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Machine Learning 



Overview of the talk

Part II: From Statistical Learning to Compressive Statistical 
Learning
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Part III: Optimal Transport for Compressive Statistical Learning

Part I: Optimal Transport and MMD



Comparing probability distributions: 
Optimal Transport and MMD
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Measure and probability distributions are at the core of Machine learning

<latexit sha1_base64="R6XwixBcqdp63Oe+5mIMTGtsBCg="></latexit>

(xi)iœ[[n]] ; xi œ RdData: A probability distribution

<latexit sha1_base64="uJ/MAh8OotJBSjhzfzsDaTktDVE="></latexit>

”xi(x) = 1 if x = xi else 0
(point clouds)

Why do we care about probability distributions?
Probability distributions

<latexit sha1_base64="gHdys4jRdciddWekzc/tZP+TBpM="></latexit>

ai � 0,
Pn

i=1 ai = 1

<latexit sha1_base64="pJXzTpnUYtmpqowUmUFND+0t5ss="></latexit>

a = (ai)iœ[[n]] œ �n
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Probability simplex

<latexit sha1_base64="4W7osK7KEEnnq86hH3xPsNd7boQ="></latexit>

Lagrangian:
qn

i=1 ai”xi

<latexit sha1_base64="Q7Xgj8M8vJF0+z50rFBBULb61jA="></latexit>

ai = 1
n



Linear Optimal Transport
Formulation

Two probability distributions
<latexit sha1_base64="Pv5fam5fOGeQahfJUkFNu4hf1/U="></latexit>

c(x, y) : X ⇥ Y ! R
A cost function
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Optimal Transport

⇡ 2 P(X ), ⇡0 2 P(Y)

<latexit sha1_base64="nsq741ADOdIg5mBzeenodCgp0ag="></latexit>
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Optimal Transport

by a transport plan is transported to 
All the mass of 
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Linear Optimal Transport
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Optimal Transport

We want to find the plan that minimizes the overall cost of moving all the points

by a transport plan is transported to 
All the mass of 
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Kantorovitch formulation

Kantorovitch Formulation: an example

Two probability distributions
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A cost function
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⇡ =
Pn

i=1 ai�xi

<latexit sha1_base64="QvLH2/6u/1ZCID3V1X3Fdwk8GQU="></latexit>

⇡0 =
Pm

j=1 bj�yj

<latexit sha1_base64="XoUxdbOo85DhPsxXV99V7M8gzq8="></latexit>

min
T2⇧(a,b)

P
i,j c(xi, yj)Tij

<latexit sha1_base64="AEZ2ozS75mzKEzIa4z3QaPQWfP0="></latexit>
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Set of couplings/
transport plans

<latexit sha1_base64="9h03da8GEsM0OaPDwlPcvi/ttrw="></latexit>

�(a, b) = {fi œ Rn◊m
+ | ’(i, j),

qm
j=1 fiij = ai,

qn
i=1 fiij = bj}

⇡ =
Pn

i=1 ai�xi
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min
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Kantorovitch Formulation: an example

Two probability distributions
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How much is shifted 
from         to <latexit sha1_base64="L+jkWw9pYq785YBWYKvxs6WesD8="></latexit>xi

<latexit sha1_base64="gx6VGSXlQxP/kysTnsQurubfNHk="></latexit>yj

⇡ =
Pn

i=1 ai�xi

<latexit sha1_base64="QvLH2/6u/1ZCID3V1X3Fdwk8GQU="></latexit>

⇡0 =
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j=1 bj�yj
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min
T2⇧(a,b)

P
i,j c(xi, yj)Tij
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Cost of moving masses 
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Kantorovitch Formulation: an example

Two probability distributions
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Total cost

⇡ =
Pn

i=1 ai�xi

<latexit sha1_base64="QvLH2/6u/1ZCID3V1X3Fdwk8GQU="></latexit>
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j=1 bj�yj
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Linear Optimal Transport
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Two probability distributions

Kantorovitch formulation

xi yj

Kantorovitch Formulation: an example

⇧(a,b) = {T 2 Rn⇥m
+ ; 8(i, j),

P
j Tij = ai,

P
i Tij = bj}

<latexit sha1_base64="gPEfwSaJmgCoXx6ycvMevf6hMFY="></latexit>
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⇡
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Kantorovitch Formulation: general case
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Two probability distributions
<latexit sha1_base64="Pv5fam5fOGeQahfJUkFNu4hf1/U="></latexit>

c(x, y) : X ⇥ Y ! R
A cost function

⇡ 2 P(X ), ⇡0 2 P(Y)

<latexit sha1_base64="nsq741ADOdIg5mBzeenodCgp0ag="></latexit>

Wasserstein distance

X = Y = Rd

<latexit sha1_base64="EXvIhiUvvAjcUbBrkKCRT9KNV9o="></latexit>

Example: 

(P(Rd),Wq)

<latexit sha1_base64="6D2eFk4SfKibQMYi0jXniwm4aqk="></latexit>

is a metric space

W q
q (⇡,⇡

0) = min
T2⇧(⇡,⇡0)

R
Rd⇥Rd kx� ykq2dT (x,y)

<latexit sha1_base64="c04TtbpARpxUBt6lchs4SeEGkQw="></latexit>

Linear Optimal Transport
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Kernel mean embedding and MMD
 : Rd ⇥ Rd ! C

<latexit sha1_base64="/04d9w7VfILbzzxhdiF4KE21KgY="></latexit>

p.s.d kernel

Defines a (pseudo)metric

Distance in the RKHS after embedding of the distrib.

k⇡ � ⇡0k = k
R
(x, ·)d⇡(x)�

R
(x, ·)d⇡0(x)kH

<latexit sha1_base64="mcATjM0IVi+vu1pt/Uty3I2ivfc="></latexit>

MMD2
(⇡,⇡

0) :=
R R

(x,y)d(⇡ � ⇡0)(x)d(⇡ � ⇡0)(y)

<latexit sha1_base64="1sKZzaFfnDH6b1GjvyDcee7xdHU="></latexit>

Maximum Mean Discrepancy
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Translation Invariant kernels (TI)

A p.s.d kernel is TI (x,y) = 0(x� y)

<latexit sha1_base64="lruNI5dq4KtGT5FAW03wDI1PvpI="></latexit>

()

<latexit sha1_base64="EE8SHTk2Jdhou7tFXCK2d0Ww4zM="></latexit>

(Bochner)(x,y) = E!⇠⇤[e�i!>xei!
>y]

<latexit sha1_base64="47jzNhRuuCWxdCBzUdWwjo6kK/k="></latexit>
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<latexit sha1_base64="mcATjM0IVi+vu1pt/Uty3I2ivfc="></latexit>
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(⇡,⇡
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R R
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<latexit sha1_base64="1sKZzaFfnDH6b1GjvyDcee7xdHU="></latexit>

Maximum Mean Discrepancy
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Translation Invariant kernels (TI)

A p.s.d kernel is TI (x,y) = 0(x� y)

<latexit sha1_base64="lruNI5dq4KtGT5FAW03wDI1PvpI="></latexit>

()

<latexit sha1_base64="EE8SHTk2Jdhou7tFXCK2d0Ww4zM="></latexit>

(Bochner)(x,y) = E!⇠⇤[e�i!>xei!
>y]

<latexit sha1_base64="47jzNhRuuCWxdCBzUdWwjo6kK/k="></latexit>

=)

<latexit sha1_base64="Fsal0WLqZ47w7Dp3sqrofxjsw1o="></latexit>

Random Fourier Features

Kernel mean embedding and MMD
 : Rd ⇥ Rd ! C

<latexit sha1_base64="/04d9w7VfILbzzxhdiF4KE21KgY="></latexit>

p.s.d kernel
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Distance in the RKHS after embedding of the distrib.
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MMD2
(⇡,⇡

0) :=
R R

(x,y)d(⇡ � ⇡0)(x)d(⇡ � ⇡0)(y)

<latexit sha1_base64="1sKZzaFfnDH6b1GjvyDcee7xdHU="></latexit>

Maximum Mean Discrepancy

(x,y) ⇡ h�(x),�(y)iRm

<latexit sha1_base64="lfZmLU6n/JX67iCDerW/fPw+nY0="></latexit>

!i ⇠ ⇤, 1  i  m

<latexit sha1_base64="Iw9D1yy+56o0WcTGs7g1uODfTN8="></latexit>

Sample

�(x) = 1p
m

�
exp(�i!>

i x)
�m
i=1

<latexit sha1_base64="j4W/H4KI5n8Sku1wpZ17MmmyVy0="></latexit>



From Statistical Learning to 
Compressive Statistical 

Learning
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From statistical learning…

h 2 H

<latexit sha1_base64="R+nEWKNspIpA8voniGtfLa2KppA="></latexit>

` : X ⇥H ! R

<latexit sha1_base64="O7GZc4i6b02IT2LLE3M+a0ofGwI="></latexit>

Given data points

A hypothesis space

Loss function

Find the best  h 2 H

<latexit sha1_base64="R+nEWKNspIpA8voniGtfLa2KppA="></latexit>

on the data

h⇤ 2 argmin
h2H

Ex⇠⇡[`(x, h)]

<latexit sha1_base64="N7TrCimj8CikgppEff6ytAKKO0A="></latexit>

xi ⇠ ⇡; 1  i  n

<latexit sha1_base64="MZmp/xWCh+EZ5ALy3bcscfEg2N8="></latexit>

Notations
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xi ⇠ ⇡; 1  i  n

<latexit sha1_base64="MZmp/xWCh+EZ5ALy3bcscfEg2N8="></latexit>

Notations

h = (c1, · · · , cK), ck 2 Rd

<latexit sha1_base64="yDOtKjoMnX1qAFVgexfLJb00dwI="></latexit>

`(x, h) = mink2[[K]] kx� ckk22

<latexit sha1_base64="40LSMKVd7h8iiUXYwQN3VSivKYk="></latexit>

xi 2 Rd

<latexit sha1_base64="p/jnXBQ8nCzMBiWZ88rHiSf0zg8="></latexit>
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From statistical learning…

h 2 H
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<latexit sha1_base64="N7TrCimj8CikgppEff6ytAKKO0A="></latexit>

xi ⇠ ⇡; 1  i  n

<latexit sha1_base64="MZmp/xWCh+EZ5ALy3bcscfEg2N8="></latexit>

Notations

Empirical risk minimization

ĥ 2 argmin
h2H

1
n

Pn
i=1 `(xi, h)

<latexit sha1_base64="FE976MoW1DO6v5xYKvPZF/cAa9A="></latexit>

We do not have access to ⇡

<latexit sha1_base64="XdwuEE68KpFnwPaR5u+FSdSaUpE="></latexit>



From statistical learning…

Risk: R(⇡, h) = Ex⇠⇡[`(x, h)]

<latexit sha1_base64="SIW3ItGuufN5atk4F25Mn7/yZ0w="></latexit>

⇡n = 1
n

Pn
i=1 �xi

<latexit sha1_base64="vDbD/Jwze8x1bMCnlDwPpMX+lpY="></latexit>

Empirical distribution:

Notations



From statistical learning…

Selected hypothesis

ĥ 2 argmin
h2H

R(⇡n, h)

<latexit sha1_base64="xQLunOBIKp+vd10UdbJDOnBlkeY="></latexit>

Risk: R(⇡, h) = Ex⇠⇡[`(x, h)]

<latexit sha1_base64="SIW3ItGuufN5atk4F25Mn7/yZ0w="></latexit>

⇡n = 1
n

Pn
i=1 �xi

<latexit sha1_base64="vDbD/Jwze8x1bMCnlDwPpMX+lpY="></latexit>

Empirical distribution:

Notations

Best hypothesis

h⇤ 2 argmin
h2H

R(⇡, h)

<latexit sha1_base64="BSmEfvki0LoBjTPMmiumrfPFfog="></latexit>



From statistical learning…

Ultimate goal: small excess-risk

R(⇡, ĥ)�R(⇡, h⇤)  ⌘n

<latexit sha1_base64="h4NRQMdkqhqhLo/qb7fcHDLoqzs="></latexit>

⌘n = O( 1p
n
)

<latexit sha1_base64="Jd0JA8r0AP8dxW2ecOEIv+TN9qs="></latexit>

Typically or better [Shalev-Shwartz and Ben-David, 2014]

w.h.p.

