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12 1 An Invitation to Compressive Sensing

Fig. 1.6 Comparison of a traditional MRI reconstruction (left) and a compressive sensing recon-
struction (right). The pictures show a coronal slice through an abdomen of a 3-year-old pediatric
patient following an injection of a contrast agent. The image size was set to 320 × 256 × 160
voxels. The data were acquired using a 32-channel pediatric coil. The acquisition was accelerated
by a factor of 7.2 by random subsampling of the frequency domain. The left image is a traditional
linear reconstruction showing severe artifacts. The right image, a (wavelet-based) compressive
sensing reconstruction, exhibits diagnostic quality and significantly reduced artifacts. The subtle
features indicated with arrows show well on the compressive sensing reconstruction, while almost
disappearing in the traditional one (Image courtesy of Michael Lustig, Stanford University, and
Shreyas Vasanawala, Lucile Packard Children’s Hospital, Stanford University)

with the transformed measurement matrix A′ =AW=RKFW∈Cm×N and a
sparse or compressible vector x′ ∈CN . Again, we arrived at the standard compres-
sive sensing problem.

The challenge is to determine good sampling sets K with small size that still
ensure recovery of sparse images. The theory currently available predicts that
sampling sets K chosen uniformly at random among all possible sets of cardinality
m work well (at least whenW is the identity matrix). Indeed, the results of Chap. 12
guarantee that an s-sparse x′ ∈ CN can be reconstructed by !1-minimization if
m ≥ Cs lnN .

Unfortunately, such random sets K are difficult to realize in practice due to
the continuity constraints of the trajectories curves k1, . . . ,kL. Therefore, good
realizable sets K are investigated empirically. One option that seems to work well
takes the trajectories as parallel lines in R3 whose intersections with a coordinate
plane are chosen uniformly at random. This gives some sort of approximation to the
case where K is “completely” random. Other choices such as perturbed spirals are
also possible.

Figure 1.6 shows a comparison of a traditional MRI reconstruction technique
with reconstruction via compressive sensing. The compressive sensing reconstruc-
tion has much better visual quality and resolves some clinically important details,
which are not visible in the traditional reconstruction at all.
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Fig. 1.7 Schematic illustration of a radar device measuring distances and velocities of objects

Radar

Compressive sensing can be applied to several radar frameworks. In the one
presented here, an antenna sends out a properly designed electromagnetic wave—
the radar pulse—which is scattered at objects in the surrounding environment, for
instance, airplanes in the sky. A receive antenna then measures an electromagnetic
signal resulting from the scattered waves. Based on the delay of the received signal,
one can determine the distance of an object, and the Doppler effect allows one to
deduce its speed with respect to the direction of view; see Fig. 1.7 for an illustration.

Let us describe a simple finite-dimensional model for this scenario. We de-
note by (Tkz)j = zj−k mod m the cyclic translation operator on Cm and by
(M!z)j = e2πi!j/mzj the modulation operator on Cm. The map transforming the
sent signal to the received signal—also called channel—can be expressed as

B =
∑

(k,!)∈[m]2

xk,!TkM!,

where the translations correspond to delay and the modulations to Doppler effect.
The vector x = (xk,!) characterizes the channel. A nonzero entry xk,! occurs if
there is a scattering object present in the surroundings with distance and speed
corresponding to the shift Tk and modulation M!. Only a limited number of
scattering objects are usually present, which translates into the sparsity of the
coefficient vector x. The task is now to determine x and thereby to obtain
information about scatterers in the surroundings by probing the channel with a
suitable known radio pulse, modeled in this finite-dimensional setup by a vector
g ∈ Cm. The received signal y is given by

Radar

Observation
y = Ax 2 Rm
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A

<latexit sha1_base64="hu0uCcUwISrZj7GfqlPVwZeonJE="></latexit>

x

<latexit sha1_base64="G5xd/8aatDdk8GdzqnvYeIXAsUU="></latexit>

y

<latexit sha1_base64="G91/paBgHcyYKm54GTI1BvEFpdw="></latexit>

=

<latexit sha1_base64="vvoHMDsSBDSLlTg5gRtUSo9EtC8="></latexit>

From high dim to low dim

Infinity of solutions

x0 + �z, z 2 ker(A)

<latexit sha1_base64="7T3ORf47TB9KwjRu0lYPvAf47nk="></latexit>

m = d

<latexit sha1_base64="1TN+r6y3K2S5pckR4YNckVKdSkA="></latexit>

A

<latexit sha1_base64="hu0uCcUwISrZj7GfqlPVwZeonJE="></latexit>

x

<latexit sha1_base64="G5xd/8aatDdk8GdzqnvYeIXAsUU="></latexit>

y

<latexit sha1_base64="G91/paBgHcyYKm54GTI1BvEFpdw="></latexit>

=

<latexit sha1_base64="vvoHMDsSBDSLlTg5gRtUSo9EtC8="></latexit>

  Overdetermined

We have more data

From low dim to high dim

min
x

ky �Axk2

<latexit sha1_base64="dfM2x0vnYbzQeOG/d6JBLH8sSpw="></latexit>

[Gauss, 1795]

In general no sol:

m > d

<latexit sha1_base64="7HQcYlM73Hf2yntp+qV82dO/9vA="></latexit>

m < d

<latexit sha1_base64="Ks95hDX6KBp64PvLyJWjgQ7KOvM="></latexit>

We did compression



27

Compressed sensing theory: an invitation

A

<latexit sha1_base64="hu0uCcUwISrZj7GfqlPVwZeonJE="></latexit>

x

<latexit sha1_base64="G5xd/8aatDdk8GdzqnvYeIXAsUU="></latexit>

y

<latexit sha1_base64="G91/paBgHcyYKm54GTI1BvEFpdw="></latexit>

=

<latexit sha1_base64="vvoHMDsSBDSLlTg5gRtUSo9EtC8="></latexit>

  How can we recover 
  Underdetermined

x

<latexit sha1_base64="G5xd/8aatDdk8GdzqnvYeIXAsUU="></latexit>

?

Infinity of solutions

Ill-posed inverse problem

m < d

<latexit sha1_base64="Ks95hDX6KBp64PvLyJWjgQ7KOvM="></latexit>
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Compressed sensing theory: an invitation

  How can we recover x

<latexit sha1_base64="G5xd/8aatDdk8GdzqnvYeIXAsUU="></latexit>

?

  The sparse assumption 

Infinity of solutions

Ill-posed inverse problem

  Recovery is possible when we know something more about  

  The signal                 is high-dim but

x

<latexit sha1_base64="G5xd/8aatDdk8GdzqnvYeIXAsUU="></latexit>

x

<latexit sha1_base64="b4VyE3DqNDgZCbMLwmsgLX6kfuA="></latexit>

0

<latexit sha1_base64="g6wVcpfMZePI/qdbW9M3/J6voi8="></latexit>

0

<latexit sha1_base64="g6wVcpfMZePI/qdbW9M3/J6voi8="></latexit>

it is full of zeros
x 2 Rd

<latexit sha1_base64="lkIckgAVYKJbQrTnAy1WZk8amBQ="></latexit>

A

<latexit sha1_base64="hu0uCcUwISrZj7GfqlPVwZeonJE="></latexit>

x

<latexit sha1_base64="G5xd/8aatDdk8GdzqnvYeIXAsUU="></latexit>

y

<latexit sha1_base64="G91/paBgHcyYKm54GTI1BvEFpdw="></latexit>

=

<latexit sha1_base64="vvoHMDsSBDSLlTg5gRtUSo9EtC8="></latexit>

  Underdetermined m < d

<latexit sha1_base64="Ks95hDX6KBp64PvLyJWjgQ7KOvM="></latexit>
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Compressed sensing theory: an invitation

  How can we recover x

<latexit sha1_base64="G5xd/8aatDdk8GdzqnvYeIXAsUU="></latexit>

?

  The sparse assumption 

Infinity of solutions

Ill-posed inverse problem

  Recovery is possible when we know something more about  

  The signal                 is high-dim but

x

<latexit sha1_base64="G5xd/8aatDdk8GdzqnvYeIXAsUU="></latexit>

x

<latexit sha1_base64="b4VyE3DqNDgZCbMLwmsgLX6kfuA="></latexit>

0

<latexit sha1_base64="g6wVcpfMZePI/qdbW9M3/J6voi8="></latexit>

0

<latexit sha1_base64="g6wVcpfMZePI/qdbW9M3/J6voi8="></latexit>

it is full of zeros

  In a way x

<latexit sha1_base64="G5xd/8aatDdk8GdzqnvYeIXAsUU="></latexit>

lives in a low-dim. space

A

<latexit sha1_base64="hu0uCcUwISrZj7GfqlPVwZeonJE="></latexit>

x

<latexit sha1_base64="G5xd/8aatDdk8GdzqnvYeIXAsUU="></latexit>

y

<latexit sha1_base64="G91/paBgHcyYKm54GTI1BvEFpdw="></latexit>

=

<latexit sha1_base64="vvoHMDsSBDSLlTg5gRtUSo9EtC8="></latexit>

We need much 
less information 
to recover x

<latexit sha1_base64="G5xd/8aatDdk8GdzqnvYeIXAsUU="></latexit>

x 2 Rd

<latexit sha1_base64="lkIckgAVYKJbQrTnAy1WZk8amBQ="></latexit>

A

<latexit sha1_base64="hu0uCcUwISrZj7GfqlPVwZeonJE="></latexit>

x

<latexit sha1_base64="G5xd/8aatDdk8GdzqnvYeIXAsUU="></latexit>

y

<latexit sha1_base64="G91/paBgHcyYKm54GTI1BvEFpdw="></latexit>

=

<latexit sha1_base64="vvoHMDsSBDSLlTg5gRtUSo9EtC8="></latexit>

  Underdetermined m < d

<latexit sha1_base64="Ks95hDX6KBp64PvLyJWjgQ7KOvM="></latexit>
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  How can we recover x

<latexit sha1_base64="G5xd/8aatDdk8GdzqnvYeIXAsUU="></latexit>

?

