJTF
�

ੈ
֚φ ֚ϵ ֚ϯ ֚սੈ
֚φ ֚ϵ ֚ϯ ֚սੈ

Ⴛ �
Ⴛ �
Ⴛ �

%FOTF NBUSJY

4USVDUVSFE NBUSJY
XJUI ԓ � � Ԝ�ԓ ୬ N

	JEFBM TDFOBSJP


4USVDUVSFE NBUSJY
XJUI QBEEJOH

Ԝ � Ԝ

Ԝ
ԓ
ԓ � � � ԓ

ԓ � � � ԓ
'JHVSF �;� $POTUSVDUJPO PG UIF XIPMF
NBUSJY PG GSFRVFODJFT XJUI UIF EFOTF
BQQSPBDI 	UPQ
 XJUI TUSVDUVSFE CMPDLT
XIFO տ JT B QPXFS PG ϵ 	NJEEMF
 BOE
XJUI TUSVDUVSFE CMPDLT BOE QBEEJOH 	CPU�
UPN
� 5IF IBUDIFE BSFB SFQSFTFOUT UIF
sVOVTFEt QBSU PG UIF DPOTUSVDUJPO XIFO
VTJOH QBEEJOH�

8IFO TLFUDIJOH XF VTF [FSP�QBEEJOH PO UIF EBUB  UP HFU B NBUSJYռտ PG NBUDIJOH EJNFOTJPOT BOE LFFQ POMZ UIF Ԝ aSTU SPXT XIFO
DPNQVUJOH UIF QSPEVDU Ⴛյռտ�

8F OPX UBLF DMPTFS MPPL BU UIF CFOFaUT PG TVDI B DPOTUSVDUJPO JO
DPNQBSJTPO XJUI B EFOTF NBUSJY� 8F SFDBMM UIBU UIF NBUSJY Ⴛ BQQFBST
JO UIF EFaOJUJPO PG UIF GFBUVSF GVODUJPO ဈ  א ޘ ᅻ	Ⴛյא
 XIJDI JO UVSOT

W 2 Rm⇥d

<latexit sha1_base64="7FFVCRRM0zu3wTMmfabUKvLtbOA=">AAAv6nicrVpbb9vIFZ7d7WXr3rLbhwLti1pvgHaR9S0N2hQIsLGTyt3Yu4rvjpUYIkXJhEmJS1K2ZUFAf0Pfir4WfW3/Tv9B+y965swMyeFc0a0F29SZ7ztz5syZMzcGWRIX5cbGv957/4Nvffs73/3weyvf/8EPf/TjBx99fFJMZ3kYHYfTZJqfBYMiSuJJdFzGZRKdZXk0SIMkOg2ud2j56U2UF/F0clTOs+htOhhP4lEcDk </latexit>
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In memory In time
O(m) ⌧ d2

<latexit sha1_base64="wnzSCfXIZM0J74Fpib0+MH9RSFM="></latexit>

s = Ex[�(x)] 2 Rm

<latexit sha1_base64="yzx9gt6bG8CGjUChfRfFoP8I7dM="></latexit>

O(?)

<latexit sha1_base64="TM9V/U8Tx26IHiT6Q0UYx4eQCNU="></latexit>

Limits/perspectives

 About the complexity:
In memory In time

O(d3)

<latexit sha1_base64="BnpgSKTscPBsPCeo6eLb7CHpFAI="></latexit>

AS = 1p
m
(hAj ,SiF )j2[[m]]

<latexit sha1_base64="29D3/NlT+Dx8aa6wT7U3fUwYbEY="></latexit>

O(m⇥ d2)

<latexit sha1_base64="Ul/fe+MLqZHkvjJgwolqMZF9bKQ="></latexit>

m ⇡ (d+ k) ln(d)

<latexit sha1_base64="fHDZke8zgISv388kNMZv6x/RMgw="></latexit>

Gaussian

Rank-one
O(m⇥ d)