<latexit sha1_base64="b7vTYnbYm0GAjza+8OJ/kkeK0QE="></latexit>

Risk: R(⇡, h) = Ex⇠⇡[`(x, h)]

<latexit sha1_base64="SIW3ItGuufN5atk4F25Mn7/yZ0w="></latexit>

⇡n = 1
n

Pn
i=1 �xi

<latexit sha1_base64="vDbD/Jwze8x1bMCnlDwPpMX+lpY="></latexit>

Empirical distribution:

Notations

Selected hypothesis

ĥ 2 argmin
h2H

R(⇡n, h)

<latexit sha1_base64="xQLunOBIKp+vd10UdbJDOnBlkeY="></latexit>

Best hypothesis

h⇤ 2 argmin
h2H

R(⇡, h)

<latexit sha1_base64="BSmEfvki0LoBjTPMmiumrfPFfog="></latexit>



From statistical learning…

How to obtain these bounds -> control of the following

Central quantity:

Defines a (pseudo) metric between probability distrib.

Depends on the learning task -> « task metric »

TaskMetric(⇡,⇡0) := sup
h2H

|R(⇡, h)�R(⇡0, h)|

<latexit sha1_base64="8lq3vvLNxAmZ5BaFSt+pW7zulGo="></latexit>

Ultimate goal: small excess-risk

R(⇡, ĥ)�R(⇡, h⇤)  ⌘n

<latexit sha1_base64="h4NRQMdkqhqhLo/qb7fcHDLoqzs="></latexit>

w.h.p.

<latexit sha1_base64="b7vTYnbYm0GAjza+8OJ/kkeK0QE="></latexit>
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… to Compressive Statistical learning (CSL)

Finding ĥ

<latexit sha1_base64="qJl1iPdM0VQEQfx0JrK0oG7xOus="></latexit>

is often quite expensive in modern applications 

Very large dataset

n >> 12

<latexit sha1_base64="pKWlSGFArkVYECm1R/A4kkfji/s="></latexit>

Need to query the full training dataset many 
times (e.g. GD/SGD).

Distributed data

Algorithms need to adapt to these settings

Streaming data

…
t

<latexit sha1_base64="mD8f3spumH+rjPgFce23CHNHh6U="></latexit>

Problem
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… to Compressive Statistical learning (CSL)

Very large dataset

n >> 12

<latexit sha1_base64="pKWlSGFArkVYECm1R/A4kkfji/s="></latexit>

Need to query the full training dataset many 
times (e.g. GD/SGD).

Distributed data

Algorithms need to adapt to these settings

Streaming data

…
t

<latexit sha1_base64="mD8f3spumH+rjPgFce23CHNHh6U="></latexit>

Compression ?

Finding ĥ

<latexit sha1_base64="qJl1iPdM0VQEQfx0JrK0oG7xOus="></latexit>

is often quite expensive in modern applications 

Problem
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… to Compressive Statistical learning (CSL)

Find a small & faithfull 
representation of the data

Here: linear « sketch »

[Rémi Gribonval, Gilles Blanchard,  
Nicolas Keriven,

Yann Traonmilin, Antoine Chatalic, 
Vincent Schellekens, 

Laurent Jacques…]

Only one vector

Subsampling

Coresets

Importance sampling

Dimension reduction

Random projection (JL lemma)

Feature selection

Minimum distorsion 
embedding, PCA
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… to Compressive Statistical learning (CSL)

Find a small & faithfull 
representation of the data

How do we 
sketch ? How 
do we learn 

from sketch ?

Here: linear « sketch »

Only one vector

Subsampling

Coresets

Importance sampling

Dimension reduction

Random projection (JL lemma)

Feature selection [Rémi Gribonval, Gilles Blanchard,  
Nicolas Keriven,

Yann Traonmilin, Antoine Chatalic, 
Vincent Schellekens, 

Laurent Jacques…]

Minimum distorsion 
embedding, PCA
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… to Compressive Statistical learning (CSL)
Sketching

� : X ! Rm

<latexit sha1_base64="nJsbAMM8cNZ+QU3C0GAIfAnkf38=">AAAoOHicrVpbc9tEFN6WWym3lD7yYkg7AaaEJKXAdKYzbS4ktGnr5uokTjOWLNuaSLYqyUkcj2d44tfwCg/8E954g77yCzh7dmVptTfNQDxJpLPfd/bs2bNnb3aiwE/ShYU/rlx948233n7n2rvX33v/gw8/mrnx8V4yGMaut+sOgkHccFqJF/h9bzf108BrRLHXCp3A23dOV2j5/pkXJ/6gv5OOIu84bHX7fsd3WymITmZqt5 </latexit>

n points ! s := 1
n

Pn
i=1 �(xi)

<latexit sha1_base64="orkIvj+oXstlcnBOC8kUuVI/sXc="></latexit>

feature operator
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… to Compressive Statistical learning (CSL)

Streaming + distributed 
scenario

Pros

Storage

Sketching

� : X ! Rm

<latexit sha1_base64="nJsbAMM8cNZ+QU3C0GAIfAnkf38=">AAAoOHicrVpbc9tEFN6WWym3lD7yYkg7AaaEJKXAdKYzbS4ktGnr5uokTjOWLNuaSLYqyUkcj2d44tfwCg/8E954g77yCzh7dmVptTfNQDxJpLPfd/bs2bNnb3aiwE/ShYU/rlx948233n7n2rvX33v/gw8/mrnx8V4yGMaut+sOgkHccFqJF/h9bzf108BrRLHXCp3A23dOV2j5/pkXJ/6gv5OOIu84bHX7fsd3WymITmZqt5 </latexit>

n points ! s := 1
n

Pn
i=1 �(xi)

<latexit sha1_base64="orkIvj+oXstlcnBOC8kUuVI/sXc="></latexit>

feature operator
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… to Compressive Statistical learning (CSL)

Streaming + distributed 
scenario

Pros

Storage

Sketching

� : X ! Rm

<latexit sha1_base64="nJsbAMM8cNZ+QU3C0GAIfAnkf38=">AAAoOHicrVpbc9tEFN6WWym3lD7yYkg7AaaEJKXAdKYzbS4ktGnr5uokTjOWLNuaSLYqyUkcj2d44tfwCg/8E954g77yCzh7dmVptTfNQDxJpLPfd/bs2bNnb3aiwE/ShYU/rlx948233n7n2rvX33v/gw8/mrnx8V4yGMaut+sOgkHccFqJF/h9bzf108BrRLHXCp3A23dOV2j5/pkXJ/6gv5OOIu84bHX7fsd3WymITmZqt5 </latexit>

n points ! s := 1
n

Pn
i=1 �(xi)

<latexit sha1_base64="orkIvj+oXstlcnBOC8kUuVI/sXc="></latexit>

feature operator

!i ⇠ ⇤ i.i.d.

<latexit sha1_base64="h9Z65kITdFEJn/qXwZ3Obs0IvEU="></latexit>

�(x) = 1p
m
(exp(�i!>

1 x), · · · , exp(�i!>
mx))>

<latexit sha1_base64="ML+siN1hpYAl4aJldzApM5DgumQ="></latexit>

Random Fourier Features (RFF) [Rahimi and Recht, 2008]
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Towards CSL guarantees: 1) Learn from sketch

A : ⇡ ! A(⇡) :=
R
X �(x)d⇡(x)

<latexit sha1_base64="vYRAhCOT4atEDuNAjmD2rXQuRAE="></latexit>

Sketching operator

2 Rm

<latexit sha1_base64="2PEQZigm4iCSeZyWatN7ZIdERp4="> </latexit>

A : ⇡ ! A(⇡) :=
R
X �(x)d⇡(x)

<latexit sha1_base64="vYRAhCOT4atEDuNAjmD2rXQuRAE="></latexit>

Linear

Empirical sketch

⇡n = 1
n

Pn
i=1 �xi

<latexit sha1_base64="vDbD/Jwze8x1bMCnlDwPpMX+lpY="></latexit>

Finite dimensional  
Mean Map embedding
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Towards CSL guarantees: 1) Learn from sketch

?