  The sparse assumption 

Infinity of solutions

  Recovery is possible when we know something more about  

  The signal                 is high-dim but

x

<latexit sha1_base64="G5xd/8aatDdk8GdzqnvYeIXAsUU="></latexit>

x

<latexit sha1_base64="b4VyE3DqNDgZCbMLwmsgLX6kfuA="></latexit>

0

<latexit sha1_base64="g6wVcpfMZePI/qdbW9M3/J6voi8="></latexit>

0

<latexit sha1_base64="g6wVcpfMZePI/qdbW9M3/J6voi8="></latexit>

it is full of zeros

kxk0  k

<latexit sha1_base64="pbkzcFpG7mvQTqawgAuaOM//a00="></latexit>

 E.g.
  In a way x

<latexit sha1_base64="G5xd/8aatDdk8GdzqnvYeIXAsUU="></latexit>

lives in a low-dim. space

A

<latexit sha1_base64="hu0uCcUwISrZj7GfqlPVwZeonJE="></latexit>

x

<latexit sha1_base64="G5xd/8aatDdk8GdzqnvYeIXAsUU="></latexit>

y

<latexit sha1_base64="G91/paBgHcyYKm54GTI1BvEFpdw="></latexit>

=

<latexit sha1_base64="vvoHMDsSBDSLlTg5gRtUSo9EtC8="></latexit>

We need much 
less information 
to recover x

<latexit sha1_base64="G5xd/8aatDdk8GdzqnvYeIXAsUU="></latexit>

x 2 Rn

<latexit sha1_base64="bQ4DThDrlocog7b5H4vBmA5FC6M="></latexit>

is kxk0  k

<latexit sha1_base64="pbkzcFpG7mvQTqawgAuaOM//a00="></latexit>

- sparse

 Number of nnz 
components

x 2 Rd

<latexit sha1_base64="lkIckgAVYKJbQrTnAy1WZk8amBQ="></latexit>

kxk0 =
Pd

i=1 1xi 6=0

<latexit sha1_base64="f9k4hTkZ/s1y8SXbmTVb/+IbARA="></latexit>

A

<latexit sha1_base64="hu0uCcUwISrZj7GfqlPVwZeonJE="></latexit>

x

<latexit sha1_base64="G5xd/8aatDdk8GdzqnvYeIXAsUU="></latexit>

y

<latexit sha1_base64="G91/paBgHcyYKm54GTI1BvEFpdw="></latexit>

=

<latexit sha1_base64="vvoHMDsSBDSLlTg5gRtUSo9EtC8="></latexit>

  Underdetermined m < d

<latexit sha1_base64="Ks95hDX6KBp64PvLyJWjgQ7KOvM="></latexit>

Ill-posed inverse problem



31

Compressed sensing theory: an invitation

  How can we recover x

<latexit sha1_base64="G5xd/8aatDdk8GdzqnvYeIXAsUU="></latexit>

?

  The sparse assumption 

Infinity of solutions

  The signal                 is sparse

  We could solve:

(1) min
x s.t. y=Ax

kxk0

<latexit sha1_base64="VMQjoE+49xbmCVFg6ZdmXPTyjhs="></latexit>

x 2 Rd

<latexit sha1_base64="lkIckgAVYKJbQrTnAy1WZk8amBQ="></latexit>

A

<latexit sha1_base64="hu0uCcUwISrZj7GfqlPVwZeonJE="></latexit>

x

<latexit sha1_base64="G5xd/8aatDdk8GdzqnvYeIXAsUU="></latexit>

y

<latexit sha1_base64="G91/paBgHcyYKm54GTI1BvEFpdw="></latexit>

=

<latexit sha1_base64="vvoHMDsSBDSLlTg5gRtUSo9EtC8="></latexit>

  Underdetermined m < d

<latexit sha1_base64="Ks95hDX6KBp64PvLyJWjgQ7KOvM="></latexit>

Ill-posed inverse problem
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Compressed sensing theory: an invitation

  How can we recover x

<latexit sha1_base64="G5xd/8aatDdk8GdzqnvYeIXAsUU="></latexit>

?

  The sparse assumption 

Infinity of solutions

  The signal                 is sparse

  We could solve:

(1) min
x s.t. y=Ax

kxk0

<latexit sha1_base64="VMQjoE+49xbmCVFg6ZdmXPTyjhs="></latexit>

Find the sparsest 
vector

x 2 Rd

<latexit sha1_base64="lkIckgAVYKJbQrTnAy1WZk8amBQ="></latexit>

A

<latexit sha1_base64="hu0uCcUwISrZj7GfqlPVwZeonJE="></latexit>

x

<latexit sha1_base64="G5xd/8aatDdk8GdzqnvYeIXAsUU="></latexit>

y

<latexit sha1_base64="G91/paBgHcyYKm54GTI1BvEFpdw="></latexit>

=

<latexit sha1_base64="vvoHMDsSBDSLlTg5gRtUSo9EtC8="></latexit>

  Underdetermined m < d

<latexit sha1_base64="Ks95hDX6KBp64PvLyJWjgQ7KOvM="></latexit>

Ill-posed inverse problem
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Compressed sensing theory: an invitation

  How can we recover x

<latexit sha1_base64="G5xd/8aatDdk8GdzqnvYeIXAsUU="></latexit>

?

  The sparse assumption 

Infinity of solutions

  The signal                 is sparse

  We could solve:

(1) min
x s.t. y=Ax

kxk0

<latexit sha1_base64="VMQjoE+49xbmCVFg6ZdmXPTyjhs="></latexit>

Which satisfies the 
constraints

x 2 Rd

<latexit sha1_base64="lkIckgAVYKJbQrTnAy1WZk8amBQ="></latexit>

A

<latexit sha1_base64="hu0uCcUwISrZj7GfqlPVwZeonJE="></latexit>

x

<latexit sha1_base64="G5xd/8aatDdk8GdzqnvYeIXAsUU="></latexit>

y

<latexit sha1_base64="G91/paBgHcyYKm54GTI1BvEFpdw="></latexit>

=

<latexit sha1_base64="vvoHMDsSBDSLlTg5gRtUSo9EtC8="></latexit>

  Underdetermined m < d

<latexit sha1_base64="Ks95hDX6KBp64PvLyJWjgQ7KOvM="></latexit>

Ill-posed inverse problem
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Compressed sensing theory: an invitation

  How can we recover x

<latexit sha1_base64="G5xd/8aatDdk8GdzqnvYeIXAsUU="></latexit>

?

  The sparse assumption 

Infinity of solutions

  The signal                 is sparse

  We could solve:

(1) min
x s.t. y=Ax

kxk0

<latexit sha1_base64="VMQjoE+49xbmCVFg6ZdmXPTyjhs="></latexit>

x 2 Rd

<latexit sha1_base64="lkIckgAVYKJbQrTnAy1WZk8amBQ="></latexit>

  Theorem

every k-sparse x can be recovered

<latexit sha1_base64="F21h3AGRKl6FnT78jj9aOmVLhso="></latexit>

every
(m = 2k)

<latexit sha1_base64="3U4f6f6vqyIvV/X2GV6/psOaohs="></latexit>

can be recovered from 

(1) min
x s.t. y=Ax

kxk0

<latexit sha1_base64="VMQjoE+49xbmCVFg6ZdmXPTyjhs="></latexit>

by solving

y = Ax

<latexit sha1_base64="0xN3QxZLxXzxDECoNDtwsr8S9Go="></latexit>

d � 2k

<latexit sha1_base64="nB0eERO2Q0Kx9zjFdqWfGLauXTc="></latexit>

9A 2 R2k⇥d

<latexit sha1_base64="0UWTzMaAioQwHpQBhsqiCj4Hw7o="></latexit>

A

<latexit sha1_base64="hu0uCcUwISrZj7GfqlPVwZeonJE="></latexit>

x

<latexit sha1_base64="G5xd/8aatDdk8GdzqnvYeIXAsUU="></latexit>

y

<latexit sha1_base64="G91/paBgHcyYKm54GTI1BvEFpdw="></latexit>

=

<latexit sha1_base64="vvoHMDsSBDSLlTg5gRtUSo9EtC8="></latexit>

  Underdetermined m < d

<latexit sha1_base64="Ks95hDX6KBp64PvLyJWjgQ7KOvM="></latexit>

Ill-posed inverse problem
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Compressed sensing theory: an invitation

  How can we recover x

<latexit sha1_base64="G5xd/8aatDdk8GdzqnvYeIXAsUU="></latexit>

?

  The sparse assumption 

Infinity of solutions

  The signal                 is sparse

  We could solve:

(1) min
x s.t. y=Ax

kxk0

<latexit sha1_base64="VMQjoE+49xbmCVFg6ZdmXPTyjhs="></latexit>

  Is it done ? No … 
  Not robust to noise
y = Ax+ e

<latexit sha1_base64="b9K9KDwMmR6Hongm3kpOgsxVYEM="></latexit>

        is NP-hard(1) min
x s.t. y=Ax

kxk0

<latexit sha1_base64="VMQjoE+49xbmCVFg6ZdmXPTyjhs="></latexit>

  Not robust w.r.t. sparsity  
level

x 2 Rd

<latexit sha1_base64="lkIckgAVYKJbQrTnAy1WZk8amBQ="></latexit>

  Theorem

every k-sparse x can be recovered

<latexit sha1_base64="F21h3AGRKl6FnT78jj9aOmVLhso="></latexit>

every
(m = 2k)

<latexit sha1_base64="3U4f6f6vqyIvV/X2GV6/psOaohs="></latexit>

can be recovered from 

(1) min
x s.t. y=Ax

kxk0

<latexit sha1_base64="VMQjoE+49xbmCVFg6ZdmXPTyjhs="></latexit>

by solving

y = Ax

<latexit sha1_base64="0xN3QxZLxXzxDECoNDtwsr8S9Go="></latexit>

d � 2k

<latexit sha1_base64="nB0eERO2Q0Kx9zjFdqWfGLauXTc="></latexit>

9A 2 R2k⇥d

<latexit sha1_base64="0UWTzMaAioQwHpQBhsqiCj4Hw7o="></latexit>

A

<latexit sha1_base64="hu0uCcUwISrZj7GfqlPVwZeonJE="></latexit>

x

<latexit sha1_base64="G5xd/8aatDdk8GdzqnvYeIXAsUU="></latexit>

y

<latexit sha1_base64="G91/paBgHcyYKm54GTI1BvEFpdw="></latexit>

=

<latexit sha1_base64="vvoHMDsSBDSLlTg5gRtUSo9EtC8="></latexit>

  Underdetermined m < d

<latexit sha1_base64="Ks95hDX6KBp64PvLyJWjgQ7KOvM="></latexit>

Ill-posed inverse problem



m < d

<latexit sha1_base64="Ks95hDX6KBp64PvLyJWjgQ7KOvM="></latexit>
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A

<latexit sha1_base64="hu0uCcUwISrZj7GfqlPVwZeonJE="></latexit>

x

<latexit sha1_base64="G5xd/8aatDdk8GdzqnvYeIXAsUU="></latexit>

y

<latexit sha1_base64="G91/paBgHcyYKm54GTI1BvEFpdw="></latexit>

=

<latexit sha1_base64="vvoHMDsSBDSLlTg5gRtUSo9EtC8="></latexit>

  How can we recover 
  Underdetermined

x

<latexit sha1_base64="G5xd/8aatDdk8GdzqnvYeIXAsUU="></latexit>

?