<latexit sha1_base64="jCBctCmnbO/aS/Nse5lHGe3Qrcw="></latexit>

+

<latexit sha1_base64="rEKcnssAcxHsbewgKPp9+KZJUxQ="></latexit>

 Structured rank-one:

+

<latexit sha1_base64="rEKcnssAcxHsbewgKPp9+KZJUxQ="></latexit>

compute s

<latexit sha1_base64="fJEKh8m+GBs7zD+Fr7LL6R5t5gY="></latexit>

O(n⇥md)

<latexit sha1_base64="JGmSvlUv3CVkKj45buGXCn3MrVY="></latexit>

΄

%FaOJUJPO �ͼ� 5IF USJQMF�3BEFNBDIFS 	BCCSFWJBUFE sԇϯt
 TUSVD�
UVSFE CMPDL JT EFaOFE BTֳյճɘ � �ԓϯ�ϵ ֫֞ϯ֫֞ϵ֫֞φ 	�


XIFSF ֞φ ֞ϵ ֞ϯ BSF EJBHPOBM NBUSJDFT XJUI J�J�E� 3BEFNBDIFS
FOUSJFT�

)FSF BOE JO UIF GPMMPXJOH ֫ BMXBZT EFOPUFT UIF 8BMTI�)BEBNBSE
NBUSJY JOUSPEVDFE JO 	�ͼ
� /PUF UIBU UIF OPSNBMJ[BUJPO GBDUPS ԓϯ�ϵ
JT DIPTFO TVDI UIBU ֳյճɘ JT BO PSUIPOPSNBM NBUSJY΄� " SFQSFTFOUBUJPO ΄ "T XJMM CF NBEF DMFBS JO -FNNB �Ϳ�
PG UIF DPOTUSVDUJPO 	�
 XIFO ֳؚ � ֳճɘ GPS Ԝ � ԓ � �Κ JT HJWFO JO
'JHVSF �ͽ�

֚յ � φտɘ�ɞ
EJBHPOBM XJUI ᇔ�
EJTUSJCVUFE FOUSJFT

)BEBNBSE
	EFUFSNJOJTUJD


EJBHPOBM XJUIφ FOUSJFT

'JHVSF �ͽ� %FTJHO PG B TUSVDUVSFE TRVBSF
NBUSJY PG GSFRVFODJFT� 8BMTI�)BEBNBSE
BSF NBEF PG φ FOUSJFT BOE XIJUF QBSUT
BSF [FSPT� 5IF DPOTUBOU GBDUPST BSF JN�
QMJDJUMZ NFSHFE JOUP UIF TDBMJOH NBUSJY
IFSF�

5IF DPOTUSVDUJPO PGֳճɘ JT CBTFE PO UIF EFTJHOT PG :V FU BM� <ͽͼ΄> BOE
#PKBSTLJ FU BM� <ͽͽͻ> QSFTFOUFE JO 4FDUJPO �ͼ�ͽ XIJDI UIFNTFMWFT SFMZ PO
UIF ֫֞ CMPDL JOJUJBMMZ JOUSPEVDFE GPS EJNFOTJPOBMJUZ SFEVDUJPO� *O UIF
MBUUFS DBTF UIJT CMPDL DBO CF JOUFSQSFUFE BT B QSFQSPDFTTJOH TUFQ XIPTF
HPBM JT UP TNPPUI UIF FOFSHZ EJTUSJCVUJPO PG JOQVU EBUB WFDUPST <ͼ;ͻ>�

"MUFSOBUJWF DPOTUSVDUJPOT "MUIPVHIXFXJMM NPTUMZ VTF UIF DPOTUSVD�
UJPO QSFTFOUFE BCPWF XF EFaOF IFSF UXP PUIFS UZQFT PG TRVBSF CMPDLT
XIJDI DBO CF VTFE BT BMUFSOBUJWFT GPS ֳյճɘ JO 	�
 	UIF TDBMJOH NB�
USJY ׁؚ TUBZJOH UIF TBNF
�

%FaOJUJPO �ͽ� 5IF (BVTTJBO � EPVCMF 3BEFNBDIFS 	BCCSFWJBUFE
sӼԇϵt
 CMPDL JT EFaOFE BTֳյըճɞ � �ԓધ֞ըધէ ֫֞ը֫֞ϵ֫֞φ 	�


XIFSF ֞ը JT EJBHPOBM XJUI J�J�E� TUBOEBSE (BVTTJBO FOUSJFT BOE֞φ ֞ϵ BSF EJBHPOBM XJUI J�J�E� 3BEFNBDIFS FOUSJFT�

%FaOJUJPO �; 	'BTUGPPE
� 5IF GBTUGPPE CMPDL 	JOUSPEVDFE JO 4FD�
UJPO �ͼ�ͽ BOE BCCSFWJBUFE sêt
 JT EFaOFE BTֳյ

ê � �అԓધ֞ըધէ ֫֞ըႽ֫֞ճ� 	�


XIFSF ֞ը JT EJBHPOBM XJUI J�J�E� (BVTTJBO FOUSJFT ֞ճ EJBHPOBM
XJUI J�J�E� 3BEFNBDIFS FOUSJFT BOE Ⴝ JT B SBOEPN QFSNVUBUJPO�

#PUI ֳյճɘ BOE ֳյ
ê CMPDLT IBWF ԛϵ�OPSNBMJ[FE SPXT BTXJMM CF QSPWFE

  Use random structured matrices: 

Three op. splittings = Ex[�(x)] 2 Rm

<latexit sha1_base64="yzx9gt6bG8CGjUChfRfFoP8I7dM="></latexit>

΄

JO -FNNB �Ϳ� 5IFZ BSF IPXFWFS OPU PSUIPHPOBM� 5IF ֳյճɘ DPOTUSVD�
UJPO JT QSFGFSSFE GSPN B QSBDUJDBM QFSTQFDUJWF BT JU DBO CF TUPSFE NPSF
FëDJFOUMZ 	TFF 4FDUJPO �ͽ�Ϳ
 CVU XF XJMM TFF UIBU POMZ ֳյըճɞ BOE ֳյ

ê
JOEVDF JO FYQFDUBUJPO B (BVTTJBO LFSOFM� 8F EJTDVTT UIFTF BTQFDUT JO
4FDUJPO �Ϳ�

�ͽ�; &YUFOTJPO UP BSCJUSBSZ EJNFOTJPOT
8F BTTVNFE QSFWJPVTMZ UIBU ԓ XBT B QPXFS PG ͽ BOE FYQMBJOFE IPX
UP CVJME POF TRVBSF CMPDL JO UIJT DBTF� )PXFWFS XIFO QFSGPSNJOH
DPNQSFTTJWF MFBSOJOH FNQJSJDBM PCTFSWBUJPOT BOE UIFPSFUJDBM SFTVMUT 	DG�
4FDUJPO ͽ�
 TVHHFTU UIBU UIF UBSHFUFE TLFUDI TJ[F Ԝ TIPVME CF DIPTFO UP
CF PG UIF PSEFS PG UIF OVNCFS ԟ PG QBSBNFUFST UP MFBSO� 'PS JOTUBODFXJUI
DPNQSFTTJWF L�NFBOT SFDPWFSJOH Ԛ ԓ�EJNFOTJPOBM DFOUSPJET SFRVJSFT B
TLFUDI TJ[F Ԝ எ Ԛԓ� )FODF PVS DPOTUSVDUJPO OFFET UP CF FYUFOEFE UP
BSCJUSBSZ ԓ  Ԝ NBUSJDFT XJUI Ԝ � ԓ JODMVEJOH UIF DPOUFYUT XIFSF UIF
EJNFOTJPO ԓ JT OPU B QPXFS PG ��

8F EFOPUF Ԡ � ऱMPHϵ	ԓ
ल ԓ � � ԡ � ऱԜ�ԓल BOE Ԝ � ԡԓ
	XIFSF UIF MFUUFS sQt TUBOET GPS sQBEEJOHt
� 8F VTF GPS TLFUDIJOH Bԓ  Ԝ NBUSJY Ⴛ XIPTF USBOTQPTF Ⴛ JT CVJMU CZ IPSJ[POUBMMZ TUBDLJOH
TRVBSF CMPDLT PG TJ[F �  � UIBU BSF ESBXO JOEFQFOEFOUMZ BDDPSEJOH
UP 	�
 BT EFQJDUFE JO 'JHVSF �;� 8IFO ԓ � ԓ UIF EJTUSJCVUJPO PG
UIF TDBMJOH NBUSJY ׁؚ JO 	�
 NVTU CF BEBQUFE GPS IPNPHFOFJUZ� GPS
JOTUBODF JO PSEFS UP BQQSPYJNBUF B (BVTTJBO LFSOFM UIF SBEJVTFT XJMM
CF ESBXO BDDPSEJOH UP B ᆀտՕ QSPCBCJMJUZ EJTUSJCVUJPO 	JOTUFBE PG ᆀտ
VTFE PUIFSXJTF
�

ੈ
֚φ ֚ϵ ֚ϯ ֚սੈ
֚φ ֚ϵ ֚ϯ ֚սੈ

Ⴛ �
Ⴛ �
Ⴛ �

%FOTF NBUSJY

4USVDUVSFE NBUSJY
XJUI ԓ � � Ԝ�ԓ ୬ N

	JEFBM TDFOBSJP


4USVDUVSFE NBUSJY
XJUI QBEEJOH

Ԝ � Ԝ

Ԝ
ԓ
ԓ � � � ԓ

ԓ � � � ԓ
'JHVSF �;� $POTUSVDUJPO PG UIF XIPMF
NBUSJY PG GSFRVFODJFT XJUI UIF EFOTF
BQQSPBDI 	UPQ
 XJUI TUSVDUVSFE CMPDLT
XIFO տ JT B QPXFS PG ϵ 	NJEEMF
 BOE
XJUI TUSVDUVSFE CMPDLT BOE QBEEJOH 	CPU�
UPN
� 5IF IBUDIFE BSFB SFQSFTFOUT UIF
sVOVTFEt QBSU PG UIF DPOTUSVDUJPO XIFO
VTJOH QBEEJOH�

8IFO TLFUDIJOH XF VTF [FSP�QBEEJOH PO UIF EBUB  UP HFU B NBUSJYռտ PG NBUDIJOH EJNFOTJPOT BOE LFFQ POMZ UIF Ԝ aSTU SPXT XIFO
DPNQVUJOH UIF QSPEVDU Ⴛյռտ�

8F OPX UBLF DMPTFS MPPL BU UIF CFOFaUT PG TVDI B DPOTUSVDUJPO JO
DPNQBSJTPO XJUI B EFOTF NBUSJY� 8F SFDBMM UIBU UIF NBUSJY Ⴛ BQQFBST
JO UIF EFaOJUJPO PG UIF GFBUVSF GVODUJPO ဈ  א ޘ ᅻ	Ⴛյא
 XIJDI JO UVSOT

W 2 Rm⇥d

<latexit sha1_base64="7FFVCRRM0zu3wTMmfabUKvLtbOA=">AAAv6nicrVpbb9vIFZ7d7WXr3rLbhwLti1pvgHaR9S0N2hQIsLGTyt3Yu4rvjpUYIkXJhEmJS1K2ZUFAf0Pfir4WfW3/Tv9B+y965swMyeFc0a0F29SZ7ztz5syZMzcGWRIX5cbGv957/4Nvffs73/3weyvf/8EPf/TjBx99fFJMZ3kYHYfTZJqfBYMiSuJJdFzGZRKdZXk0SIMkOg2ud2j56U2UF/F0clTOs+htOhhP4lEcDk </latexit>