A : ⇡ ! A(⇡) :=
R
X �(x)d⇡(x)

<latexit sha1_base64="vYRAhCOT4atEDuNAjmD2rXQuRAE="></latexit>

Sketching operator

2 Rm

<latexit sha1_base64="2PEQZigm4iCSeZyWatN7ZIdERp4="> </latexit>

Finite dimensional  
Mean Map embedding

A : ⇡ ! A(⇡) :=
R
X �(x)d⇡(x)

<latexit sha1_base64="vYRAhCOT4atEDuNAjmD2rXQuRAE="></latexit>

Linear

Empirical sketch

⇡n = 1
n

Pn
i=1 �xi

<latexit sha1_base64="vDbD/Jwze8x1bMCnlDwPpMX+lpY="></latexit>

Guarantees  ?
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Towards CSL guarantees: 1) Learn from sketch
Analogy with compressed sensing:

A

<latexit sha1_base64="a/5lipLqczyAGRPf7AT+FAwNDE4="></latexit>

x

<latexit sha1_base64="b4VyE3DqNDgZCbMLwmsgLX6kfuA="></latexit>

s = Ax

<latexit sha1_base64="o4CaFB3VLQa1JNS7uu8MvWzTIsY="></latexit>

Alg. inverse problem

x⇤

<latexit sha1_base64="aLfQJuZA3hiDGfKlTWe1eZVW6Rk="></latexit>

Guarantees when:

Sparsity
x 2 S

<latexit sha1_base64="IQ1qlqQvkXwNNFOM9Xza45e+AFA="></latexit>

X

<latexit sha1_base64="I2+QYGWj1+eKcnGkZffTxS7y2pA="></latexit>
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Towards CSL guarantees: 1) Learn from sketch
Analogy with compressed sensing:

A

<latexit sha1_base64="a/5lipLqczyAGRPf7AT+FAwNDE4="></latexit>

x

<latexit sha1_base64="b4VyE3DqNDgZCbMLwmsgLX6kfuA="></latexit>

s = Ax

<latexit sha1_base64="o4CaFB3VLQa1JNS7uu8MvWzTIsY="></latexit>

Alg. inverse problem

x⇤

<latexit sha1_base64="aLfQJuZA3hiDGfKlTWe1eZVW6Rk="></latexit>

Guarantees when:

Sparsity
x 2 S

<latexit sha1_base64="IQ1qlqQvkXwNNFOM9Xza45e+AFA="></latexit>

X

<latexit sha1_base64="I2+QYGWj1+eKcnGkZffTxS7y2pA="></latexit>

…Need a « low-dimensional » model

A

<latexit sha1_base64="kkaI31DRaiol8V8DaR9dHPpimGw="></latexit>

⇡ 2 P(X )

<latexit sha1_base64="gIQT/yn/vw+SwNyDe+Ir9NqdhAg="></latexit>

s = A(⇡)

<latexit sha1_base64="VH0vmVTX2TPa1ZZFkk9Ax28h4+g="></latexit>

Alg. inverse problem
⇡ 2 S

<latexit sha1_base64="riwcfpUNsS1PIW5AhR/Y0FQ+p7Y="></latexit>

X

<latexit sha1_base64="I2+QYGWj1+eKcnGkZffTxS7y2pA="></latexit>

e.g. GMM

Idea here
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Towards CSL guarantees: 1) Learn from sketch

Learn from sketch

K-means

Model set of distributions. ✓ = {c1, · · · , cK}

<latexit sha1_base64="uwYO9Wd2WMgyx+2C4FrrLyImGZo="></latexit>

⇡✓ 2 { 1
K

PK
k=1 �ck}

<latexit sha1_base64="eGpViqAzLhgWy0Kjziw80z7UGeY="></latexit>
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Towards CSL guarantees: 1) Learn from sketch

Learn from sketch

K-means

min✓ ks�A(⇡✓)k2

<latexit sha1_base64="0suE9bAerSmUVoLCZ3EGEcLLx40="></latexit>

Model set of distributions.

Solve:

✓ = {c1, · · · , cK}

<latexit sha1_base64="uwYO9Wd2WMgyx+2C4FrrLyImGZo="></latexit>

⇡✓ 2 { 1
K

PK
k=1 �ck}

<latexit sha1_base64="eGpViqAzLhgWy0Kjziw80z7UGeY="></latexit>
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Towards CSL guarantees: 1) Learn from sketch

Learn from sketch

K-means

Model set of distributions.

Solve: min✓ ks�A(⇡✓)k2

<latexit sha1_base64="0suE9bAerSmUVoLCZ3EGEcLLx40="></latexit>

Empirical sketch

✓ = {c1, · · · , cK}

<latexit sha1_base64="uwYO9Wd2WMgyx+2C4FrrLyImGZo="></latexit>

A : ⇡ ! A(⇡) :=
R
X �(x)d⇡(x)

<latexit sha1_base64="vYRAhCOT4atEDuNAjmD2rXQuRAE="></latexit>

⇡n = 1
n

Pn
i=1 �xi

<latexit sha1_base64="vDbD/Jwze8x1bMCnlDwPpMX+lpY="></latexit>

⇡✓ 2 { 1
K

PK
k=1 �ck}

<latexit sha1_base64="eGpViqAzLhgWy0Kjziw80z7UGeY="></latexit>
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Towards CSL guarantees: 1) Learn from sketch

Learn from sketch

K-means

Model set of distributions.

Solve: min✓ ks�A(⇡✓)k2

<latexit sha1_base64="0suE9bAerSmUVoLCZ3EGEcLLx40="></latexit>

Sketch of the parametrized distribution

✓ = {c1, · · · , cK}

<latexit sha1_base64="uwYO9Wd2WMgyx+2C4FrrLyImGZo="></latexit>

⇡✓ 2 { 1
K

PK
k=1 �ck}

<latexit sha1_base64="eGpViqAzLhgWy0Kjziw80z7UGeY="></latexit>
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Towards CSL guarantees: 1) Learn from sketch

Learn from sketch

K-means

Model set of distributions.

Solve: min✓ ks�A(⇡✓)k2

<latexit sha1_base64="0suE9bAerSmUVoLCZ3EGEcLLx40="></latexit>

Find the distribution whose sketch 

is the closest to the empirical sketch

✓ = {c1, · · · , cK}

<latexit sha1_base64="uwYO9Wd2WMgyx+2C4FrrLyImGZo="></latexit>

⇡✓ 2 { 1
K

PK
k=1 �ck}

<latexit sha1_base64="eGpViqAzLhgWy0Kjziw80z7UGeY="></latexit>
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Towards CSL guarantees: 1) Learn from sketch

Learn from sketch

K-means

Model set of distributions.

Solve: min✓ ks�A(⇡✓)k2

<latexit sha1_base64="0suE9bAerSmUVoLCZ3EGEcLLx40="></latexit>

Find the distribution whose sketch 

is the closest to the empirical sketch

✓ = {c1, · · · , cK}

<latexit sha1_base64="uwYO9Wd2WMgyx+2C4FrrLyImGZo="></latexit>

Return ĥ = ✓⇤ = (c1, · · · , cK)

<latexit sha1_base64="gbpN5tGRNXil4NRO/OLc6EWM2EQ="></latexit>

⇡✓ 2 { 1
K

PK
k=1 �ck}

<latexit sha1_base64="eGpViqAzLhgWy0Kjziw80z7UGeY="></latexit>
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Towards CSL guarantees: 1) Learn from sketch

Design a model set of distrib. ⇡ 2 S ✓ P(X )

<latexit sha1_base64="zXRC31OWW1t4vsxXqszMOMLvyac="></latexit>

Solve a moment matching prob. (inverse, preimage prob.)

�[s] 2 argmin
⇡2S

ks�A(⇡)k2

<latexit sha1_base64="nq1QwJV1OHanI8tOr3SGB1yBT6k="></latexit>

Find the hypothesis

ĥ 2 argminh2H R(�[s], h)

<latexit sha1_base64="HTgZczZCVO4BrK/PUjc8Z0dyNNw="></latexit>

Step 2

Step 1

Step 3

P(X )

<latexit sha1_base64="KXgcxMAmsPftmczh6vgn6o7OMoc="></latexit>

Prior on the « true » distribution
K-means = K-sparse, GMM = mixture of Gaussian…

Related to the learning problem

Small « complexity » -> learnable with sketch 

Learn from sketch:
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Towards CSL guarantees: 1) Learn from sketch

Design a model set of distrib. ⇡ 2 S ✓ P(X )

<latexit sha1_base64="zXRC31OWW1t4vsxXqszMOMLvyac="></latexit>

Solve a moment matching prob. (inverse prob.       compressed sensing)

�[s] 2 argmin
⇡2S

ks�A(⇡)k2

<latexit sha1_base64="nq1QwJV1OHanI8tOr3SGB1yBT6k="></latexit>

Find the hypothesis

ĥ 2 argminh2H R(�[s], h)

<latexit sha1_base64="HTgZczZCVO4BrK/PUjc8Z0dyNNw="></latexit>

Step 2

Step 1

Step 3

Beurling LASSO, CLOMP, super-resolution, flows … 

Inverse problem in the space of measure 

[Candès, Keriven, De Castro, Poon, Peyré, Denoyelle, Duval, Chizat, Boyd …]

�

<latexit sha1_base64="rr/KVm2YsP2HtMUfIDPLSB75dN8="></latexit>

is the decoder Rm ! S

<latexit sha1_base64="lPouZksfpi42VOGNpyj515cf6Hs="></latexit>

Rm

<latexit sha1_base64="sHXlnGNLy6Dk2Y2Fb3WIpiks0UE="></latexit>

�

<latexit sha1_base64="rr/KVm2YsP2HtMUfIDPLSB75dN8="></latexit>

A

<latexit sha1_base64="OsNrkUoefNv42cscVAnXua4mSLc="></latexit>

Learn from sketch:

⇡

<latexit sha1_base64="hGX1DsZdgswInhK9LCV6Ktv5maM="></latexit>
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Towards CSL guarantees: 1) Learn from sketch

Learn from sketch:

Design a model set of distrib. ⇡ 2 S ✓ P(X )

<latexit sha1_base64="zXRC31OWW1t4vsxXqszMOMLvyac="></latexit>

�[s] 2 argmin
⇡2S

ks�A(⇡)k2

<latexit sha1_base64="nq1QwJV1OHanI8tOr3SGB1yBT6k="></latexit>

Find the hypothesis

ĥ 2 argminh2H R(�[s], h)

<latexit sha1_base64="HTgZczZCVO4BrK/PUjc8Z0dyNNw="></latexit>

Step 2

Step 1

Step 3

K-means, GMM: comes for free

Usually easier than ERM ! 

Uses that �[s]

<latexit sha1_base64="b9w9Sx6kTyzNeC9tk47cm4Sflwk="></latexit>

is in a low complexity model set

Solve a moment matching prob. (inverse prob.       compressed sensing)⇡

<latexit sha1_base64="hGX1DsZdgswInhK9LCV6Ktv5maM="></latexit>
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Towards CSL guarantees: 2) Theoretical guarantees

ĥ 2 argminh2H R(�[s], h)

<latexit sha1_base64="HTgZczZCVO4BrK/PUjc8Z0dyNNw="></latexit>

ĥ 2 argmin
h2H

R(⇡n, h)

<latexit sha1_base64="xQLunOBIKp+vd10UdbJDOnBlkeY="></latexit>

Why should it work ? Goal:

R(⇡, ĥ)�R(⇡, h⇤)  ⌘n

<latexit sha1_base64="h4NRQMdkqhqhLo/qb7fcHDLoqzs="></latexit>

w.h.p.