  The sparse assumption 

Infinity of solutions

Ill-posed inverse problem

  The signal                 is sparsex 2 Rn

<latexit sha1_base64="bQ4DThDrlocog7b5H4vBmA5FC6M="></latexit>

  We could solve:

(1) min
x s.t. y=Ax

kxk0

<latexit sha1_base64="VMQjoE+49xbmCVFg6ZdmXPTyjhs="></latexit>

  Is it done ? No … 

If n � 2k, 9A 2 R2k⇥n

<latexit sha1_base64="7nJEIYbV7C7Vuxgf787DbGGc24A="></latexit>

  Theorem

every k-sparse x can be recovered

<latexit sha1_base64="F21h3AGRKl6FnT78jj9aOmVLhso="></latexit>

If n � 2k, 9A 2 R2k⇥n

<latexit sha1_base64="7nJEIYbV7C7Vuxgf787DbGGc24A="></latexit>

every
(m = 2k)

<latexit sha1_base64="3U4f6f6vqyIvV/X2GV6/psOaohs="></latexit>

can be recovered from 

(1) min
x s.t. y=Ax

kxk0

<latexit sha1_base64="VMQjoE+49xbmCVFg6ZdmXPTyjhs="></latexit>

by solving

y = Ax

<latexit sha1_base64="0xN3QxZLxXzxDECoNDtwsr8S9Go="></latexit>

  Not robust to noise
y = Ax+ e

<latexit sha1_base64="b9K9KDwMmR6Hongm3kpOgsxVYEM="></latexit>

        is NP-hard(1) min
x s.t. y=Ax

kxk0

<latexit sha1_base64="VMQjoE+49xbmCVFg6ZdmXPTyjhs="></latexit>

  Not robust w.r.t. sparsity  
level

x

<latexit sha1_base64="G5xd/8aatDdk8GdzqnvYeIXAsUU="></latexit>

Is sparse in practice ?? 



                      is another ortho. basis than the canonical one
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Compressed sensing theory: an invitation

  Most data encountered are sparse in another representation 

x = Dx0

<latexit sha1_base64="Tssf2o9zvK89v8ihWXdX1du3yLo="></latexit>

Original signal sparse vector

x = Dx0 () x0 = D>x

<latexit sha1_base64="zr7hIzWP6UCx7q7hq9BK/mDsMY8="></latexit>

D�1 = D>

<latexit sha1_base64="kcJKzyQHEh62h/4eFgW41iLCx78="></latexit>

D 2 Rd⇥d

<latexit sha1_base64="RH9oxQ8006Rki+KmecMfb38wfxs="></latexit>
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Compressed sensing theory: an invitation

  Most data encountered are sparse in another representation 

x = Dx0

<latexit sha1_base64="Tssf2o9zvK89v8ihWXdX1du3yLo="></latexit>

Original signal sparse vector

  Discrete Fourier basis (FFT)   Discrete Cosinus Transform  Wavelet

D�1 = D>

<latexit sha1_base64="kcJKzyQHEh62h/4eFgW41iLCx78="></latexit>

                      is another ortho. basis than the canonical oneD 2 Rd⇥d

<latexit sha1_base64="RH9oxQ8006Rki+KmecMfb38wfxs="></latexit>

Dpq = exp(�2i⇡d pq)

<latexit sha1_base64="AZ+UuJSfoGLhjVPQ4tnR8hmuuwk="></latexit>

Dpq = cos(⇡d (p+
1
2 )q)

<latexit sha1_base64="G3j5MmZQOEdvWd6NJMLBXwdV5SQ="></latexit>

[Haar, 1909]
[Gabor, 1946]
[Morlet & Grossmann, 1984]
[Mallat, 1986]
[Daubechies,1987]
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Compressed sensing theory: an invitation

  Most data encountered are sparse in another representation 

x = Dx0

<latexit sha1_base64="Tssf2o9zvK89v8ihWXdX1du3yLo="></latexit>

Original signal sparse vector

  Discrete Fourier basis (FFT)   Discrete Cosinus Transform  Wavelet

  Quite magical …

x

<latexit sha1_base64="G5xd/8aatDdk8GdzqnvYeIXAsUU="></latexit>

x0

<latexit sha1_base64="c4gEAGce9U6mfdTk+PoUPniOiWo="></latexit>

FFT

D�1 = D>

<latexit sha1_base64="kcJKzyQHEh62h/4eFgW41iLCx78="></latexit>

                      is another ortho. basis than the canonical oneD 2 Rd⇥d

<latexit sha1_base64="RH9oxQ8006Rki+KmecMfb38wfxs="></latexit>

Dpq = exp(�2i⇡d pq)

<latexit sha1_base64="AZ+UuJSfoGLhjVPQ4tnR8hmuuwk="></latexit>

Dpq = cos(⇡d (p+
1
2 )q)

<latexit sha1_base64="G3j5MmZQOEdvWd6NJMLBXwdV5SQ="></latexit>
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Compressed sensing theory: an invitation

  Most data encountered are sparse in another representation 

x = Dx0

<latexit sha1_base64="Tssf2o9zvK89v8ihWXdX1du3yLo="></latexit>

Original signal sparse vector

  Discrete Fourier basis (FFT)   Discrete Cosinus Transform  Wavelet

  Quite magical …

D�1 = D>

<latexit sha1_base64="kcJKzyQHEh62h/4eFgW41iLCx78="></latexit>

                      is another ortho. basis than the canonical oneD 2 Rd⇥d

<latexit sha1_base64="RH9oxQ8006Rki+KmecMfb38wfxs="></latexit>

d = 512 ⇤ 512

<latexit sha1_base64="2ofwHFb+xEifeGHjTbZYib3zels="></latexit>

Dpq = exp(�2i⇡d pq)

<latexit sha1_base64="AZ+UuJSfoGLhjVPQ4tnR8hmuuwk="></latexit>

Dpq = cos(⇡d (p+
1
2 )q)

<latexit sha1_base64="G3j5MmZQOEdvWd6NJMLBXwdV5SQ="></latexit>
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Compressed sensing theory: an invitation

  Most data encountered are sparse in another representation 

x = Dx0

<latexit sha1_base64="Tssf2o9zvK89v8ihWXdX1du3yLo="></latexit>
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12 1 An Invitation to Compressive Sensing

Fig. 1.6 Comparison of a traditional MRI reconstruction (left) and a compressive sensing recon-
struction (right). The pictures show a coronal slice through an abdomen of a 3-year-old pediatric
patient following an injection of a contrast agent. The image size was set to 320 × 256 × 160
voxels. The data were acquired using a 32-channel pediatric coil. The acquisition was accelerated
by a factor of 7.2 by random subsampling of the frequency domain. The left image is a traditional
linear reconstruction showing severe artifacts. The right image, a (wavelet-based) compressive
sensing reconstruction, exhibits diagnostic quality and significantly reduced artifacts. The subtle
features indicated with arrows show well on the compressive sensing reconstruction, while almost
disappearing in the traditional one (Image courtesy of Michael Lustig, Stanford University, and
Shreyas Vasanawala, Lucile Packard Children’s Hospital, Stanford University)

with the transformed measurement matrix A′ =AW=RKFW∈Cm×N and a
sparse or compressible vector x′ ∈CN . Again, we arrived at the standard compres-
sive sensing problem.

The challenge is to determine good sampling sets K with small size that still
ensure recovery of sparse images. The theory currently available predicts that
sampling sets K chosen uniformly at random among all possible sets of cardinality
m work well (at least whenW is the identity matrix). Indeed, the results of Chap. 12
guarantee that an s-sparse x′ ∈ CN can be reconstructed by !1-minimization if
m ≥ Cs lnN .

Unfortunately, such random sets K are difficult to realize in practice due to
the continuity constraints of the trajectories curves k1, . . . ,kL. Therefore, good
realizable sets K are investigated empirically. One option that seems to work well
takes the trajectories as parallel lines in R3 whose intersections with a coordinate
plane are chosen uniformly at random. This gives some sort of approximation to the
case where K is “completely” random. Other choices such as perturbed spirals are
also possible.

Figure 1.6 shows a comparison of a traditional MRI reconstruction technique
with reconstruction via compressive sensing. The compressive sensing reconstruc-
tion has much better visual quality and resolves some clinically important details,
which are not visible in the traditional reconstruction at all.

  Other CS results
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structures, including sources without the prominent ring
observed in our images of M87.

We emphasize that the ensemble of results from these
parameter surveys do not correspond to a posterior distribution
of reconstructed images. Our surveys are coarse-grained and do
not completely explore the choices in the imaging process.
Nonetheless, they identify regions of imaging parameter space
that consistently produce faithful image reconstructions on
synthetic data, and they help us identify which features of our
reconstructions are consistent and which features vary with
specific parameter choices.

6.1. Synthetic Source Models and Data

To create a testing suite of synthetic data, we selected simple
geometric models that have corresponding visibility amplitudes
that are similar to those observed in M87 (Figure 2). The
primary data properties that we used to define similarity are
(1)a large decrease in flux density on baselines between 0 and
1 Gλ, indicating extended structure, (2)visibility nulls at ∼3.4
and ∼8.3 Gλ, and (3)a high secondary peak between the nulls
at ∼6 Gλ, which recovers ∼15% of the total compact flux
density.
We selected four models with distinct compact morphologies

that each reproduce these features of the M87 data. The four
models are (1) a tapered ring with 44 μas ring diameter, (2) a
tapered crescent of the same diameter with its brightest point
oriented directly south, (3) a tapered disk with 70 μas diameter,
and (4) two different circular Gaussian components separated
by 32.3 μas at a position angle of 292°. To ensure rough
consistency and compatibility with the M87 parameters
estimated in Section 4, we adopted a total compact flux density
of 0.6 Jy for all these simple geometric models. Note that none
of the synthetic EHT data sets generated from these simple
models reproduces all features seen in the M87 data. For
example, the ring and disk models both have point symmetry,
so all their closure phases are either 0° or 180°.
To simulate the effects of a large-scale jet on our data (which

only significantly affects intra-site visibilities), we added a
three-component Gaussian model that approximates the inner
M87 jet at 3 mm (e.g., Kim et al. 2018a). The jet also has 0.6 Jy
of total flux density, giving a total image flux density in each
case (compact+jet) of 1.2 Jy. To produce non-closing systema-
tic errors from polarimetric leakage, we also included linear
polarization in each model. For additional details on these
simulated models and data, see Appendix C.1. Figure 5 shows
these model images.
We generated synthetic data from each image using the

eht-imaging software library. The synthetic data were
produced with the baseline coverage and sensitivity of the EHT
on all four days of the 2017 observations. Station-based errors
were added in a Jones matrix formalism (Thompson et al. 2017;
see Appendix C.2). To simulate a lack of absolute phase

Figure 4. The first EHT images of M87, blindly reconstructed by four independent imaging teams using an early, engineering release of data from the April11
observations. These images all used a single polarization (LCP) rather than StokesI, which is used in the remainder of this Letter. Images from Teams 1 and 2 used
RML methods (no restoring beam); images from Teams 3 and 4 used CLEAN (restored with a circular 20 μas beam, shown in the lower right). The images all show
similar morphology, although the reconstructions show significant differences in brightness temperature because of different assumptions regarding the total compact
flux density (see Table 2) and because restoring beams are applied only to CLEAN images.