�(x) =
�
|haj ,xi|2

�
j2[[m]]

<latexit sha1_base64="B4CJoFQrtfwdVi11OTSQlC3HryU="></latexit>

aj ⇠ rowj(W)

<latexit sha1_base64="9Lv+hsIMhYTtbhktrpODKXxNSrQ="></latexit>

NOT I.I.D !
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In memory In time
O(m) ⌧ d2

<latexit sha1_base64="wnzSCfXIZM0J74Fpib0+MH9RSFM="></latexit>

s = Ex[�(x)] 2 Rm

<latexit sha1_base64="yzx9gt6bG8CGjUChfRfFoP8I7dM="></latexit>

O(?)

<latexit sha1_base64="TM9V/U8Tx26IHiT6Q0UYx4eQCNU="></latexit>

Limits/perspectives

 About the complexity:
In memory In time

O(d3)

<latexit sha1_base64="BnpgSKTscPBsPCeo6eLb7CHpFAI="></latexit>

AS = 1p
m
(hAj ,SiF )j2[[m]]

<latexit sha1_base64="29D3/NlT+Dx8aa6wT7U3fUwYbEY="></latexit>

O(m⇥ d2)

<latexit sha1_base64="Ul/fe+MLqZHkvjJgwolqMZF9bKQ="></latexit>

m ⇡ (d+ k) ln(d)

<latexit sha1_base64="fHDZke8zgISv388kNMZv6x/RMgw="></latexit>

Gaussian

Rank-one
O(m⇥ d)

<latexit sha1_base64="jCBctCmnbO/aS/Nse5lHGe3Qrcw="></latexit>

+

<latexit sha1_base64="rEKcnssAcxHsbewgKPp9+KZJUxQ="></latexit>

 Structured rank-one:

+

<latexit sha1_base64="rEKcnssAcxHsbewgKPp9+KZJUxQ="></latexit>

compute s

<latexit sha1_base64="fJEKh8m+GBs7zD+Fr7LL6R5t5gY="></latexit>

O(n⇥md)

<latexit sha1_base64="JGmSvlUv3CVkKj45buGXCn3MrVY="></latexit>

΄

%FaOJUJPO �ͼ� 5IF USJQMF�3BEFNBDIFS 	BCCSFWJBUFE sԇϯt
 TUSVD�
UVSFE CMPDL JT EFaOFE BTֳյճɘ � �ԓϯ�ϵ ֫֞ϯ֫֞ϵ֫֞φ 	�


XIFSF ֞φ ֞ϵ ֞ϯ BSF EJBHPOBM NBUSJDFT XJUI J�J�E� 3BEFNBDIFS
FOUSJFT�

)FSF BOE JO UIF GPMMPXJOH ֫ BMXBZT EFOPUFT UIF 8BMTI�)BEBNBSE
NBUSJY JOUSPEVDFE JO 	�ͼ
� /PUF UIBU UIF OPSNBMJ[BUJPO GBDUPS ԓϯ�ϵ
JT DIPTFO TVDI UIBU ֳյճɘ JT BO PSUIPOPSNBM NBUSJY΄� " SFQSFTFOUBUJPO ΄ "T XJMM CF NBEF DMFBS JO -FNNB �Ϳ�
PG UIF DPOTUSVDUJPO 	�
 XIFO ֳؚ � ֳճɘ GPS Ԝ � ԓ � �Κ JT HJWFO JO
'JHVSF �ͽ�

֚յ � φտɘ�ɞ
EJBHPOBM XJUI ᇔ�
EJTUSJCVUFE FOUSJFT

)BEBNBSE
	EFUFSNJOJTUJD


EJBHPOBM XJUIφ FOUSJFT

'JHVSF �ͽ� %FTJHO PG B TUSVDUVSFE TRVBSF
NBUSJY PG GSFRVFODJFT� 8BMTI�)BEBNBSE
BSF NBEF PG φ FOUSJFT BOE XIJUF QBSUT
BSF [FSPT� 5IF DPOTUBOU GBDUPST BSF JN�
QMJDJUMZ NFSHFE JOUP UIF TDBMJOH NBUSJY
IFSF�

5IF DPOTUSVDUJPO PGֳճɘ JT CBTFE PO UIF EFTJHOT PG :V FU BM� <ͽͼ΄> BOE
#PKBSTLJ FU BM� <ͽͽͻ> QSFTFOUFE JO 4FDUJPO �ͼ�ͽ XIJDI UIFNTFMWFT SFMZ PO
UIF ֫֞ CMPDL JOJUJBMMZ JOUSPEVDFE GPS EJNFOTJPOBMJUZ SFEVDUJPO� *O UIF
MBUUFS DBTF UIJT CMPDL DBO CF JOUFSQSFUFE BT B QSFQSPDFTTJOH TUFQ XIPTF
HPBM JT UP TNPPUI UIF FOFSHZ EJTUSJCVUJPO PG JOQVU EBUB WFDUPST <ͼ;ͻ>�

"MUFSOBUJWF DPOTUSVDUJPOT "MUIPVHIXFXJMM NPTUMZ VTF UIF DPOTUSVD�
UJPO QSFTFOUFE BCPWF XF EFaOF IFSF UXP PUIFS UZQFT PG TRVBSF CMPDLT
XIJDI DBO CF VTFE BT BMUFSOBUJWFT GPS ֳյճɘ JO 	�
 	UIF TDBMJOH NB�
USJY ׁؚ TUBZJOH UIF TBNF
�

%FaOJUJPO �ͽ� 5IF (BVTTJBO � EPVCMF 3BEFNBDIFS 	BCCSFWJBUFE
sӼԇϵt
 CMPDL JT EFaOFE BTֳյըճɞ � �ԓધ֞ըધէ ֫֞ը֫֞ϵ֫֞φ 	�


XIFSF ֞ը JT EJBHPOBM XJUI J�J�E� TUBOEBSE (BVTTJBO FOUSJFT BOE֞φ ֞ϵ BSF EJBHPOBM XJUI J�J�E� 3BEFNBDIFS FOUSJFT�

%FaOJUJPO �; 	'BTUGPPE
� 5IF GBTUGPPE CMPDL 	JOUSPEVDFE JO 4FD�
UJPO �ͼ�ͽ BOE BCCSFWJBUFE sêt
 JT EFaOFE BTֳյ

ê � �అԓધ֞ըધէ ֫֞ըႽ֫֞ճ� 	�


XIFSF ֞ը JT EJBHPOBM XJUI J�J�E� (BVTTJBO FOUSJFT ֞ճ EJBHPOBM
XJUI J�J�E� 3BEFNBDIFS FOUSJFT BOE Ⴝ JT B SBOEPN QFSNVUBUJPO�

#PUI ֳյճɘ BOE ֳյ
ê CMPDLT IBWF ԛϵ�OPSNBMJ[FE SPXT BTXJMM CF QSPWFE

  Use random structured matrices: 

Three op. splitting

O(m)

<latexit sha1_base64="9/g3a4W591rz4bFb7uWfwEnVmNA="></latexit>

s = Ex[�(x)] 2 Rm

<latexit sha1_base64="yzx9gt6bG8CGjUChfRfFoP8I7dM="></latexit>

Total in memory =

΄

JO -FNNB �Ϳ� 5IFZ BSF IPXFWFS OPU PSUIPHPOBM� 5IF ֳյճɘ DPOTUSVD�
UJPO JT QSFGFSSFE GSPN B QSBDUJDBM QFSTQFDUJWF BT JU DBO CF TUPSFE NPSF
FëDJFOUMZ 	TFF 4FDUJPO �ͽ�Ϳ
 CVU XF XJMM TFF UIBU POMZ ֳյըճɞ BOE ֳյ