<latexit sha1_base64="b7vTYnbYm0GAjza+8OJ/kkeK0QE="></latexit>
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Towards CSL guarantees: 2) Theoretical guarantees

Lower Restricted Isometric Property (LRIP)

8⇡,⇡0 2 S,TaskMetric(⇡,⇡0) . kA(⇡)�A(⇡0)k2

<latexit sha1_base64="44A7PqzcJ0GulBTMjMqTBCMlVHU="></latexit>

ĥ 2 argminh2H R(�[s], h)

<latexit sha1_base64="HTgZczZCVO4BrK/PUjc8Z0dyNNw="></latexit>

ĥ 2 argmin
h2H

R(⇡n, h)

<latexit sha1_base64="xQLunOBIKp+vd10UdbJDOnBlkeY="></latexit>

R(⇡, ĥ)�R(⇡, h⇤)  ⌘n

<latexit sha1_base64="h4NRQMdkqhqhLo/qb7fcHDLoqzs="></latexit>

w.h.p.

<latexit sha1_base64="b7vTYnbYm0GAjza+8OJ/kkeK0QE="></latexit>

Why should it work ? Goal:



Lower Restricted Isometric Property (LRIP)

8⇡,⇡0 2 S,TaskMetric(⇡,⇡0) . kA(⇡)�A(⇡0)k2

<latexit sha1_base64="44A7PqzcJ0GulBTMjMqTBCMlVHU="></latexit>

ĥ 2 argminh2H R(�[s], h)

<latexit sha1_base64="HTgZczZCVO4BrK/PUjc8Z0dyNNw="></latexit>

ĥ 2 argmin
h2H

R(⇡n, h)

<latexit sha1_base64="xQLunOBIKp+vd10UdbJDOnBlkeY="></latexit>

R(⇡, ĥ)�R(⇡, h⇤)  ⌘n

<latexit sha1_base64="h4NRQMdkqhqhLo/qb7fcHDLoqzs="></latexit>

w.h.p.

<latexit sha1_base64="b7vTYnbYm0GAjza+8OJ/kkeK0QE="></latexit>
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Towards CSL guarantees: 2) Theoretical guarantees

Model set

P(X )

<latexit sha1_base64="KXgcxMAmsPftmczh6vgn6o7OMoc="></latexit>

Why should it work ? Goal:



Lower Restricted Isometric Property (LRIP)

8⇡,⇡0 2 S,TaskMetric(⇡,⇡0) . kA(⇡)�A(⇡0)k2

<latexit sha1_base64="44A7PqzcJ0GulBTMjMqTBCMlVHU="></latexit>

ĥ 2 argminh2H R(�[s], h)

<latexit sha1_base64="HTgZczZCVO4BrK/PUjc8Z0dyNNw="></latexit>

ĥ 2 argmin
h2H

R(⇡n, h)

<latexit sha1_base64="xQLunOBIKp+vd10UdbJDOnBlkeY="></latexit>

R(⇡, ĥ)�R(⇡, h⇤)  ⌘n

<latexit sha1_base64="h4NRQMdkqhqhLo/qb7fcHDLoqzs="></latexit>

w.h.p.

<latexit sha1_base64="b7vTYnbYm0GAjza+8OJ/kkeK0QE="></latexit>

55

Towards CSL guarantees: 2) Theoretical guarantees

Task-metric (we want to control it)

Why should it work ? Goal:



Lower Restricted Isometric Property (LRIP)

8⇡,⇡0 2 S,TaskMetric(⇡,⇡0) . kA(⇡)�A(⇡0)k2

<latexit sha1_base64="44A7PqzcJ0GulBTMjMqTBCMlVHU="></latexit>

ĥ 2 argminh2H R(�[s], h)

<latexit sha1_base64="HTgZczZCVO4BrK/PUjc8Z0dyNNw="></latexit>

ĥ 2 argmin
h2H

R(⇡n, h)

<latexit sha1_base64="xQLunOBIKp+vd10UdbJDOnBlkeY="></latexit>

R(⇡, ĥ)�R(⇡, h⇤)  ⌘n

<latexit sha1_base64="h4NRQMdkqhqhLo/qb7fcHDLoqzs="></latexit>

w.h.p.

<latexit sha1_base64="b7vTYnbYm0GAjza+8OJ/kkeK0QE="></latexit>

56

Towards CSL guarantees: 2) Theoretical guarantees

Distance between the sketches of the distrib.

Why should it work ? Goal:
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Towards CSL guarantees: 2) Theoretical guarantees

=) <latexit sha1_base64="wwT7uSR7b4GEC/jzhFPT65mIf7Q="></latexit>

R(⇡, ĥ)�R(⇡, h⇤) . d�(⇡,S) + kA(⇡)�A(⇡n)k2

<latexit sha1_base64="9Tp7exvGWngWWiKY7NBl9Z2q/EI="></latexit>

8⇡ 2 P(X )

<latexit sha1_base64="Vn7uddgurlcZxopfNavzNQMti4w="></latexit>

Statistical Guarantees

Lower Restricted Isometric Property (LRIP)
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Towards CSL guarantees: 2) Theoretical guarantees

=) <latexit sha1_base64="wwT7uSR7b4GEC/jzhFPT65mIf7Q="></latexit>

R(⇡, ĥ)�R(⇡, h⇤) . d�(⇡,S) + kA(⇡)�A(⇡n)k2

<latexit sha1_base64="9Tp7exvGWngWWiKY7NBl9Z2q/EI="></latexit>

ĥ 2 argminh2H R(�[s], h)

<latexit sha1_base64="HTgZczZCVO4BrK/PUjc8Z0dyNNw="></latexit>

Excess-risk

8⇡ 2 P(X )

<latexit sha1_base64="Vn7uddgurlcZxopfNavzNQMti4w="></latexit>

Statistical Guarantees

Lower Restricted Isometric Property (LRIP)
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Towards CSL guarantees: 2) Theoretical guarantees

=) <latexit sha1_base64="wwT7uSR7b4GEC/jzhFPT65mIf7Q="></latexit>

R(⇡, ĥ)�R(⇡, h⇤) . d�(⇡,S) + kA(⇡)�A(⇡n)k2

<latexit sha1_base64="9Tp7exvGWngWWiKY7NBl9Z2q/EI="></latexit>

Notion of distance to the model set

8⇡ 2 P(X )

<latexit sha1_base64="Vn7uddgurlcZxopfNavzNQMti4w="></latexit>

P(X )

<latexit sha1_base64="KXgcxMAmsPftmczh6vgn6o7OMoc="></latexit>

⇡

<latexit sha1_base64="fVg1Tbve6nFbMI9dydUvGfWV/5w="></latexit>

d�(⇡,S)

<latexit sha1_base64="3IxyPKiuz6J1bgggvORgZwNq8F0="></latexit>

⇡ 2 S =) d�(⇡,S) = 0

<latexit sha1_base64="L4csWa7TVXRL2jq217jRHZnBFvM="></latexit>

Bias term: vanishes when the true distrib. in the model

Approximation error is SL⇡

<latexit sha1_base64="QAIvK8MiOWrILNMKy5JQagvE0v4="></latexit>

Statistical Guarantees

Lower Restricted Isometric Property (LRIP)
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Towards CSL guarantees: 2) Theoretical guarantees

=) <latexit sha1_base64="wwT7uSR7b4GEC/jzhFPT65mIf7Q="></latexit>

R(⇡, ĥ)�R(⇡, h⇤) . d�(⇡,S) + kA(⇡)�A(⇡n)k2

<latexit sha1_base64="9Tp7exvGWngWWiKY7NBl9Z2q/EI="></latexit>

8⇡ 2 P(X )

<latexit sha1_base64="Vn7uddgurlcZxopfNavzNQMti4w="></latexit>

Distance between the empirical and true sketch

s = A(⇡n)

<latexit sha1_base64="Gc5GDFxYnJeL8Q7p6JzVEppGOts="></latexit>

Statistical Guarantees

Estimation error is SL⇡

<latexit sha1_base64="QAIvK8MiOWrILNMKy5JQagvE0v4="></latexit>

Basically converges to zero in ⌘n = O( 1p
n
)

<latexit sha1_base64="Jd0JA8r0AP8dxW2ecOEIv+TN9qs="></latexit>

Lower Restricted Isometric Property (LRIP)
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Towards CSL guarantees: 2) Theoretical guarantees

How to obtain the LRIP  = DIFFICULT

Statistical Guarantees

=) <latexit sha1_base64="wwT7uSR7b4GEC/jzhFPT65mIf7Q="></latexit>

Lower Restricted Isometric Property (LRIP)
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Towards CSL guarantees: 3) The LRIP

How to prove the LRIP

Step 1 Kernel LRIP

Step 2 large enoughm

<latexit sha1_base64="rN6HYw8reGmIPDx8PML+Du/TzmI="></latexit>

8⇡,⇡0 2 S,TaskMetric(⇡,⇡0) . MMD(⇡,⇡0)

<latexit sha1_base64="CqGzdwnMm96P05OTXKqP+ReBRrc="></latexit>

8⇡,⇡0 2 S,MMD(⇡,⇡0) ⇡ kA(⇡)�A(⇡0)k2

<latexit sha1_base64="Ht7wrk8nk3RWZ9T+9hqijGk1Zbc="></latexit>

Setting X = Rd

<latexit sha1_base64="Vrx+NuToDu2FMzh0avwlUR9/b50="></latexit>

� = RFF

<latexit sha1_base64="4JeeTU7UswPDFDgyLCuwJ+llzh0="></latexit>

(x,y) = 0(x� y)

<latexit sha1_base64="XIzSh+X92C5E7/iZJOJV5/ScJEs="></latexit>



63

Towards CSL guarantees: 3) The LRIP

Setting X = Rd

<latexit sha1_base64="Vrx+NuToDu2FMzh0avwlUR9/b50="></latexit>

(!i ⇠ ⇤)

<latexit sha1_base64="c8bkfQMd2MLLH+cjlJWwVgySyVQ="></latexit>

� = RFF

<latexit sha1_base64="4JeeTU7UswPDFDgyLCuwJ+llzh0="></latexit>

How to prove the LRIP

Step 1

Step 2

Examples

large enoughm

<latexit sha1_base64="rN6HYw8reGmIPDx8PML+Du/TzmI="></latexit>

8⇡,⇡0 2 S,TaskMetric(⇡,⇡0) . MMD(⇡,⇡0)

<latexit sha1_base64="CqGzdwnMm96P05OTXKqP+ReBRrc="></latexit>

8⇡,⇡0 2 S,MMD(⇡,⇡0) ⇡ kA(⇡)�A(⇡0)k2

<latexit sha1_base64="Ht7wrk8nk3RWZ9T+9hqijGk1Zbc="></latexit>

S = { 1
K

PK
k=1 �ck}

<latexit sha1_base64="snUTkKUPinlccvOQ6Emyuv8+hMo="></latexit>

K-means

m = O(k2d)

<latexit sha1_base64="n2Vdf1QHl7zox81LHVtIvWLb0VM="></latexit>

> 2"

<latexit sha1_base64="xohUNhXIKOvnVVgPnmS8uneFUc0="></latexit>

+ separability of the clusters

LRIP and statistical 

guarantees with:

S = {
PK

k=1 ↵kN (µk,⌃)}

<latexit sha1_base64="gSThIzhZUqZDLp8S4Y+MR0D6tgI="></latexit>

+ separability of the means

> 2"

<latexit sha1_base64="xohUNhXIKOvnVVgPnmS8uneFUc0="></latexit>

GMM

Kernel LRIP

Setting X = Rd

<latexit sha1_base64="Vrx+NuToDu2FMzh0avwlUR9/b50="></latexit>

(x,y) = 0(x� y)

<latexit sha1_base64="XIzSh+X92C5E7/iZJOJV5/ScJEs="></latexit>

� = RFF

<latexit sha1_base64="4JeeTU7UswPDFDgyLCuwJ+llzh0="></latexit>



Optimal Transport for CSL
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Optimal Transport for CSL

65

Hölder LRIP

We will show
Similar statistical guarantees Easier to obtain via optimal transport

We will look for:

8⇡,⇡0 2 S,TaskMetric(⇡,⇡0) . kA(⇡)�A(⇡0)k�2, 0 < �  1

<latexit sha1_base64="geOZSngUZPc5Cp5OUVNXO+SLXdY="></latexit>



Optimal Transport for CSL
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Hölder LRIP

We will show
Similar statistical guarantees Easier to obtain via optimal transport

Statistical Guarantees
=) <latexit sha1_base64="wwT7uSR7b4GEC/jzhFPT65mIf7Q="></latexit>

R(⇡, ĥ)�R(⇡, h⇤) . d�(⇡,S) + kA(⇡)�A(⇡n)k�2

<latexit sha1_base64="3+SMvPk8kB1ulEnZAh4WcZQf/+U="></latexit>

Not so difficult 

We will look for:

8⇡,⇡0 2 S,TaskMetric(⇡,⇡0) . kA(⇡)�A(⇡0)k�2, 0 < �  1

<latexit sha1_base64="geOZSngUZPc5Cp5OUVNXO+SLXdY="></latexit>



Optimal Transport for CSL
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Hölder LRIP

We will show
Similar statistical guarantees Easier to obtain via optimal transport

Statistical Guarantees
=) <latexit sha1_base64="wwT7uSR7b4GEC/jzhFPT65mIf7Q="></latexit>

R(⇡, ĥ)�R(⇡, h⇤) . d�(⇡,S) + kA(⇡)�A(⇡n)k�2

<latexit sha1_base64="3+SMvPk8kB1ulEnZAh4WcZQf/+U="></latexit>

Not so difficult 

Slow rates O(n��/2)

<latexit sha1_base64="VJzUn+1rVtDFPrWIlxh0eZlX4oc="></latexit>

We will look for:

8⇡,⇡0 2 S,TaskMetric(⇡,⇡0) . kA(⇡)�A(⇡0)k�2, 0 < �  1

<latexit sha1_base64="geOZSngUZPc5Cp5OUVNXO+SLXdY="></latexit>



Optimal Transport for CSL
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Hölder LRIP

We will show
Similar statistical Guarantees Easier to obtain via optimal transport

R
oa

dm
ap

.

<latexit sha1_base64="9gZxWzR0qou5FPKgdm0mWuC0li4="></latexit>

.

<latexit sha1_base64="9gZxWzR0qou5FPKgdm0mWuC0li4="></latexit>

.

<latexit sha1_base64="9gZxWzR0qou5FPKgdm0mWuC0li4="></latexit>

We will look for:

8⇡,⇡0 2 S,TaskMetric(⇡,⇡0) . kA(⇡)�A(⇡0)k�2, 0 < �  1

<latexit sha1_base64="geOZSngUZPc5Cp5OUVNXO+SLXdY="></latexit>



Bounding the task metric
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Goal

Optimal Transport for CSL: 1) Wasserstein Learnability

70

Remarks
Seems unexpected 

.

<latexit sha1_base64="9gZxWzR0qou5FPKgdm0mWuC0li4="></latexit>

Depends only on the learning task

8⇡,⇡0 2 P(Rd),TaskMetric(⇡,⇡0) . Wq(⇡,⇡0)

<latexit sha1_base64="iBdSHflYgkLiHi1kyc3veaDIQHo="></latexit>



Wasserstein learnability

Optimal Transport for CSL: 1) Wasserstein Learnability

True for many unsupervised learning tasks

8⇡,⇡0 2 P(Rd),TaskMetric(⇡,⇡0) . Wq(⇡,⇡0)

<latexit sha1_base64="iBdSHflYgkLiHi1kyc3veaDIQHo="></latexit>

`(x, h) = kx� Ph(x)kq2

<latexit sha1_base64="y+R4zsm8mWBhIva4xi9sF5aQsCQ="></latexit>

Compression type-tasks

Ph projection func.

<latexit sha1_base64="8/ZhW4db8EyDKUGaH8ka7pO7LDI="></latexit>

E.g.: PCA, K-means, K-medians, NMF, Dictionary learning…

•

<latexit sha1_base64="0kmYgvIjEXW0NP4xwOu6KSR27vU="></latexit>

•

<latexit sha1_base64="0kmYgvIjEXW0NP4xwOu6KSR27vU="></latexit>

h

<latexit sha1_base64="PVl21E/aEv6/ymtyO8naOTPv7WA="></latexit>

Linear subspace

centroids

h

<latexit sha1_base64="PVl21E/aEv6/ymtyO8naOTPv7WA="></latexit>

=) R(⇡, h) = W q
q (⇡, Ph#⇡)

<latexit sha1_base64="95Hwe7YrXbl07qf7LQpZjny6gXk="></latexit>



Wasserstein learnability

Optimal Transport for CSL: 1) Wasserstein Learnability

True for many unsupervised learning tasks

8⇡,⇡0 2 P(Rd),TaskMetric(⇡,⇡0) . Wq(⇡,⇡0)

<latexit sha1_base64="iBdSHflYgkLiHi1kyc3veaDIQHo="></latexit>

`(x, h) = kx� Ph(x)kq2

<latexit sha1_base64="y+R4zsm8mWBhIva4xi9sF5aQsCQ="></latexit>

Compression type-tasks

Ph projection func.

<latexit sha1_base64="8/ZhW4db8EyDKUGaH8ka7pO7LDI="></latexit>

E.g.: PCA, K-means, K-medians, NMF, Dictionary learning…

•

<latexit sha1_base64="0kmYgvIjEXW0NP4xwOu6KSR27vU="></latexit>

•

<latexit sha1_base64="0kmYgvIjEXW0NP4xwOu6KSR27vU="></latexit>

h

<latexit sha1_base64="PVl21E/aEv6/ymtyO8naOTPv7WA="></latexit>

Linear subspace

centroids

h

<latexit sha1_base64="PVl21E/aEv6/ymtyO8naOTPv7WA="></latexit>

=) R(⇡, h) = W q
q (⇡, Ph#⇡)

<latexit sha1_base64="95Hwe7YrXbl07qf7LQpZjny6gXk="></latexit>

Parametrized density 
estimation

E.g.: GAN, GMM

R(⇡, h) = W1(⇡,⇡h)

<latexit sha1_base64="SJzs2IlRsxD0Is6H9eb+IUjK21Y="></latexit>

h: parameters

<latexit sha1_base64="TkV7ZlTbkiJdfNr49hCMI4pOq+Q="></latexit>



Wasserstein learnability

Optimal Transport for CSL: 1) Wasserstein Learnability

73

Wasserstein Learnability

Condition on the task L(H) Condition on q Examples

Regression tasks Hypothesis :

h Lipschitz function, Loss :

square-loss

q = 2 Linear regression, regression using

MLP with bounded params

Binary classification Hypothesis : h
Lipschitz function, Loss : convex

surrogate

`(x = (z, y), h) = '(yh(z))

q = 1 MLP classifier (bounded params)

+ Lipschitz ouput layer

<latexit sha1_base64="Oy2bm+8a3RJncrT83VjfWjqMi4E="></latexit>

Encompasses all the known tasks in CSL + other

Remarks

Supervised Learning

8⇡,⇡0 2 P(Rd),TaskMetric(⇡,⇡0) . Wq(⇡,⇡0)

<latexit sha1_base64="iBdSHflYgkLiHi1kyc3veaDIQHo="></latexit>



Wasserstein vs MMD

74



Optimal Transport for CSL: 2) Wass vs MMD

75

Focus on TI kernels

Remarks

Uniform control
Do we need model 

set ?

8⇡,⇡0 2 S,Wq(⇡,⇡0) . MMD�
(⇡,⇡

0), 0 < �  1

<latexit sha1_base64="2A4ucdgKft+YcvjTN36Qw+TAbMI="></latexit>

Goal



Optimal Transport for CSL: 2) Wass vs MMD

76

(1)

A bunch of negative results

8⇡,⇡0 2 S,Wq(⇡,⇡0) . MMD�
(⇡,⇡

0), 0 < �  1

<latexit sha1_base64="2A4ucdgKft+YcvjTN36Qw+TAbMI="></latexit>

Goal

 bounded

<latexit sha1_base64="fucuPXFskFTgNqhXmJSOG2Iv6jk="></latexit>

Any S

<latexit sha1_base64="VKMi5w+KyC3FA80jsQZhz7XIrME="></latexit>

If (1) then:•

<latexit sha1_base64="tbGUMC1jhs3JnXdMCICI458r3Eo="></latexit>

•

<latexit sha1_base64="tbGUMC1jhs3JnXdMCICI458r3Eo="></latexit>

sup⇡,⇡02S kmean(⇡)�mean(⇡0)k2 < +1

<latexit sha1_base64="yK4yrCK+9AwhvDSvzN9sGASf8XE="></latexit>
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Optimal Transport for CSL: 2) Wass vs MMD

77

(1)

A bunch of negative results

8⇡,⇡0 2 S,Wq(⇡,⇡0) . MMD�
(⇡,⇡

0), 0 < �  1

<latexit sha1_base64="2A4ucdgKft+YcvjTN36Qw+TAbMI="></latexit>

Goal

 bounded

<latexit sha1_base64="fucuPXFskFTgNqhXmJSOG2Iv6jk="></latexit>

Any S

<latexit sha1_base64="VKMi5w+KyC3FA80jsQZhz7XIrME="></latexit>

If (1) then:•

<latexit sha1_base64="tbGUMC1jhs3JnXdMCICI458r3Eo="></latexit>

•

<latexit sha1_base64="tbGUMC1jhs3JnXdMCICI458r3Eo="></latexit>

sup⇡,⇡02S kmean(⇡)�mean(⇡0)k2 < +1

<latexit sha1_base64="yK4yrCK+9AwhvDSvzN9sGASf8XE="></latexit>

Since:

MMD  cte < +1

<latexit sha1_base64="e4M+hFnLdFoXtO+hnj7sjz1HfWM="></latexit>



Optimal Transport for CSL: 2) Wass vs MMD
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(1)

A bunch of negative results

8⇡,⇡0 2 S,Wq(⇡,⇡0) . MMD�
(⇡,⇡

0), 0 < �  1

<latexit sha1_base64="2A4ucdgKft+YcvjTN36Qw+TAbMI="></latexit>

Goal

 bounded

<latexit sha1_base64="fucuPXFskFTgNqhXmJSOG2Iv6jk="></latexit>

•

<latexit sha1_base64="tbGUMC1jhs3JnXdMCICI458r3Eo="></latexit>

•

<latexit sha1_base64="tbGUMC1jhs3JnXdMCICI458r3Eo="></latexit>

S contains all distrib. with compact support

<latexit sha1_base64="KMbCedJRW6yUXu0jFRTgDQ+ayK8="></latexit>

If (1) then:

Convergence of finite samples
Wass = curse of dim. 