Table 2
Image Properties and Data Consistency Metrics

for the First M87 Images (See Figure 4)

Team 1 Team 2 Team 3 Team 4

Image Properties
Method RML RML CLEAN CLEAN
Fcpct (Jy) 0.94 0.43 0.42 0.42
Engineering Data (10 s avg., LCP, 0% sys. error)

CP
2D 2.06 2.48 2.44 2.33

log CA
2D 1.20 2.16 2.15 1.43

Science Release (scan-avg., Stokes I, 0% sys. error)

CP
2D 1.13 5.40 2.28 1.89

log CA
2D 2.12 5.41 3.90 5.32

Science Release (scan-avg., Stokes I, 1% sys. error)

CP
2D 1.00 3.85 2.04 1.55

log CA
2D 1.96 5.07 3.64 4.8

Science Release (scan-avg., Stokes I, 10% sys. error)

CP
2D 0.49 0.95 1.11 0.48

log CA
2D 0.46 1.36 0.98 0.79

Note. Data metrics are shown as originally computed on April11 data (using
10 s averaged engineering data with LCP) and using the data from the first
EHT science release (scan-averaged, Stokes I) when 0%, 1% and 10%
systematic error has been included. Teams2–4 chose to exclude the intra-site
baselines in their imaging. However, for consistency with our later χ2 values
computed from science release data, we include these baselines when
computing χ2 after adding an extended component to these images containing
the missing flux density.

10

The Astrophysical Journal Letters, 875:L4 (52pp), 2019 April 10 The EHT Collaboration et al.
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  Guarantees for the LASSO 

  Does the LASSO truly recovers                ? x 2 Rd
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  Guarantees for the LASSO 

  Does the LASSO truly recovers                ? 

  The restricted isometric property (RIP)
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Figure 1: Illustration of several CS models. From left to right: k-sparse vectors, union of subspaces,
smooth manifold and point cloud.

the size of the constant C in (1) (with !2 norm and !2 distance) and the dimension reduction ratio
m/n.

1.2 Low-dimensional models beyond sparsity

Beyond the sparse model, many other low-dimensional models have been considered in the context
of linear inverse problems and CS [5]. In these generalized models, the signals of interest typically
live in or close to a subset Σ of the space, which typically contains far fewer vectors than the
whole space. Such models encompass sets of elements as various as block-sparse signals [24], unions
of subspaces, whether finite [8] or possibly infinite [7], signals sparse in a redundant dictionary
[37], cosparse signals [32], approximately low-rank matrices [38, 14], low-rank and sparse matrices
[43, 12], symmetric matrices with sparse inverse [42, 41] or manifolds [6, 23]. An old result which
can also be interpreted as generalized CS is the low-dimensional embedding of a point cloud [31, 1].
Some of these models are pictured in Figure 1.

Since these models generalize the sparse model, the following question arises: can they be
considered under a general framework, sharing common reconstruction properties? In this work,
we are particularly interested in the extension of the results of [19] to these general models, allowing
to further investigate the well-posedness of such problems.

In [36], the theoretical results of [19] are generalized in the case where one aims at stably decoding
a vector living near a finite union of subspaces (UoS). They also show in this case the impossibility
of getting a good !2/!2 instance optimal decoder with substantial dimensionality reduction. Their
extension also covers the case where the quantity one wants to decode is not the signal itself but a
linear measure of the signal.

In this work, we further extend the study of the IOP to general models of signals: we consider
signals of interest living in or near a subset Σ of a vector space E, without further restriction, and
show that instance optimality can be generalized for such models. In fact, we consider the following
generalizations:

• Robustness to noise: noise-robust instance optimality is characterized, showing somewhat
surprisingly the equivalence between the existence of two flavors of noise-robust decoders
(noise-aware and noise-blind);

• Infinite dimension: signal spaces E that may be infinite dimensional are considered. For
example E may be a Banach space such as an Lp space, the space of signed measures, etc. This
is motivated by recent work on infinite dimensional compressed sensing [4, 30] or compressive
density estimation [9];
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  Guarantees for the LASSO 

  Does the LASSO truly recovers                ? 
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Figure 1: Illustration of several CS models. From left to right: k-sparse vectors, union of subspaces,
smooth manifold and point cloud.

the size of the constant C in (1) (with !2 norm and !2 distance) and the dimension reduction ratio
m/n.

1.2 Low-dimensional models beyond sparsity

Beyond the sparse model, many other low-dimensional models have been considered in the context
of linear inverse problems and CS [5]. In these generalized models, the signals of interest typically
live in or close to a subset Σ of the space, which typically contains far fewer vectors than the
whole space. Such models encompass sets of elements as various as block-sparse signals [24], unions
of subspaces, whether finite [8] or possibly infinite [7], signals sparse in a redundant dictionary
[37], cosparse signals [32], approximately low-rank matrices [38, 14], low-rank and sparse matrices
[43, 12], symmetric matrices with sparse inverse [42, 41] or manifolds [6, 23]. An old result which
can also be interpreted as generalized CS is the low-dimensional embedding of a point cloud [31, 1].
Some of these models are pictured in Figure 1.

Since these models generalize the sparse model, the following question arises: can they be
considered under a general framework, sharing common reconstruction properties? In this work,
we are particularly interested in the extension of the results of [19] to these general models, allowing
to further investigate the well-posedness of such problems.

In [36], the theoretical results of [19] are generalized in the case where one aims at stably decoding
a vector living near a finite union of subspaces (UoS). They also show in this case the impossibility
of getting a good !2/!2 instance optimal decoder with substantial dimensionality reduction. Their
extension also covers the case where the quantity one wants to decode is not the signal itself but a
linear measure of the signal.

In this work, we further extend the study of the IOP to general models of signals: we consider
signals of interest living in or near a subset Σ of a vector space E, without further restriction, and
show that instance optimality can be generalized for such models. In fact, we consider the following
generalizations:

• Robustness to noise: noise-robust instance optimality is characterized, showing somewhat
surprisingly the equivalence between the existence of two flavors of noise-robust decoders
(noise-aware and noise-blind);

• Infinite dimension: signal spaces E that may be infinite dimensional are considered. For
example E may be a Banach space such as an Lp space, the space of signed measures, etc. This
is motivated by recent work on infinite dimensional compressed sensing [4, 30] or compressive
density estimation [9];
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Figure 1: Illustration of several CS models. From left to right: k-sparse vectors, union of subspaces,
smooth manifold and point cloud.

the size of the constant C in (1) (with !2 norm and !2 distance) and the dimension reduction ratio
m/n.

1.2 Low-dimensional models beyond sparsity

Beyond the sparse model, many other low-dimensional models have been considered in the context
of linear inverse problems and CS [5]. In these generalized models, the signals of interest typically
live in or close to a subset Σ of the space, which typically contains far fewer vectors than the
whole space. Such models encompass sets of elements as various as block-sparse signals [24], unions
of subspaces, whether finite [8] or possibly infinite [7], signals sparse in a redundant dictionary
[37], cosparse signals [32], approximately low-rank matrices [38, 14], low-rank and sparse matrices
[43, 12], symmetric matrices with sparse inverse [42, 41] or manifolds [6, 23]. An old result which
can also be interpreted as generalized CS is the low-dimensional embedding of a point cloud [31, 1].
Some of these models are pictured in Figure 1.

Since these models generalize the sparse model, the following question arises: can they be
considered under a general framework, sharing common reconstruction properties? In this work,
we are particularly interested in the extension of the results of [19] to these general models, allowing
to further investigate the well-posedness of such problems.

In [36], the theoretical results of [19] are generalized in the case where one aims at stably decoding
a vector living near a finite union of subspaces (UoS). They also show in this case the impossibility
of getting a good !2/!2 instance optimal decoder with substantial dimensionality reduction. Their
extension also covers the case where the quantity one wants to decode is not the signal itself but a
linear measure of the signal.

In this work, we further extend the study of the IOP to general models of signals: we consider
signals of interest living in or near a subset Σ of a vector space E, without further restriction, and
show that instance optimality can be generalized for such models. In fact, we consider the following
generalizations:

• Robustness to noise: noise-robust instance optimality is characterized, showing somewhat
surprisingly the equivalence between the existence of two flavors of noise-robust decoders
(noise-aware and noise-blind);

• Infinite dimension: signal spaces E that may be infinite dimensional are considered. For
example E may be a Banach space such as an Lp space, the space of signed measures, etc. This
is motivated by recent work on infinite dimensional compressed sensing [4, 30] or compressive
density estimation [9];
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Figure 1: Illustration of several CS models. From left to right: k-sparse vectors, union of subspaces,
smooth manifold and point cloud.

the size of the constant C in (1) (with !2 norm and !2 distance) and the dimension reduction ratio
m/n.

1.2 Low-dimensional models beyond sparsity

Beyond the sparse model, many other low-dimensional models have been considered in the context
of linear inverse problems and CS [5]. In these generalized models, the signals of interest typically
live in or close to a subset Σ of the space, which typically contains far fewer vectors than the
whole space. Such models encompass sets of elements as various as block-sparse signals [24], unions
of subspaces, whether finite [8] or possibly infinite [7], signals sparse in a redundant dictionary
[37], cosparse signals [32], approximately low-rank matrices [38, 14], low-rank and sparse matrices
[43, 12], symmetric matrices with sparse inverse [42, 41] or manifolds [6, 23]. An old result which
can also be interpreted as generalized CS is the low-dimensional embedding of a point cloud [31, 1].
Some of these models are pictured in Figure 1.

Since these models generalize the sparse model, the following question arises: can they be
considered under a general framework, sharing common reconstruction properties? In this work,
we are particularly interested in the extension of the results of [19] to these general models, allowing
to further investigate the well-posedness of such problems.

In [36], the theoretical results of [19] are generalized in the case where one aims at stably decoding
a vector living near a finite union of subspaces (UoS). They also show in this case the impossibility
of getting a good !2/!2 instance optimal decoder with substantial dimensionality reduction. Their
extension also covers the case where the quantity one wants to decode is not the signal itself but a
linear measure of the signal.

In this work, we further extend the study of the IOP to general models of signals: we consider
signals of interest living in or near a subset Σ of a vector space E, without further restriction, and
show that instance optimality can be generalized for such models. In fact, we consider the following
generalizations:

• Robustness to noise: noise-robust instance optimality is characterized, showing somewhat
surprisingly the equivalence between the existence of two flavors of noise-robust decoders
(noise-aware and noise-blind);

• Infinite dimension: signal spaces E that may be infinite dimensional are considered. For
example E may be a Banach space such as an Lp space, the space of signed measures, etc. This
is motivated by recent work on infinite dimensional compressed sensing [4, 30] or compressive
density estimation [9];
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  The result: Figure 1: Illustration of several CS models. From left to right: k-sparse vectors, union of subspaces,
smooth manifold and point cloud.

the size of the constant C in (1) (with !2 norm and !2 distance) and the dimension reduction ratio
m/n.