ê
JOEVDF JO FYQFDUBUJPO B (BVTTJBO LFSOFM� 8F EJTDVTT UIFTF BTQFDUT JO
4FDUJPO �Ϳ�

�ͽ�; &YUFOTJPO UP BSCJUSBSZ EJNFOTJPOT
8F BTTVNFE QSFWJPVTMZ UIBU ԓ XBT B QPXFS PG ͽ BOE FYQMBJOFE IPX
UP CVJME POF TRVBSF CMPDL JO UIJT DBTF� )PXFWFS XIFO QFSGPSNJOH
DPNQSFTTJWF MFBSOJOH FNQJSJDBM PCTFSWBUJPOT BOE UIFPSFUJDBM SFTVMUT 	DG�
4FDUJPO ͽ�
 TVHHFTU UIBU UIF UBSHFUFE TLFUDI TJ[F Ԝ TIPVME CF DIPTFO UP
CF PG UIF PSEFS PG UIF OVNCFS ԟ PG QBSBNFUFST UP MFBSO� 'PS JOTUBODFXJUI
DPNQSFTTJWF L�NFBOT SFDPWFSJOH Ԛ ԓ�EJNFOTJPOBM DFOUSPJET SFRVJSFT B
TLFUDI TJ[F Ԝ எ Ԛԓ� )FODF PVS DPOTUSVDUJPO OFFET UP CF FYUFOEFE UP
BSCJUSBSZ ԓ  Ԝ NBUSJDFT XJUI Ԝ � ԓ JODMVEJOH UIF DPOUFYUT XIFSF UIF
EJNFOTJPO ԓ JT OPU B QPXFS PG ��

8F EFOPUF Ԡ � ऱMPHϵ	ԓ
ल ԓ � � ԡ � ऱԜ�ԓल BOE Ԝ � ԡԓ
	XIFSF UIF MFUUFS sQt TUBOET GPS sQBEEJOHt
� 8F VTF GPS TLFUDIJOH Bԓ  Ԝ NBUSJY Ⴛ XIPTF USBOTQPTF Ⴛ JT CVJMU CZ IPSJ[POUBMMZ TUBDLJOH
TRVBSF CMPDLT PG TJ[F �  � UIBU BSF ESBXO JOEFQFOEFOUMZ BDDPSEJOH
UP 	�
 BT EFQJDUFE JO 'JHVSF �;� 8IFO ԓ � ԓ UIF EJTUSJCVUJPO PG
UIF TDBMJOH NBUSJY ׁؚ JO 	�
 NVTU CF BEBQUFE GPS IPNPHFOFJUZ� GPS
JOTUBODF JO PSEFS UP BQQSPYJNBUF B (BVTTJBO LFSOFM UIF SBEJVTFT XJMM
CF ESBXO BDDPSEJOH UP B ᆀտՕ QSPCBCJMJUZ EJTUSJCVUJPO 	JOTUFBE PG ᆀտ
VTFE PUIFSXJTF
�

ੈ
֚φ ֚ϵ ֚ϯ ֚սੈ
֚φ ֚ϵ ֚ϯ ֚սੈ

Ⴛ �
Ⴛ �
Ⴛ �

%FOTF NBUSJY

4USVDUVSFE NBUSJY
XJUI ԓ � � Ԝ�ԓ ୬ N

	JEFBM TDFOBSJP


4USVDUVSFE NBUSJY
XJUI QBEEJOH

Ԝ � Ԝ

Ԝ
ԓ
ԓ � � � ԓ

ԓ � � � ԓ
'JHVSF �;� $POTUSVDUJPO PG UIF XIPMF
NBUSJY PG GSFRVFODJFT XJUI UIF EFOTF
BQQSPBDI 	UPQ
 XJUI TUSVDUVSFE CMPDLT
XIFO տ JT B QPXFS PG ϵ 	NJEEMF
 BOE
XJUI TUSVDUVSFE CMPDLT BOE QBEEJOH 	CPU�
UPN
� 5IF IBUDIFE BSFB SFQSFTFOUT UIF
sVOVTFEt QBSU PG UIF DPOTUSVDUJPO XIFO
VTJOH QBEEJOH�

8IFO TLFUDIJOH XF VTF [FSP�QBEEJOH PO UIF EBUB  UP HFU B NBUSJYռտ PG NBUDIJOH EJNFOTJPOT BOE LFFQ POMZ UIF Ԝ aSTU SPXT XIFO
DPNQVUJOH UIF QSPEVDU Ⴛյռտ�

8F OPX UBLF DMPTFS MPPL BU UIF CFOFaUT PG TVDI B DPOTUSVDUJPO JO
DPNQBSJTPO XJUI B EFOTF NBUSJY� 8F SFDBMM UIBU UIF NBUSJY Ⴛ BQQFBST
JO UIF EFaOJUJPO PG UIF GFBUVSF GVODUJPO ဈ  א ޘ ᅻ	Ⴛյא
 XIJDI JO UVSOT

W 2 Rm⇥d

<latexit sha1_base64="7FFVCRRM0zu3wTMmfabUKvLtbOA=">AAAv6nicrVpbb9vIFZ7d7WXr3rLbhwLti1pvgHaR9S0N2hQIsLGTyt3Yu4rvjpUYIkXJhEmJS1K2ZUFAf0Pfir4WfW3/Tv9B+y965swMyeFc0a0F29SZ7ztz5syZMzcGWRIX5cbGv957/4Nvffs73/3weyvf/8EPf/TjBx99fFJMZ3kYHYfTZJqfBYMiSuJJdFzGZRKdZXk0SIMkOg2ud2j56U2UF/F0clTOs+htOhhP4lEcDk </latexit>

�(x) =
�
|haj ,xi|2

�
j2[[m]]

<latexit sha1_base64="B4CJoFQrtfwdVi11OTSQlC3HryU="></latexit>

aj ⇠ rowj(W)

<latexit sha1_base64="9Lv+hsIMhYTtbhktrpODKXxNSrQ="></latexit>

NOT I.I.D !

Structured rank-one
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 The main scheme
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 The main scheme

 Theoretical guarantees: RIP, optimal decoders

 Recovery via Davis & Yin three operator spitting
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 The main scheme

 Theoretical guarantees: RIP, optimal decoders

 Limitations: we have to store       (Gaussian =              , rank one =              )      

 Recovery via Davis & Yin three operator spitting

A : Sd ! Rm

<latexit sha1_base64="wmGVrhNLrYX9YJCfzQ6ukJlCZcg="></latexit>

O(d3)

<latexit sha1_base64="BnpgSKTscPBsPCeo6eLb7CHpFAI="></latexit>

O(d2)

<latexit sha1_base64="vOOrnrpfOXMjvLVlOnOEROkTIw8="></latexit>

 Limitations: Algo not that efficient (Greedy approches ?)
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 The main scheme

 Theoretical guarantees: RIP, optimal decoders

 Limitations: we have to store       (Gaussian =              , rank one =              )      

 Recovery via Davis & Yin three operator spitting

 Perspectives: structured operators, different algo (greedy approaches ?)

A : Sd ! Rm

<latexit sha1_base64="wmGVrhNLrYX9YJCfzQ6ukJlCZcg="></latexit>

O(d3)

<latexit sha1_base64="BnpgSKTscPBsPCeo6eLb7CHpFAI="></latexit>

O(d2)

<latexit sha1_base64="vOOrnrpfOXMjvLVlOnOEROkTIw8="></latexit>

theoretical guarantees ?

 Limitations: Algo not that efficient (Greedy approches ?)
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Thank you!