MMD not

�  2/d

<latexit sha1_base64="Ra6ggPc97KiatQ3gPk6bLfzYveM="></latexit>

E[W1(⇡,⇡n)] & n�1/d

<latexit sha1_base64="OR8sU7KMuwIQCqqNddQ90ZrgoSs="></latexit>

E[MMD�
(⇡,⇡n)] . n��/2

<latexit sha1_base64="kofqlhXtFNYSmCl1w+TArGMdBI8="></latexit>

Since:



If (1) then:
Very slow rate for CSL

Optimal Transport for CSL: 2) Wass vs MMD

79

(1)

A bunch of negative results

8⇡,⇡0 2 S,Wq(⇡,⇡0) . MMD�
(⇡,⇡

0), 0 < �  1

<latexit sha1_base64="2A4ucdgKft+YcvjTN36Qw+TAbMI="></latexit>

Goal

 bounded

<latexit sha1_base64="fucuPXFskFTgNqhXmJSOG2Iv6jk="></latexit>

•

<latexit sha1_base64="tbGUMC1jhs3JnXdMCICI458r3Eo="></latexit>

•

<latexit sha1_base64="tbGUMC1jhs3JnXdMCICI458r3Eo="></latexit>

S contains all distrib. with compact support

<latexit sha1_base64="KMbCedJRW6yUXu0jFRTgDQ+ayK8="></latexit>

Convergence of finite samples
Wass = curse of dim. 

MMD not

Since:
�  2/d

<latexit sha1_base64="Ra6ggPc97KiatQ3gPk6bLfzYveM="></latexit>

E[W1(⇡,⇡n)] & n�1/d

<latexit sha1_base64="OR8sU7KMuwIQCqqNddQ90ZrgoSs="></latexit>

E[MMD�
(⇡,⇡n)] . n��/2

<latexit sha1_base64="kofqlhXtFNYSmCl1w+TArGMdBI8="></latexit>



Optimal Transport for CSL: 2) Wass vs MMD
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(1)

A bunch of negative results

8⇡,⇡0 2 S,Wq(⇡,⇡0) . MMD�
(⇡,⇡

0), 0 < �  1

<latexit sha1_base64="2A4ucdgKft+YcvjTN36Qw+TAbMI="></latexit>

Goal

•

<latexit sha1_base64="tbGUMC1jhs3JnXdMCICI458r3Eo="></latexit>

•

<latexit sha1_base64="tbGUMC1jhs3JnXdMCICI458r3Eo="></latexit>

(x,y) = 0(x� y) with 0 2 Ck

<latexit sha1_base64="jvMwMod4yTav1Xy9uPKSNdjz/Bk="></latexit>

S contains mixtures of bk
2 c+ 1 diracs on a ball

<latexit sha1_base64="djKc583gCcITnYGSXjhw0kLukdY="></latexit>

P(X )

<latexit sha1_base64="KXgcxMAmsPftmczh6vgn6o7OMoc="></latexit>

If (1) then:

�  2/k

<latexit sha1_base64="d3WGVa+76cNhXyqIimvzLLv9/fM="></latexit>



Optimal Transport for CSL: 2) Wass vs MMD

81

(1)

A bunch of negative results

8⇡,⇡0 2 S,Wq(⇡,⇡0) . MMD�
(⇡,⇡

0), 0 < �  1

<latexit sha1_base64="2A4ucdgKft+YcvjTN36Qw+TAbMI="></latexit>

Goal

•

<latexit sha1_base64="tbGUMC1jhs3JnXdMCICI458r3Eo="></latexit>

•

<latexit sha1_base64="tbGUMC1jhs3JnXdMCICI458r3Eo="></latexit>

P(X )

<latexit sha1_base64="KXgcxMAmsPftmczh6vgn6o7OMoc="></latexit>

S contains mixtures of K diracs on a ball

<latexit sha1_base64="dbTxMWsgrsRLPLu3CF7MDDdw/n8="></latexit>

If (1) then:

�  2/K

<latexit sha1_base64="sg8Z3R33nOHE/bKfJMWbYCB0Ayo="></latexit>

(x,y) = 0(x� y) with 0 2 C1

<latexit sha1_base64="hJcaMvWmLSTqPyI859Yyb9JkEU8="></latexit>

smooth



Optimal Transport for CSL: 2) Wass vs MMD

82

(1)

A bunch of negative results

8⇡,⇡0 2 S,Wq(⇡,⇡0) . MMD�
(⇡,⇡

0), 0 < �  1

<latexit sha1_base64="2A4ucdgKft+YcvjTN36Qw+TAbMI="></latexit>

Goal

•

<latexit sha1_base64="tbGUMC1jhs3JnXdMCICI458r3Eo="></latexit>

•

<latexit sha1_base64="tbGUMC1jhs3JnXdMCICI458r3Eo="></latexit>

P(X )

<latexit sha1_base64="KXgcxMAmsPftmczh6vgn6o7OMoc="></latexit>

S contains mixtures of K diracs on a ball

<latexit sha1_base64="dbTxMWsgrsRLPLu3CF7MDDdw/n8="></latexit>

If (1) then:

�  2/K

<latexit sha1_base64="sg8Z3R33nOHE/bKfJMWbYCB0Ayo="></latexit>

Trade off between regularity of the kernel and �  2/K

<latexit sha1_base64="sg8Z3R33nOHE/bKfJMWbYCB0Ayo="></latexit>

We can not control Wass by MMD uniformly over all 
discrete distrib. (even compact) for a smooth TI kernel 

smooth(x,y) = 0(x� y) with 0 2 C1

<latexit sha1_base64="hJcaMvWmLSTqPyI859Yyb9JkEU8="></latexit>
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Let us be positive now: the real line

On R

<latexit sha1_base64="TUXA7+n3qOWYCI/pC8d2pnK/ggg="></latexit>

Wasserstein admits a closed-form 
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Let us be positive now: the real line

On R

<latexit sha1_base64="TUXA7+n3qOWYCI/pC8d2pnK/ggg="></latexit>

Wasserstein admits a closed-form 

0 2 4 6 8

0.0

0.2

0.4

0.6

0.8

1.0

2 0 2 4 6 8 10 12

0.0
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0.8

1.0

(x, y) = 0(x� y)

<latexit sha1_base64="h33U5dpJGJCH5Y9b71UXvQRpjuw="></latexit>

For any

Hypothesis

Remarks
True for any T.I. with some regularities

(c0)�1

<latexit sha1_base64="qoWuPMm0T49qk1H2fqghv4LhthM="></latexit>

continuous (c0)�1(!) = O+1(!k)

<latexit sha1_base64="+VP47BH4o5MZecbiBtYWY8t7gsE="></latexit>
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Let us be positive now: the real line

On R

<latexit sha1_base64="TUXA7+n3qOWYCI/pC8d2pnK/ggg="></latexit>

Wasserstein admits a closed-form 

0 2 4 6 8
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0.4

0.6

0.8

1.0
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1.0

(x, y) = 0(x� y)

<latexit sha1_base64="h33U5dpJGJCH5Y9b71UXvQRpjuw="></latexit>

For any

Hypothesis

Remarks
True for any T.I. with some regularities

(c0)�1

<latexit sha1_base64="qoWuPMm0T49qk1H2fqghv4LhthM="></latexit>

continuous (c0)�1(!) = O+1(!k)

<latexit sha1_base64="+VP47BH4o5MZecbiBtYWY8t7gsE="></latexit>

Gaussian 

Matérn class, splines, 

polyharmonic curves 

[Rsmussen and Williams, 2005]
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Let us be positive now: the real line

On R

<latexit sha1_base64="TUXA7+n3qOWYCI/pC8d2pnK/ggg="></latexit>

Wasserstein admits a closed-form 

0 2 4 6 8

0.0

0.2

0.4

0.6

0.8

1.0
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0.0
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1.0

(x, y) = 0(x� y)

<latexit sha1_base64="h33U5dpJGJCH5Y9b71UXvQRpjuw="></latexit>

For any

Hypothesis

(c0)�1

<latexit sha1_base64="qoWuPMm0T49qk1H2fqghv4LhthM="></latexit>

continuous (c0)�1(!) = O+1(!k)

<latexit sha1_base64="+VP47BH4o5MZecbiBtYWY8t7gsE="></latexit>

Remarks
True with some regularities on the distrib

S ✓ {⇡ ⌧ fdx,mean(⇡) = m, kfkW s,1  M}

<latexit sha1_base64="IOf3fkvxkNIpZvB7cUQBz7M1yRo="></latexit>

s � k/2 + 1

<latexit sha1_base64="Scn1+BRYOthzDN5GBuQwtAOblhI="></latexit>
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Let us be positive now: the real line

On R

<latexit sha1_base64="TUXA7+n3qOWYCI/pC8d2pnK/ggg="></latexit>

Wasserstein admits a closed-form 

0 2 4 6 8

0.0
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0.4

0.6

0.8

1.0
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0.0
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1.0

(x, y) = 0(x� y)

<latexit sha1_base64="h33U5dpJGJCH5Y9b71UXvQRpjuw="></latexit>

For any

Hypothesis

(c0)�1

<latexit sha1_base64="qoWuPMm0T49qk1H2fqghv4LhthM="></latexit>

continuous (c0)�1(!) = O+1(!k)

<latexit sha1_base64="+VP47BH4o5MZecbiBtYWY8t7gsE="></latexit>

Remarks

S ✓ {⇡ ⌧ fdx,mean(⇡) = m, kfkW s,1  M}

<latexit sha1_base64="IOf3fkvxkNIpZvB7cUQBz7M1yRo="></latexit>

s � k/2 + 1

<latexit sha1_base64="Scn1+BRYOthzDN5GBuQwtAOblhI="></latexit>

Density

True with some regularities on the distrib
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Let us be positive now: the real line