1.2 Low-dimensional models beyond sparsity

Beyond the sparse model, many other low-dimensional models have been considered in the context
of linear inverse problems and CS [5]. In these generalized models, the signals of interest typically
live in or close to a subset Σ of the space, which typically contains far fewer vectors than the
whole space. Such models encompass sets of elements as various as block-sparse signals [24], unions
of subspaces, whether finite [8] or possibly infinite [7], signals sparse in a redundant dictionary
[37], cosparse signals [32], approximately low-rank matrices [38, 14], low-rank and sparse matrices
[43, 12], symmetric matrices with sparse inverse [42, 41] or manifolds [6, 23]. An old result which
can also be interpreted as generalized CS is the low-dimensional embedding of a point cloud [31, 1].
Some of these models are pictured in Figure 1.

Since these models generalize the sparse model, the following question arises: can they be
considered under a general framework, sharing common reconstruction properties? In this work,
we are particularly interested in the extension of the results of [19] to these general models, allowing
to further investigate the well-posedness of such problems.

In [36], the theoretical results of [19] are generalized in the case where one aims at stably decoding
a vector living near a finite union of subspaces (UoS). They also show in this case the impossibility
of getting a good !2/!2 instance optimal decoder with substantial dimensionality reduction. Their
extension also covers the case where the quantity one wants to decode is not the signal itself but a
linear measure of the signal.

In this work, we further extend the study of the IOP to general models of signals: we consider
signals of interest living in or near a subset Σ of a vector space E, without further restriction, and
show that instance optimality can be generalized for such models. In fact, we consider the following
generalizations:

• Robustness to noise: noise-robust instance optimality is characterized, showing somewhat
surprisingly the equivalence between the existence of two flavors of noise-robust decoders
(noise-aware and noise-blind);

• Infinite dimension: signal spaces E that may be infinite dimensional are considered. For
example E may be a Banach space such as an Lp space, the space of signed measures, etc. This
is motivated by recent work on infinite dimensional compressed sensing [4, 30] or compressive
density estimation [9];
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  The result: Figure 1: Illustration of several CS models. From left to right: k-sparse vectors, union of subspaces,
smooth manifold and point cloud.

the size of the constant C in (1) (with !2 norm and !2 distance) and the dimension reduction ratio
m/n.

1.2 Low-dimensional models beyond sparsity

Beyond the sparse model, many other low-dimensional models have been considered in the context
of linear inverse problems and CS [5]. In these generalized models, the signals of interest typically
live in or close to a subset Σ of the space, which typically contains far fewer vectors than the
whole space. Such models encompass sets of elements as various as block-sparse signals [24], unions
of subspaces, whether finite [8] or possibly infinite [7], signals sparse in a redundant dictionary
[37], cosparse signals [32], approximately low-rank matrices [38, 14], low-rank and sparse matrices
[43, 12], symmetric matrices with sparse inverse [42, 41] or manifolds [6, 23]. An old result which
can also be interpreted as generalized CS is the low-dimensional embedding of a point cloud [31, 1].
Some of these models are pictured in Figure 1.

Since these models generalize the sparse model, the following question arises: can they be
considered under a general framework, sharing common reconstruction properties? In this work,
we are particularly interested in the extension of the results of [19] to these general models, allowing
to further investigate the well-posedness of such problems.

In [36], the theoretical results of [19] are generalized in the case where one aims at stably decoding
a vector living near a finite union of subspaces (UoS). They also show in this case the impossibility
of getting a good !2/!2 instance optimal decoder with substantial dimensionality reduction. Their
extension also covers the case where the quantity one wants to decode is not the signal itself but a
linear measure of the signal.

In this work, we further extend the study of the IOP to general models of signals: we consider
signals of interest living in or near a subset Σ of a vector space E, without further restriction, and
show that instance optimality can be generalized for such models. In fact, we consider the following
generalizations:

• Robustness to noise: noise-robust instance optimality is characterized, showing somewhat
surprisingly the equivalence between the existence of two flavors of noise-robust decoders
(noise-aware and noise-blind);

• Infinite dimension: signal spaces E that may be infinite dimensional are considered. For
example E may be a Banach space such as an Lp space, the space of signed measures, etc. This
is motivated by recent work on infinite dimensional compressed sensing [4, 30] or compressive
density estimation [9];
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  The result: Figure 1: Illustration of several CS models. From left to right: k-sparse vectors, union of subspaces,
smooth manifold and point cloud.

the size of the constant C in (1) (with !2 norm and !2 distance) and the dimension reduction ratio
m/n.

1.2 Low-dimensional models beyond sparsity

Beyond the sparse model, many other low-dimensional models have been considered in the context
of linear inverse problems and CS [5]. In these generalized models, the signals of interest typically
live in or close to a subset Σ of the space, which typically contains far fewer vectors than the
whole space. Such models encompass sets of elements as various as block-sparse signals [24], unions
of subspaces, whether finite [8] or possibly infinite [7], signals sparse in a redundant dictionary
[37], cosparse signals [32], approximately low-rank matrices [38, 14], low-rank and sparse matrices
[43, 12], symmetric matrices with sparse inverse [42, 41] or manifolds [6, 23]. An old result which
can also be interpreted as generalized CS is the low-dimensional embedding of a point cloud [31, 1].
Some of these models are pictured in Figure 1.

Since these models generalize the sparse model, the following question arises: can they be
considered under a general framework, sharing common reconstruction properties? In this work,
we are particularly interested in the extension of the results of [19] to these general models, allowing
to further investigate the well-posedness of such problems.

In [36], the theoretical results of [19] are generalized in the case where one aims at stably decoding
a vector living near a finite union of subspaces (UoS). They also show in this case the impossibility
of getting a good !2/!2 instance optimal decoder with substantial dimensionality reduction. Their
extension also covers the case where the quantity one wants to decode is not the signal itself but a
linear measure of the signal.

In this work, we further extend the study of the IOP to general models of signals: we consider
signals of interest living in or near a subset Σ of a vector space E, without further restriction, and
show that instance optimality can be generalized for such models. In fact, we consider the following
generalizations:

• Robustness to noise: noise-robust instance optimality is characterized, showing somewhat
surprisingly the equivalence between the existence of two flavors of noise-robust decoders
(noise-aware and noise-blind);

• Infinite dimension: signal spaces E that may be infinite dimensional are considered. For
example E may be a Banach space such as an Lp space, the space of signed measures, etc. This
is motivated by recent work on infinite dimensional compressed sensing [4, 30] or compressive
density estimation [9];
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  The result: Figure 1: Illustration of several CS models. From left to right: k-sparse vectors, union of subspaces,
smooth manifold and point cloud.

the size of the constant C in (1) (with !2 norm and !2 distance) and the dimension reduction ratio
m/n.

1.2 Low-dimensional models beyond sparsity

Beyond the sparse model, many other low-dimensional models have been considered in the context
of linear inverse problems and CS [5]. In these generalized models, the signals of interest typically
live in or close to a subset Σ of the space, which typically contains far fewer vectors than the
whole space. Such models encompass sets of elements as various as block-sparse signals [24], unions
of subspaces, whether finite [8] or possibly infinite [7], signals sparse in a redundant dictionary
[37], cosparse signals [32], approximately low-rank matrices [38, 14], low-rank and sparse matrices
[43, 12], symmetric matrices with sparse inverse [42, 41] or manifolds [6, 23]. An old result which
can also be interpreted as generalized CS is the low-dimensional embedding of a point cloud [31, 1].
Some of these models are pictured in Figure 1.

Since these models generalize the sparse model, the following question arises: can they be
considered under a general framework, sharing common reconstruction properties? In this work,
we are particularly interested in the extension of the results of [19] to these general models, allowing
to further investigate the well-posedness of such problems.

In [36], the theoretical results of [19] are generalized in the case where one aims at stably decoding
a vector living near a finite union of subspaces (UoS). They also show in this case the impossibility
of getting a good !2/!2 instance optimal decoder with substantial dimensionality reduction. Their
extension also covers the case where the quantity one wants to decode is not the signal itself but a
linear measure of the signal.

In this work, we further extend the study of the IOP to general models of signals: we consider
signals of interest living in or near a subset Σ of a vector space E, without further restriction, and
show that instance optimality can be generalized for such models. In fact, we consider the following
generalizations:

• Robustness to noise: noise-robust instance optimality is characterized, showing somewhat
surprisingly the equivalence between the existence of two flavors of noise-robust decoders
(noise-aware and noise-blind);

• Infinite dimension: signal spaces E that may be infinite dimensional are considered. For
example E may be a Banach space such as an Lp space, the space of signed measures, etc. This
is motivated by recent work on infinite dimensional compressed sensing [4, 30] or compressive
density estimation [9];
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  The result: Figure 1: Illustration of several CS models. From left to right: k-sparse vectors, union of subspaces,
smooth manifold and point cloud.

the size of the constant C in (1) (with !2 norm and !2 distance) and the dimension reduction ratio
m/n.

1.2 Low-dimensional models beyond sparsity

Beyond the sparse model, many other low-dimensional models have been considered in the context
of linear inverse problems and CS [5]. In these generalized models, the signals of interest typically
live in or close to a subset Σ of the space, which typically contains far fewer vectors than the
whole space. Such models encompass sets of elements as various as block-sparse signals [24], unions
of subspaces, whether finite [8] or possibly infinite [7], signals sparse in a redundant dictionary
[37], cosparse signals [32], approximately low-rank matrices [38, 14], low-rank and sparse matrices
[43, 12], symmetric matrices with sparse inverse [42, 41] or manifolds [6, 23]. An old result which
can also be interpreted as generalized CS is the low-dimensional embedding of a point cloud [31, 1].
Some of these models are pictured in Figure 1.

Since these models generalize the sparse model, the following question arises: can they be
considered under a general framework, sharing common reconstruction properties? In this work,
we are particularly interested in the extension of the results of [19] to these general models, allowing
to further investigate the well-posedness of such problems.

In [36], the theoretical results of [19] are generalized in the case where one aims at stably decoding
a vector living near a finite union of subspaces (UoS). They also show in this case the impossibility
of getting a good !2/!2 instance optimal decoder with substantial dimensionality reduction. Their
extension also covers the case where the quantity one wants to decode is not the signal itself but a
linear measure of the signal.

In this work, we further extend the study of the IOP to general models of signals: we consider
signals of interest living in or near a subset Σ of a vector space E, without further restriction, and
show that instance optimality can be generalized for such models. In fact, we consider the following
generalizations:

• Robustness to noise: noise-robust instance optimality is characterized, showing somewhat
surprisingly the equivalence between the existence of two flavors of noise-robust decoders
(noise-aware and noise-blind);

• Infinite dimension: signal spaces E that may be infinite dimensional are considered. For
example E may be a Banach space such as an Lp space, the space of signed measures, etc. This
is motivated by recent work on infinite dimensional compressed sensing [4, 30] or compressive
density estimation [9];
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  The result: Figure 1: Illustration of several CS models. From left to right: k-sparse vectors, union of subspaces,
smooth manifold and point cloud.

the size of the constant C in (1) (with !2 norm and !2 distance) and the dimension reduction ratio
m/n.

1.2 Low-dimensional models beyond sparsity

Beyond the sparse model, many other low-dimensional models have been considered in the context
of linear inverse problems and CS [5]. In these generalized models, the signals of interest typically
live in or close to a subset Σ of the space, which typically contains far fewer vectors than the
whole space. Such models encompass sets of elements as various as block-sparse signals [24], unions
of subspaces, whether finite [8] or possibly infinite [7], signals sparse in a redundant dictionary
[37], cosparse signals [32], approximately low-rank matrices [38, 14], low-rank and sparse matrices
[43, 12], symmetric matrices with sparse inverse [42, 41] or manifolds [6, 23]. An old result which
can also be interpreted as generalized CS is the low-dimensional embedding of a point cloud [31, 1].
Some of these models are pictured in Figure 1.

Since these models generalize the sparse model, the following question arises: can they be
considered under a general framework, sharing common reconstruction properties? In this work,
we are particularly interested in the extension of the results of [19] to these general models, allowing
to further investigate the well-posedness of such problems.

In [36], the theoretical results of [19] are generalized in the case where one aims at stably decoding
a vector living near a finite union of subspaces (UoS). They also show in this case the impossibility
of getting a good !2/!2 instance optimal decoder with substantial dimensionality reduction. Their
extension also covers the case where the quantity one wants to decode is not the signal itself but a
linear measure of the signal.

In this work, we further extend the study of the IOP to general models of signals: we consider
signals of interest living in or near a subset Σ of a vector space E, without further restriction, and
show that instance optimality can be generalized for such models. In fact, we consider the following
generalizations:

• Robustness to noise: noise-robust instance optimality is characterized, showing somewhat
surprisingly the equivalence between the existence of two flavors of noise-robust decoders
(noise-aware and noise-blind);

• Infinite dimension: signal spaces E that may be infinite dimensional are considered. For
example E may be a Banach space such as an Lp space, the space of signed measures, etc. This
is motivated by recent work on infinite dimensional compressed sensing [4, 30] or compressive
density estimation [9];
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  The result: Figure 1: Illustration of several CS models. From left to right: k-sparse vectors, union of subspaces,
smooth manifold and point cloud.

the size of the constant C in (1) (with !2 norm and !2 distance) and the dimension reduction ratio
m/n.

1.2 Low-dimensional models beyond sparsity

Beyond the sparse model, many other low-dimensional models have been considered in the context
of linear inverse problems and CS [5]. In these generalized models, the signals of interest typically
live in or close to a subset Σ of the space, which typically contains far fewer vectors than the
whole space. Such models encompass sets of elements as various as block-sparse signals [24], unions
of subspaces, whether finite [8] or possibly infinite [7], signals sparse in a redundant dictionary
[37], cosparse signals [32], approximately low-rank matrices [38, 14], low-rank and sparse matrices
[43, 12], symmetric matrices with sparse inverse [42, 41] or manifolds [6, 23]. An old result which
can also be interpreted as generalized CS is the low-dimensional embedding of a point cloud [31, 1].
Some of these models are pictured in Figure 1.

Since these models generalize the sparse model, the following question arises: can they be
considered under a general framework, sharing common reconstruction properties? In this work,
we are particularly interested in the extension of the results of [19] to these general models, allowing
to further investigate the well-posedness of such problems.

In [36], the theoretical results of [19] are generalized in the case where one aims at stably decoding
a vector living near a finite union of subspaces (UoS). They also show in this case the impossibility
of getting a good !2/!2 instance optimal decoder with substantial dimensionality reduction. Their
extension also covers the case where the quantity one wants to decode is not the signal itself but a
linear measure of the signal.

In this work, we further extend the study of the IOP to general models of signals: we consider
signals of interest living in or near a subset Σ of a vector space E, without further restriction, and
show that instance optimality can be generalized for such models. In fact, we consider the following
generalizations:

• Robustness to noise: noise-robust instance optimality is characterized, showing somewhat
surprisingly the equivalence between the existence of two flavors of noise-robust decoders
(noise-aware and noise-blind);

• Infinite dimension: signal spaces E that may be infinite dimensional are considered. For
example E may be a Banach space such as an Lp space, the space of signed measures, etc. This
is motivated by recent work on infinite dimensional compressed sensing [4, 30] or compressive
density estimation [9];
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  The sparse assumption 

The true vector lives in a low-dim space

  Algorithmic solutions 

  Theoretical guarantees 

 E.g. RIP with Gaussian matrices
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  Part I: A journey in the compressed sensing theory

  Part II: A bit of machine learning theory

  Part III: The sketching approach

  Theoretical guarantees

  Applied sketching



A bit of machine learning
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  The big picture:
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  Large scale machine learning

Parameters
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  The ML setting:

  Data points x1, · · · ,xn 2 Rd

<latexit sha1_base64="yd9FyvvP3v8kzxFjAz42NfVd7qY="></latexit>

  Each point xi ⇠ ⇡

<latexit sha1_base64="9QpQF/ctLZDNz8spQPxYX62MC28="></latexit>

      is unknown and generates the data⇡

<latexit sha1_base64="PyIv+IVocbafO8nk8j6As2D3TlM="></latexit>



72

Machine learning theory

  The ML setting:

  Data points x1, · · · ,xn 2 Rd
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  Empirical risk minimization:
  Find parameters:

 That minimizes:
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 Where                                  is a loss and          a regularization term 
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Clustering

)

Objective

{xi}ni=1 ) {ŷi}ni=1

I Organize training examples in groups: Find the labels ŷi 2 Y = {1, . . . ,K}.
I Optional : find a clustering function f̂(x) 2 Y that can cluster new samples.

Parameters

I K number of classes.

I Similarity measure between
samples.

I Minimal distance between
clusters.

Methods

I K-means.

I Gaussian mixtures.

I Spectral clustering.

I Hierarchical clustering.

  Organize training samples in groups (say K)

xi
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  Find K clusters that best represent our data

  We look for 

  The loss is

Squared distance between the point and its closest cluster

  Unsupervised learning: K-means clustering

✓ = (c1, · · · , cK), ck 2 Rd
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  Unsupervised learning: K-means clustering

  We aim at solving:

12/65

K-means clustering

K-means for K 5 f(x)  mink|x− ck|2for K 5 K-means for K 10 f(x)  mink|x− ck|2for K 10

Principle [Steinhaus et al., 1956, MacQueen et al., 1967]

Find K clusters ck 2 Rd that optimize:

min
ck,8k

nX

i=1

min
k

kxi � ckk2 (1)

I Minimize the sum of squared distance between xi and its closest cluster ck.

I Can be seen as the minimization w.r.t. ck of the expectation on the data of
function f(x) = mink kxi � ckk2.

I The optimization problem can be reformulated with A 2 {0, 1}n⇥K a cluster
assignment binary matrix (Ai,k = 1 means that xi is in cluster k) as

min
ck2Rd,8k,A2{0,1}n⇥K ,A1K=1n

n,KX

i=1,k=1

Ai,kkxi � ckk2 (2)

[Steinhaus & al, 1956, McQuenn & al, 1967]

 It is a NP-Hard problem: can be tackled by Lloyd's algorithm
 Complexity (in time): O(nKd)
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Probability density estimation

)

Objective

{xi}ni=1 ) p̂

I Estimate a probability density p̂(x) from the IID samples in the data.

I Probability density : p̂(x) � 0, 8x and
R
p̂(x)dx = 1.

I Optional : generate new data with p̂(x), detect outliers in the data.

Parameters

I Type of distribution (Histogram,
Gaussian, . . . ).

I Parameters of the law (µ,⌃)

Methods

I Histogram (1D/2D).

I Parzen/kernel density estimation.

I Gaussian mixture. 75

Machine learning theory

  Unsupervised learning: GMM

  Estimate a probability density        from the samples

 8x, b⇡(x) � 0,
R
b⇡(x)dx = 1
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Probability density estimation

)

Objective

{xi}ni=1 ) p̂

I Estimate a probability density p̂(x) from the IID samples in the data.

I Probability density : p̂(x) � 0, 8x and
R
p̂(x)dx = 1.

I Optional : generate new data with p̂(x), detect outliers in the data.

Parameters

I Type of distribution (Histogram,
Gaussian, . . . ).

I Parameters of the law (µ,⌃)

Methods

I Histogram (1D/2D).

I Parzen/kernel density estimation.

I Gaussian mixture. 76
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  Parametrized probability distributions

⇡µ,⌃(x) := (2⇡)�
d
2 |⌃|� 1

2 exp
�
� 1

2 (x� µ)>⌃�1(x� µ)
�
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  Unsupervised learning: GMM

  The model is a mixture of Gaussian ⇡✓(x) =
KP

k=1
↵k⇡µk,⌃k(x)
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Gaussian Mixture Models (GMM)
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Principle [Dempster et al., 1977, Yu et al., 2011]
I Model the prob. distribution of the data as a sum of K Gaussian distributions :

pGMM (x|✓) =
KX

k=1

�kpN (x|µk,⌃k) (4)

I Estimate ✓ = {�,µk,⌃k, 8k} by maximizing the likelihood on the data.

I Optimization performed using the Expectation Maximization that consists in
maximizing at each iteration a lower bound of the likelihood.

I The algorithm updates iteratively the probability that each component k
generated each sample xi and the parameters ✓.

I Covariances can be full, diagonal, or low rank [Houdard et al., 2018].

I Scikit-learn implementation : sklearn.mixture.GaussianMixture
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  The model is a mixture of Gaussian ⇡✓(x) =
KP

k=1
↵k⇡µk,⌃k(x)
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  We aim at solving the MLE problem:
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[Dempster & al, 1977]

min
✓

1
n

nP
i=1

� log(⇡✓(xi))
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  Supervised learning:
  In the supervised setting: xi = (zi, yi)
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Regression

)

Objective

{xi, yi}
n
i=1 ) f : Rd

! R

I Train a function f(x) = y 2 Y predicting a continuous value (Y = R).
I Can be extended to multi-value prediction (Y = Rp).

Parameters

I Type of function (linear, kernel,
neural network).

I Performance measure.

I Regularization.

Methods

I Least Square (LS).

I Ridge regression, Lasso.

I Kernel regression.

I Deep learning.

  Regression:
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<latexit sha1_base64="SYIYl9N4E3e3vrkyMYMEZS7pLE8="></latexit>

7/67

Regression

)

Objective

{xi, yi}
n
i=1 ) f : Rd

! R

I Train a function f(x) = y 2 Y predicting a continuous value (Y = R).
I Can be extended to multi-value prediction (Y = Rp).

Parameters

I Type of function (linear, kernel,
neural network).

I Performance measure.

I Regularization.

Methods

I Least Square (LS).

I Ridge regression, Lasso.

I Kernel regression.