On R

<latexit sha1_base64="TUXA7+n3qOWYCI/pC8d2pnK/ggg="></latexit>

Wasserstein admits a closed-form 

0 2 4 6 8
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(x, y) = 0(x� y)

<latexit sha1_base64="h33U5dpJGJCH5Y9b71UXvQRpjuw="></latexit>

For any

Hypothesis

(c0)�1

<latexit sha1_base64="qoWuPMm0T49qk1H2fqghv4LhthM="></latexit>

continuous (c0)�1(!) = O+1(!k)

<latexit sha1_base64="+VP47BH4o5MZecbiBtYWY8t7gsE="></latexit>

Remarks

S ✓ {⇡ ⌧ fdx,mean(⇡) = m, kfkW s,1  M}

<latexit sha1_base64="IOf3fkvxkNIpZvB7cUQBz7M1yRo="></latexit>

s � k/2 + 1

<latexit sha1_base64="Scn1+BRYOthzDN5GBuQwtAOblhI="></latexit>

Same mean (centered)

True with some regularities on the distrib
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Let us be positive now: the real line

On R

<latexit sha1_base64="TUXA7+n3qOWYCI/pC8d2pnK/ggg="></latexit>

Wasserstein admits a closed-form 
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(x, y) = 0(x� y)

<latexit sha1_base64="h33U5dpJGJCH5Y9b71UXvQRpjuw="></latexit>

For any

Hypothesis

(c0)�1

<latexit sha1_base64="qoWuPMm0T49qk1H2fqghv4LhthM="></latexit>

continuous (c0)�1(!) = O+1(!k)

<latexit sha1_base64="+VP47BH4o5MZecbiBtYWY8t7gsE="></latexit>

Remarks

S ✓ {⇡ ⌧ fdx,mean(⇡) = m, kfkW s,1  M}

<latexit sha1_base64="IOf3fkvxkNIpZvB7cUQBz7M1yRo="></latexit>

s � k/2 + 1

<latexit sha1_base64="Scn1+BRYOthzDN5GBuQwtAOblhI="></latexit>

Sobolev Ball

True with some regularities on the distrib
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Let us be positive now: the real line

On R

<latexit sha1_base64="TUXA7+n3qOWYCI/pC8d2pnK/ggg="></latexit>

Wasserstein admits a closed-form 
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(x, y) = 0(x� y)

<latexit sha1_base64="h33U5dpJGJCH5Y9b71UXvQRpjuw="></latexit>

For any

(c0)�1

<latexit sha1_base64="qoWuPMm0T49qk1H2fqghv4LhthM="></latexit>

continuous (c0)�1(!) = O+1(!k)

<latexit sha1_base64="+VP47BH4o5MZecbiBtYWY8t7gsE="></latexit>

S ✓ {⇡ ⌧ fdx,mean(⇡) = m, kfkW s,1  M}

<latexit sha1_base64="IOf3fkvxkNIpZvB7cUQBz7M1yRo="></latexit>

s � k/2 + 1

<latexit sha1_base64="Scn1+BRYOthzDN5GBuQwtAOblhI="></latexit>

=)

<latexit sha1_base64="wwT7uSR7b4GEC/jzhFPT65mIf7Q="></latexit>

Hypothesis

8⇡,⇡0 2 S,W2(⇡,⇡0) . MMD1/2
 (⇡,⇡0)

<latexit sha1_base64="xmiLNeU8yHZLlCNnUSnaTYxvvTc="></latexit>
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Let us be positive now: the real line

On R

<latexit sha1_base64="TUXA7+n3qOWYCI/pC8d2pnK/ggg="></latexit>

Wasserstein admits a closed-form 
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8⇡,⇡0 2 S,W2(⇡,⇡0) . MMD1/2
 (⇡,⇡0)

<latexit sha1_base64="xmiLNeU8yHZLlCNnUSnaTYxvvTc="></latexit>

Sketch: CDF

W2(⇡,⇡0) = kF �GkL2 = 1
2⇡kF̂ � ĜkL2

<latexit sha1_base64="OvHPQLH1KtEZDMqkFzcN9ehD8Ps="></latexit>

On R

<latexit sha1_base64="TUXA7+n3qOWYCI/pC8d2pnK/ggg="></latexit>



Optimal Transport for CSL: 2) Wass vs MMD

Let us be positive now: the real line

On R

<latexit sha1_base64="TUXA7+n3qOWYCI/pC8d2pnK/ggg="></latexit>

Wasserstein admits a closed-form 
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8⇡,⇡0 2 S,W2(⇡,⇡0) . MMD1/2
 (⇡,⇡0)

<latexit sha1_base64="xmiLNeU8yHZLlCNnUSnaTYxvvTc="></latexit>

Sketch:

W2(⇡,⇡0) = kF �GkL2 = 1
2⇡kF̂ � ĜkL2

<latexit sha1_base64="OvHPQLH1KtEZDMqkFzcN9ehD8Ps="></latexit>

On R

<latexit sha1_base64="TUXA7+n3qOWYCI/pC8d2pnK/ggg="></latexit>

W 2
2 (⇡,⇡

0) = 1
2⇡

R
|!|�2|f̂(!)� ĝ(!)|2d!

<latexit sha1_base64="KV0CkdqNsNtI+MJeZZucqzU5k2E="></latexit>

So 

 1
2⇡

⇣R |f̂(!)�ĝ(!)|2
|!|4c0(!) d!

⌘ 1
2
⇣R

c0(!)|f̂(!)� ĝ(!)|2d!
⌘ 1

2

<latexit sha1_base64="JGwmnoL/EpwJiJB3L47e4KszqSE="></latexit>
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Let us be positive now: the real line

On R

<latexit sha1_base64="TUXA7+n3qOWYCI/pC8d2pnK/ggg="></latexit>

Wasserstein admits a closed-form 
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8⇡,⇡0 2 S,W2(⇡,⇡0) . MMD1/2
 (⇡,⇡0)

<latexit sha1_base64="xmiLNeU8yHZLlCNnUSnaTYxvvTc="></latexit>

Sketch:

W2(⇡,⇡0) = kF �GkL2 = 1
2⇡kF̂ � ĜkL2

<latexit sha1_base64="OvHPQLH1KtEZDMqkFzcN9ehD8Ps="></latexit>

On R

<latexit sha1_base64="TUXA7+n3qOWYCI/pC8d2pnK/ggg="></latexit>

W 2
2 (⇡,⇡

0) = 1
2⇡

R
|!|�2|f̂(!)� ĝ(!)|2d!

<latexit sha1_base64="KV0CkdqNsNtI+MJeZZucqzU5k2E="></latexit>

So 

 1
2⇡

⇣R |f̂(!)�ĝ(!)|2
|!|4c0(!) d!

⌘ 1
2
⇣R

c0(!)|f̂(!)� ĝ(!)|2d!
⌘ 1

2

<latexit sha1_base64="JGwmnoL/EpwJiJB3L47e4KszqSE="></latexit>

MMD

<latexit sha1_base64="AffSYNO/Zprd+CNhBYBFiE8yq9w="></latexit>
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Let us be positive now: the real line

On R

<latexit sha1_base64="TUXA7+n3qOWYCI/pC8d2pnK/ggg="></latexit>

Wasserstein admits a closed-form 

0 2 4 6 8
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0.0
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0.8

1.0

8⇡,⇡0 2 S,W2(⇡,⇡0) . MMD1/2
 (⇡,⇡0)

<latexit sha1_base64="xmiLNeU8yHZLlCNnUSnaTYxvvTc="></latexit>

Sketch:

W2(⇡,⇡0) = kF �GkL2 = 1
2⇡kF̂ � ĜkL2

<latexit sha1_base64="OvHPQLH1KtEZDMqkFzcN9ehD8Ps="></latexit>

On R

<latexit sha1_base64="TUXA7+n3qOWYCI/pC8d2pnK/ggg="></latexit>

W 2
2 (⇡,⇡

0) = 1
2⇡

R
|!|�2|f̂(!)� ĝ(!)|2d!

<latexit sha1_base64="KV0CkdqNsNtI+MJeZZucqzU5k2E="></latexit>

So 

 1
2⇡

⇣R |f̂(!)�ĝ(!)|2
|!|4c0(!) d!

⌘ 1
2
⇣R

c0(!)|f̂(!)� ĝ(!)|2d!
⌘ 1

2

<latexit sha1_base64="JGwmnoL/EpwJiJB3L47e4KszqSE="></latexit>

. cte

<latexit sha1_base64="rgkj4V0KcUgaiwa/rIvqO01zPrU="></latexit>
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Let us be positive now: the real line

On R

<latexit sha1_base64="TUXA7+n3qOWYCI/pC8d2pnK/ggg="></latexit>

Wasserstein admits a closed-form 
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For any

(c0)�1

<latexit sha1_base64="qoWuPMm0T49qk1H2fqghv4LhthM="></latexit>

continuous (c0)�1(!) = O+1(!k)

<latexit sha1_base64="+VP47BH4o5MZecbiBtYWY8t7gsE="></latexit>

s � k/2 + 1

<latexit sha1_base64="Scn1+BRYOthzDN5GBuQwtAOblhI="></latexit>

=)

<latexit sha1_base64="wwT7uSR7b4GEC/jzhFPT65mIf7Q="></latexit>

Hypothesis: without the mean

8⇡,⇡0 2 S,W2(⇡,⇡0) . MMD1/2
 (⇡,⇡0)

<latexit sha1_base64="xmiLNeU8yHZLlCNnUSnaTYxvvTc="></latexit>

S ✓ {⇡ ⌧ fdx, kfkW s,1(R)  M}

<latexit sha1_base64="gVoSYHtFqVKNbcAn7ycMgUH+OYc="></latexit>

0 Lipschitz

<latexit sha1_base64="iJt3NpIA4EEpUEsWNm2KHSKKwtk="></latexit>

(x, y) = 0(x� y) + xy

<latexit sha1_base64="Ot5VGRnUreYLwnAKs64KeRC/rCA="></latexit>

Not TI
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Let us be positive now:

Rd

<latexit sha1_base64="kNhvwhJjGlsnWWXaCAArDE8FNPY="></latexit>

R

<latexit sha1_base64="TUXA7+n3qOWYCI/pC8d2pnK/ggg="></latexit>

From to -> Sliced Wasserstein distance ! 

=)

<latexit sha1_base64="wwT7uSR7b4GEC/jzhFPT65mIf7Q="></latexit>

Compactness + regularity assumptions

Sliced kernel

Non-compactly supported distributions ? No density ?

8⇡,⇡0 2 S,W2(⇡,⇡0) . MMD
1

2q(d+1)
 (⇡,⇡0)

<latexit sha1_base64="s21W1Ou1L4GdlSiZbhAOLQTGGwI="></latexit>

(x,y) = E
✓⇠Sd�1

[0(✓
>x� ✓>y)] + 1

dx
>y

<latexit sha1_base64="dCX78VSjDcwQmLjyWoAZpgXxUa0="></latexit>

S ✓ {⇡ ⌧ fdx, kfkW s,1(Rd)  M, supp(f) ✓ B(0, R)}

<latexit sha1_base64="6JWUCoa93WJBslFCm5E6FsQcKZg="></latexit>
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The general case on Rd

<latexit sha1_base64="kNhvwhJjGlsnWWXaCAArDE8FNPY="></latexit>

For any where

Hypothesis  on the kernel

Decomposition true for « classical » T.I. kernels (Gaussian, Matérn, Laplace)

e.g. Gaussian kernel obtained with 

(x,y) = 0(x� y)

<latexit sha1_base64="KO/BTdtGc12nAB7hPgNi05ItivY="></latexit>

0 = ↵ ⇤ ↵

<latexit sha1_base64="luXs1ku58sQUZQx7vXCIcVfGS50="></latexit>

↵ � 0,
R
↵(x)dx = 1

<latexit sha1_base64="Aq96ODdEgJO3mkpF6w+rRT8eXMc="></latexit>

↵(x) = (2⇡)�d/2��d exp(�kxk22/�2)

<latexit sha1_base64="BF2WNjwYNpmGi8e9tqOvN81gfZA="></latexit>

« Convolution » or « Boas–Kac » root of the kernel
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The general case on Rd

<latexit sha1_base64="kNhvwhJjGlsnWWXaCAArDE8FNPY="></latexit>

s � 1

<latexit sha1_base64="SAUmzL4c0+ipMNUWnfHwJcAzbg4="></latexit>

For any where

S ✓ {⇡ 2 P(Rd),Ex⇠⇡[kxks]  M}

<latexit sha1_base64="MARdgXFiV5kDAHZ+sdc9CpJboPQ="></latexit>

Hypothesis  on the distrib.

(x,y) = 0(x� y)

<latexit sha1_base64="KO/BTdtGc12nAB7hPgNi05ItivY="></latexit>

0 = ↵ ⇤ ↵

<latexit sha1_base64="luXs1ku58sQUZQx7vXCIcVfGS50="></latexit>

All the distributions have uniformly s-bounded moments

Obtained e.g. parametric densities with bounded params or discrete distrib. 
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The general case on Rd

<latexit sha1_base64="kNhvwhJjGlsnWWXaCAArDE8FNPY="></latexit>

s � 1

<latexit sha1_base64="SAUmzL4c0+ipMNUWnfHwJcAzbg4="></latexit>

For any where

S ✓ {⇡ 2 P(Rd),Ex⇠⇡[kxks]  M}

<latexit sha1_base64="MARdgXFiV5kDAHZ+sdc9CpJboPQ="></latexit>

1  q < s

<latexit sha1_base64="KqtuW71Va4m0hGm/jfRcD+hWNes="></latexit>

For

Conclusion

(x,y) = 0(x� y)

<latexit sha1_base64="KO/BTdtGc12nAB7hPgNi05ItivY="></latexit>

0 = ↵ ⇤ ↵

<latexit sha1_base64="luXs1ku58sQUZQx7vXCIcVfGS50="></latexit>

8⇡,⇡0 2 S,Wq(⇡,⇡0) . MMD
2(s�q)
(d+2s)q
 (⇡,⇡0) + ⌘

<latexit sha1_base64="sM9Infel2BteMyQ2lUPqJV2+3AY="></latexit>

� = 2(s�q)
(d+2s)q

<latexit sha1_base64="BuEjWG6kup+Sfmm/eATHMjUGmwA="></latexit>

The regularity of the distrib. mitigates the curse of dim

� ⇡ 1
q

<latexit sha1_base64="WmNA7LP3kkm/832Rc9tzi2Kz2nc="></latexit>

s

<latexit sha1_base64="pGZjXKKCphsEpgWC34qgxVhCwvI="></latexit>

big

will add an error term for the Holder LRIP

Can be chosen arbitrary small -> sharper kernel

⌘ > 0

<latexit sha1_base64="Uwdx43a5DWBqrocVqlM0IHOMFBc="></latexit>
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100



Optimal Transport for CSL

101

R
oa

dm
ap

Up to here
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R
oa

dm
ap

To the end
Convergence empirical MMD. Need to control the « size » of S

<latexit sha1_base64="zPQsupOIfLneo8a5rjcUnkFsCIM="></latexit>

(covering numbers)
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Existence of sketching operator with CSL guarantees 

8⇡,⇡0 2 S, TaskMetric(⇡,⇡0) . MMD�
(⇡,⇡

0)

<latexit sha1_base64="t4prAmrM5ZcdeqDbhDzigdJrgQg="></latexit>

Box-counting dimension: d(S) < +1 (covering TV norm)

<latexit sha1_base64="7QsxWXId5YwHURn/ExXDrDyImAo="></latexit>

•

<latexit sha1_base64="0kmYgvIjEXW0NP4xwOu6KSR27vU="></latexit>

•

<latexit sha1_base64="0kmYgvIjEXW0NP4xwOu6KSR27vU="></latexit>

S

<latexit sha1_base64="+nq6xSqWYJEzSB7pNbIRQ/tuIYk="></latexit>

Suppose
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Existence of sketching operator with CSL guarantees 

8⇡,⇡0 2 S, TaskMetric(⇡,⇡0) . MMD�
(⇡,⇡

0)

<latexit sha1_base64="t4prAmrM5ZcdeqDbhDzigdJrgQg="></latexit>

Box-counting dimension: d(S) < +1 (covering TV norm)

<latexit sha1_base64="7QsxWXId5YwHURn/ExXDrDyImAo="></latexit>

•

<latexit sha1_base64="0kmYgvIjEXW0NP4xwOu6KSR27vU="></latexit>

•

<latexit sha1_base64="0kmYgvIjEXW0NP4xwOu6KSR27vU="></latexit>

S

<latexit sha1_base64="+nq6xSqWYJEzSB7pNbIRQ/tuIYk="></latexit>

Suppose

m > 2d(S)

<latexit sha1_base64="honcypjhxEkeNyrpgaOg1CDr474="></latexit>

Then with:

9A : P(X ) ! Rm
Hölder LRIP with � < �

<latexit sha1_base64="nMfQm3ZwKIdDdcyu6HsZYH/fOZ8="></latexit>

8⇡ 2 P(X ), excess-risk(⇡) . d�(⇡,S) + kA(⇡)�A(⇡n)k�2

<latexit sha1_base64="Mzw2UOHmz1qNxD0FRDoXP2jEiLY="></latexit>

CSL guarantees 
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A gentle recap

Compressive Statistical Learning

Statistical learning guarantees
LRIP -> difficult to prove

Hölder LRIP: easier + control of Wass by kernel norms

-> Need to design a model set of distrib.  

Ressource efficient ML framework 

+ suitable distributed/streaming learning

+ Privacy



106

Thank you!
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(1)

A bunch of negative results

8⇡,⇡0 2 S,Wq(⇡,⇡0) . MMD�
(⇡,⇡

0), 0 < �  1

<latexit sha1_base64="2A4ucdgKft+YcvjTN36Qw+TAbMI="></latexit>

Goal

 bounded

<latexit sha1_base64="fucuPXFskFTgNqhXmJSOG2Iv6jk="></latexit>

•

<latexit sha1_base64="tbGUMC1jhs3JnXdMCICI458r3Eo="></latexit>

•

<latexit sha1_base64="tbGUMC1jhs3JnXdMCICI458r3Eo="></latexit>

S contains a segment [⇡0,⇡1]

<latexit sha1_base64="yQhtkBpb8By3zVJdL6v3g9sQSC0="></latexit>

supp(⇡0) \ supp(⇡1) = ;

<latexit sha1_base64="QmsIQrkobMRe4rs1t+opbMLsa/I="></latexit>

If (1) then:

�  1/p

<latexit sha1_base64="FgPTIwinCFk2yT6sSxzpz+RnPK0="></latexit>

P(X )

<latexit sha1_base64="KXgcxMAmsPftmczh6vgn6o7OMoc="></latexit>



108

�(x) = ⇢(W>x)

<latexit sha1_base64="Jr64InfDOi3hCD2dea1cf1oP34o="></latexit>

Feature operator

W = (!1, · · · ,!m) 2 Rd⇥m

<latexit sha1_base64="iOBj48Mu4ugoTp/Z7f4NIk7Jk/E="></latexit>

X = Rd

<latexit sha1_base64="Vrx+NuToDu2FMzh0avwlUR9/b50="></latexit>

random matrix (e.g.  i.i.d. normal entries)

⇢

<latexit sha1_base64="oMIC7Awb5TAiTARG7lfVM6YXSn0="></latexit>

non-linear function applied pointwise

Towards CSL guarantees: 1) Learn from sketch

!i ⇠ ⇤ i.i.d.

<latexit sha1_base64="h9Z65kITdFEJn/qXwZ3Obs0IvEU="></latexit>

�(x) = 1p
m
(exp(�i!>

1 x), · · · , exp(�i!>
mx))>

<latexit sha1_base64="ML+siN1hpYAl4aJldzApM5DgumQ="></latexit>

⇢(t) = exp(�it)

<latexit sha1_base64="jWI1aVhD1Ua3VaZ3yI0/0uTuI9M="></latexit>

Example:

Random Fourier Features (RFF) [Rahimi and Recht, 2008]
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Towards CSL guarantees: 3) The LRIP

Setting X = Rd

<latexit sha1_base64="Vrx+NuToDu2FMzh0avwlUR9/b50="></latexit>

� = RFF

<latexit sha1_base64="4JeeTU7UswPDFDgyLCuwJ+llzh0="></latexit>

How to prove the LRIP

Step 1 Kernel LRIP

Step 2

Problems:

large enoughm

<latexit sha1_base64="rN6HYw8reGmIPDx8PML+Du/TzmI="></latexit>

Step 1: not trivial at all !
Few tasks (K-means, GMM) + need separability assumptions

How to prove it for more tasks ?

Step 2: a little bit easier
Convergence of empirical MMD to the true MMD 

+ 

Need to control the « size » of  S

<latexit sha1_base64="++qJIcsYCPJCSVN34w7FYtf9PcY="></latexit>

8⇡,⇡0 2 S,TaskMetric(⇡,⇡0) . MMD(⇡,⇡0)

<latexit sha1_base64="CqGzdwnMm96P05OTXKqP+ReBRrc="></latexit>

8⇡,⇡0 2 S,MMD(⇡,⇡0) ⇡ kA(⇡)�A(⇡0)k2

<latexit sha1_base64="Ht7wrk8nk3RWZ9T+9hqijGk1Zbc="></latexit>

(x,y) = 0(x� y)

<latexit sha1_base64="XIzSh+X92C5E7/iZJOJV5/ScJEs="></latexit>