I Deep learning.

=)

<latexit sha1_base64="Pr8lNUSXyPuAEjOrENhI9g9z4WA="></latexit>

yi 2 R

<latexit sha1_base64="jkNijUm4u4XClhE4495jHuIhh6Y="></latexit>

h(zi) 2 R

<latexit sha1_base64="mO8T/cuHeo3KQC0V35zSpCInT9U="></latexit>

`(xi, h) = kyi � h(zi)k22

<latexit sha1_base64="9ETluASzbPa+33cfuWr3T7+prcA="></latexit>



81

Machine learning theory

  Supervised learning:

7/67

Regression

)

Objective

{xi, yi}
n
i=1 ) f : Rd

! R

I Train a function f(x) = y 2 Y predicting a continuous value (Y = R).
I Can be extended to multi-value prediction (Y = Rp).

Parameters

I Type of function (linear, kernel,
neural network).

I Performance measure.

I Regularization.

Methods

I Least Square (LS).

I Ridge regression, Lasso.

I Kernel regression.

I Deep learning.

  Regression:

  In the supervised setting: xi = (zi, yi)

<latexit sha1_base64="SYIYl9N4E3e3vrkyMYMEZS7pLE8="></latexit>

7/67

Regression

)

Objective

{xi, yi}
n
i=1 ) f : Rd

! R

I Train a function f(x) = y 2 Y predicting a continuous value (Y = R).
I Can be extended to multi-value prediction (Y = Rp).

Parameters

I Type of function (linear, kernel,
neural network).

I Performance measure.

I Regularization.

Methods

I Least Square (LS).

I Ridge regression, Lasso.

I Kernel regression.

I Deep learning.

=)

<latexit sha1_base64="Pr8lNUSXyPuAEjOrENhI9g9z4WA="></latexit>

yi 2 R

<latexit sha1_base64="jkNijUm4u4XClhE4495jHuIhh6Y="></latexit>

h(zi) 2 R

<latexit sha1_base64="mO8T/cuHeo3KQC0V35zSpCInT9U="></latexit>

`(xi, h) = kyi � h(zi)k22

<latexit sha1_base64="9ETluASzbPa+33cfuWr3T7+prcA="></latexit>

  Classification:
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Binary classification

)

Objective

{xi, yi}
n
i=1 ) f : Rd

! {�1, 1}

I Train a function f(x) = y 2 Y predicting a binary value (Y = {�1, 1}).

I In practice, train a continuous function f : Rd
! R and predict with sign(f).

I f(x) = 0 defines the boundary on the partition of the feature space.

I Optional: provide uncertainty information such as probabilities of each class.

Parameters

I Type of function (linear, kernel,
neural network).

I Performance measure.

I Regularization.

Methods

I Bayesian classifier (LDA, QDA)

I Linear and kernel discrimination

I Decision trees, random forests.

I Deep learning.
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Figure 4.1: Classical convex surrogates for binary classification with the 0-1 loss.

Instead of minimizing the classical risk R(g) or its empirical version, one then minimizes
the Φ-risk (and its empirical version) defined as

RΦ(g) = E[Φ(yg(x))].

In this context, the function g is sometimes called the score function.

The key question is: does it make sense to simply convexify the problem? In other words,
does it lead to good predictions for the 0-1 loss?

Classical examples. We first review the main examples used in practice:

• Quadratic loss: Φ(u) = (u− 1)2, leading to, since y2 = 1: Φ(yg(x)) = (y − g(x))2 =
(g(x)− y)2. We get back least-squares, and we simply ignore the fact that the labels
have to belong to {−1, 1}, and take the sign of g(x) for the prediction. Note the
overpenalization for positive value of yg(x), that will not be present for the other
losses below (which are non-increasing).

• Logistic loss: Φ(u) = log(1 + e−u), leading to

Φ(yg(x)) = log(1 + e−yg(x)) = − log
( 1

1 + e−yg(x)

)
= − log(σ(yg(x)),

where: σ(v) = 1
1+e−v is the sigmoid function. Note the link with maximum likelihood

estimation, where we define the model through

P(y = 1|x) = σ(f(x)) and P(y = −1|x) = σ(−f(x)) = 1− σ(f(x)).

The risk is then the negative conditional log-likelhood E[− log p(y|x)]. It is also often
called the cross-entropy loss (see https://en.wikipedia.org/wiki/Logistic_regression
for details).
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Regression

)

Objective

{xi, yi}
n
i=1 ) f : Rd

! R

I Train a function f(x) = y 2 Y predicting a continuous value (Y = R).
I Can be extended to multi-value prediction (Y = Rp).

Parameters

I Type of function (linear, kernel,
neural network).

I Performance measure.

I Regularization.

Methods

I Least Square (LS).

I Ridge regression, Lasso.

I Kernel regression.

I Deep learning.

  Regression:

  In the supervised setting: xi = (zi, yi)
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  ERM

  Empirical risk: Rn(✓)

<latexit sha1_base64="RWOVtM+vygRWGwvHBJ33o4aZeKc="></latexit>

  you want to minimize it

min
✓2⇥

1
n

Pn
i=1 `(xi,✓) + �Reg(✓)

<latexit sha1_base64="RDDMink7/G3ERO030J32/kY92o8="></latexit>



88

Machine learning theory

  ML in practice:

  ERM

  Empirical risk: Rn(✓)

<latexit sha1_base64="RWOVtM+vygRWGwvHBJ33o4aZeKc="></latexit>

  you want to minimize it

✓0

<latexit sha1_base64="VpZ2Z73vNoYb0OO3MBpozR1XD/Q="></latexit>

b✓

<latexit sha1_base64="QBH8+n9RCKuBVYPuyvUuhU65wCw="></latexit>

  Gradient descent:

✓k+1 = ✓k � ⌘r✓Rn(✓)

<latexit sha1_base64="k9MVMoYJJ9BAFLTKq5XXczl11fQ=">AAArDXicpVpLc+PGER47L2fzWju55cJE3ipbtmVpHVdSqVKVJa3DjS15uXqtpNVaBVAghSJAwgBIiWLxN+THpHJL5Zo/kIuvySX5F+nuGTyG89xELJFAz/f19PT09DyAMEviotzc/PaNN7/z3e99/wdv/fDBj378k5/+7OHb75wWk2nej076k2SSn4VBESXxODop4zKJzrI8CtIwiV6Eoz0sfzGL8iKejI/LeRa9SoPhOB7E/a </latexit>

min
✓2⇥

1
n

Pn
i=1 `(xi,✓) + �Reg(✓)

<latexit sha1_base64="RDDMink7/G3ERO030J32/kY92o8="></latexit>



89

Machine learning theory

  ML in practice:

  ERM

  Empirical risk: Rn(✓)

<latexit sha1_base64="RWOVtM+vygRWGwvHBJ33o4aZeKc="></latexit>

  you want to minimize it

✓0

<latexit sha1_base64="VpZ2Z73vNoYb0OO3MBpozR1XD/Q="></latexit>

b✓

<latexit sha1_base64="QBH8+n9RCKuBVYPuyvUuhU65wCw="></latexit>

  Gradient descent:

✓k+1 = ✓k � ⌘r✓Rn(✓)

<latexit sha1_base64="k9MVMoYJJ9BAFLTKq5XXczl11fQ=">AAArDXicpVpLc+PGER47L2fzWju55cJE3ipbtmVpHVdSqVKVJa3DjS15uXqtpNVaBVAghSJAwgBIiWLxN+THpHJL5Zo/kIuvySX5F+nuGTyG89xELJFAz/f19PT09DyAMEviotzc/PaNN7/z3e99/wdv/fDBj378k5/+7OHb75wWk2nej076k2SSn4VBESXxODop4zKJzrI8CtIwiV6Eoz0sfzGL8iKejI/LeRa9SoPhOB7E/a </latexit>

  We are lazy:
✓k+1 = ✓k � ⌘ autodi↵[Rn(✓)]

<latexit sha1_base64="aYKQC4c9EqkfLcl4pncJaUNGtqE="></latexit>

min
✓2⇥

1
n

Pn
i=1 `(xi,✓) + �Reg(✓)

<latexit sha1_base64="RDDMink7/G3ERO030J32/kY92o8="></latexit>



90

Machine learning theory

  ML in practice:

  ERM

  Empirical risk: Rn(✓)

<latexit sha1_base64="RWOVtM+vygRWGwvHBJ33o4aZeKc="></latexit>

  you want to minimize it

✓0

<latexit sha1_base64="VpZ2Z73vNoYb0OO3MBpozR1XD/Q="></latexit>

b✓

<latexit sha1_base64="QBH8+n9RCKuBVYPuyvUuhU65wCw="></latexit>

  Gradient descent:

✓k+1 = ✓k � ⌘r✓Rn(✓)

<latexit sha1_base64="k9MVMoYJJ9BAFLTKq5XXczl11fQ=">AAArDXicpVpLc+PGER47L2fzWju55cJE3ipbtmVpHVdSqVKVJa3DjS15uXqtpNVaBVAghSJAwgBIiWLxN+THpHJL5Zo/kIuvySX5F+nuGTyG89xELJFAz/f19PT09DyAMEviotzc/PaNN7/z3e99/wdv/fDBj378k5/+7OHb75wWk2nej076k2SSn4VBESXxODop4zKJzrI8CtIwiV6Eoz0sfzGL8iKejI/LeRa9SoPhOB7E/a </latexit>

Many many many variants

  Momentum, averaging, adaptative step-size strategies: 
  Fix step-size, or change it (⌘k)k
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  Momentum and Accelerated gradients 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  RMSPROP 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Empirical  distribution

9.1. Di�erentiating the Wasserstein Loss 135

Simple cases. For those simple cases where the Wasserstein distance has a closed
form, such as univariate (see §2.30) or elliptically contoured (see §2.31) distributions,
simple workarounds exist. They consist mostly in casting the Wasserstein distance as
a simpler distance between suitable representations of these distributions (Euclidean
on quantile functions for univariate measures, Bures metric for covariance matrices
for elliptically contoured distributions of the same family) and solving Problem (9.1)
directly on such representations.

In most cases, however, one has to resort to a careful discretization of –◊ to com-
pute a local minimizer for Problem (9.1). Two approaches can be envisioned: Eulerian
or Lagrangian. Figure 9.1 illustrates the di�erence between these two fundamental dis-
cretization schemes. At the risk of oversimplifying this argument, one may say that
a Eulerian discretization is the most suitable when measures are supported on a low-
dimensional space (as when dealing with shapes or color spaces), or for intrinsically
discrete problems (such as those arising from string or text analysis). When applied
to fitting problems where observations can take continuous values in high-dimensional
spaces, a Lagrangian perspective is usually the only suitable choice.
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Figure 9.1: Increasing fine discretization of a continuous distribution having a density (violet, left)
using a Lagrangian representation 1
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”xi (blue, top) and an Eulerian representation

q
i
ai”xi with

xi representing cells on a grid of increasing size (red, bottom). The Eulerian perspective starts from
a pixelated image down to one with such fine resolution that it almost matches the original density.
Weights ai are directly proportional to each pixel-cell’s intensity.

9.1.1 Eulerian Discretization

A first way to discretize the problem is to suppose that both distributions — =q
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and –◊ =
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are discrete distributions defined on fixed loca-

tions (xi)i and (yj)j . Such locations might stand for cells dividing the entire space of
observations in a grid, or a finite subset of points of interest in a continuous space (such
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  ML in practice:

  ERM

  Empirical risk:   you want to minimize it

✓0

<latexit sha1_base64="VpZ2Z73vNoYb0OO3MBpozR1XD/Q="></latexit>

b✓

<latexit sha1_base64="QBH8+n9RCKuBVYPuyvUuhU65wCw="></latexit>

  Gradient descent:   Guarantees:
b✓ = ✓1

<latexit sha1_base64="Di9fKiAlb37u9JfDfnqkGZ8UNNw="></latexit>

is « good » Hope that ✓k+1 = ✓k � ⌘r✓Rn(✓)

<latexit sha1_base64="RrpVFAdFnzIobRh6jcoYNtfIs4g=">AAArB3icpVrbbiPHEW07N2dzWzt5ywsTeQFbtmVpHSNBAAGWtA43tuTl6raSVmthhhpSA86Q45khJYrgB+RjgrwFec03JC8BkvfkL1JV3XNp9nUTESJnqs+prq6urr7MhFkSF+Xm5j/eePNb3/7Od7/31vcf/OCHP/rxTx6+/c5pMZnm/eikP0km+VkYFFESj6OTMi6T6CzLoyANk+hFONrD8hezKC/iyfi4nGfRqzQYjuNB3A </latexit>

Rn(✓)

<latexit sha1_base64="p5mtab8FY8Zi8nZxFyEwmXSqxDw="></latexit>

min
✓

1
n

Pn
i=1 `(xi,✓) + �Reg(✓)

<latexit sha1_base64="U3WaXy801SW+onXbZskwhog3U4A="></latexit>



98

Machine learning theory

  ML in practice:

  ERM

  Empirical risk:   you want to minimize it
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Expensive when large scale
  Complexity:
  Alternative: SGD, mini-batches
  BUT requires multiple passes (epochs)
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Rn(✓)

<latexit sha1_base64="p5mtab8FY8Zi8nZxFyEwmXSqxDw="></latexit>

min
✓

1
n

Pn
i=1 `(xi,✓) + �Reg(✓)

<latexit sha1_base64="U3WaXy801SW+onXbZskwhog3U4A="></latexit>

may not even fit  
in memory


O(n⇥ Cr ⇥ nit)

<latexit sha1_base64="NDrA5EGZty5QpTgoUbZWKv02NBM="></latexit>

[Bottou, 2010]



99

Machine learning theory

  ML in practice:

  ERM

  Empirical risk:   you want to minimize it

✓0

<latexit sha1_base64="VpZ2Z73vNoYb0OO3MBpozR1XD/Q="></latexit>

b✓

<latexit sha1_base64="QBH8+n9RCKuBVYPuyvUuhU65wCw="></latexit>

  Gradient descent:   Guarantees:
b✓ = ✓1

<latexit sha1_base64="Di9fKiAlb37u9JfDfnqkGZ8UNNw="></latexit>

is « good » Hope that 

Expensive when large scale
  Complexity:

Difficult to prove
  Non-convexity/ high-dim

  Stats/Optim/Approx theory

✓k+1 = ✓k � ⌘r✓Rn(✓)

<latexit sha1_base64="RrpVFAdFnzIobRh6jcoYNtfIs4g=">AAArB3icpVrbbiPHEW07N2dzWzt5ywsTeQFbtmVpHSNBAAGWtA43tuTl6raSVmthhhpSA86Q45khJYrgB+RjgrwFec03JC8BkvfkL1JV3XNp9nUTESJnqs+prq6urr7MhFkSF+Xm5j/eePNb3/7Od7/31vcf/OCHP/rxTx6+/c5pMZnm/eikP0km+VkYFFESj6OTMi6T6CzLoyANk+hFONrD8hezKC/iyfi4nGfRqzQYjuNB3A </latexit>

Rn(✓)

<latexit sha1_base64="p5mtab8FY8Zi8nZxFyEwmXSqxDw="></latexit>

min
✓

1
n

Pn
i=1 `(xi,✓) + �Reg(✓)

<latexit sha1_base64="U3WaXy801SW+onXbZskwhog3U4A="></latexit>

nP
i=1

r✓`(xi,✓)

<latexit sha1_base64="nXn3u0+0w/Rm1/VSumx49aorNY8="></latexit>

O(n⇥ Cr ⇥ nit)

<latexit sha1_base64="NDrA5EGZty5QpTgoUbZWKv02NBM="></latexit>

  Alternative: SGD, mini-batches
  BUT requires multiple passes (epochs)

[Bottou, 2010]
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Machine learning theory

  ML in practice:

  ERM

  Empirical risk:   you want to minimize it

✓0

<latexit sha1_base64="VpZ2Z73vNoYb0OO3MBpozR1XD/Q="></latexit>

b✓

<latexit sha1_base64="QBH8+n9RCKuBVYPuyvUuhU65wCw="></latexit>

  Gradient descent:   Guarantees:
b✓ = ✓1

<latexit sha1_base64="Di9fKiAlb37u9JfDfnqkGZ8UNNw="></latexit>

is « good » Hope that 

Expensive when large scale
  Complexity:

Difficult to prove
  Non-convexity/ high-dim

  Stats/Optim/Approx theory

✓k+1 = ✓k � ⌘r✓Rn(✓)

<latexit sha1_base64="RrpVFAdFnzIobRh6jcoYNtfIs4g=">AAArB3icpVrbbiPHEW07N2dzWzt5ywsTeQFbtmVpHSNBAAGWtA43tuTl6raSVmthhhpSA86Q45khJYrgB+RjgrwFec03JC8BkvfkL1JV3XNp9nUTESJnqs+prq6urr7MhFkSF+Xm5j/eePNb3/7Od7/31vcf/OCHP/rxTx6+/c5pMZnm/eikP0km+VkYFFESj6OTMi6T6CzLoyANk+hFONrD8hezKC/iyfi4nGfRqzQYjuNB3A </latexit>

Rn(✓)

<latexit sha1_base64="p5mtab8FY8Zi8nZxFyEwmXSqxDw="></latexit>

min
✓

1
n

Pn
i=1 `(xi,✓) + �Reg(✓)

<latexit sha1_base64="U3WaXy801SW+onXbZskwhog3U4A="></latexit>

nP
i=1

r✓`(xi,✓)

<latexit sha1_base64="nXn3u0+0w/Rm1/VSumx49aorNY8="></latexit>

O(n⇥ Cr ⇥ nit)

<latexit sha1_base64="NDrA5EGZty5QpTgoUbZWKv02NBM="></latexit>

  Alternative: SGD, mini-batches
  BUT requires multiple passes (epochs)

[Bottou, 2010]

Compressive learning theory



  Theory of sketching

  Sketching in practice 

  Theoretical guarantees         

  Limitations & perspectives         

Compressive Learning

Sketched Learning Compressive Sensing

Randomized 
Generalized 
Moments

Random 
Matrix

Is recovery  
possible?

pX
<latexit sha1_base64="BH8HFp5UW1Co2fwEgFAmyGZZSdk="></latexit>

x

<latexit sha1_base64="1zSkQecRqGJWHYQ0S/iFCUJbvGQ="></latexit>

y = Ax+ e

<latexit sha1_base64="b5/PtvpNam3X6/9v1PLLpeTizLs="></latexit>

ez = A(pX) + e

<latexit sha1_base64="t0twMrQArp4/MGLEcsE5xZ52gIY="></latexit>

s := A⇡ + e

<latexit sha1_base64="PndU6uXGcrTW/rYlsHNg+BWSi7Y="></latexit>

⇡

<latexit sha1_base64="rfL6NETSFRte4nLr0YhligxZvJ0="></latexit>



Compressive Learning

  Theory of sketching

  Sketching in practice 

  Theoretical guarantees          

  Limitations & perspectives                  

Sketched Learning Compressive Sensing

Randomized 
Generalized 
Moments

Random 
Matrix

Is recovery  
possible?

pX
<latexit sha1_base64="BH8HFp5UW1Co2fwEgFAmyGZZSdk="></latexit>

x

<latexit sha1_base64="1zSkQecRqGJWHYQ0S/iFCUJbvGQ="></latexit>

y = Ax+ e

<latexit sha1_base64="b5/PtvpNam3X6/9v1PLLpeTizLs="></latexit>

ez = A(pX) + e

<latexit sha1_base64="t0twMrQArp4/MGLEcsE5xZ52gIY="></latexit>

s := A⇡ + e

<latexit sha1_base64="PndU6uXGcrTW/rYlsHNg+BWSi7Y="></latexit>

⇡

<latexit sha1_base64="rfL6NETSFRte4nLr0YhligxZvJ0="></latexit>
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Theory of sketching

  The big picture

n big

<latexit sha1_base64="UsG/64eOrFeSYKagvuXVI33fNo0="></latexit>

Parameters

�

<latexit sha1_base64="7rvWpvReA2q4Uy3axB6+XjungJY="></latexit>

Random  
projections

m ⇡ # params ⌧ nd

<latexit sha1_base64="XfEUlRjOQRJI811FUwKbG/pUL2s="></latexit>

Sketch

Inverse  
problem

Data

s = Ex[�(x)] 2 Rm

<latexit sha1_base64="yzx9gt6bG8CGjUChfRfFoP8I7dM="></latexit>

Learned  
model



  « Low-dim » representation 
of a dataset

  « Dimension » reduction
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Theory of sketching



  « Low-dim » representation 
of a dataset

  « Dimension » reduction
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Theory of sketching

Dimension reduction

Random projections (JL 
lemma)
Feature selection
Minimum distorsion 
embedding, PCA



  « Low-dim » representation 
of a dataset

  « Dimension » reduction
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Theory of sketching

Dimension reduction

Random projections (JL 
lemma)
Feature selection
Minimum distorsion 
embedding, PCA

Subsampling

Coresets

Importance sampling



Dimension reduction

Random projections (JL 
lemma)
Feature selection
Minimum distorsion 
embedding, PCA

  « Low-dim » representation 
of a dataset

  « Dimension » reduction

Subsampling

Coresets

Importance sampling

Here: linear « sketch »

[Rémi Gribonval, Gilles Blanchard,  
Nicolas Keriven,

Yann Traonmilin, Antoine Chatalic, 
Vincent Schellekens, 

Laurent Jacques…]

Only one vector
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Theory of sketching



  « Low-dim » representation 
of a dataset

  « Dimension » reduction

Here: linear « sketch »

[Rémi Gribonval, Gilles Blanchard,  
Nicolas Keriven,

Yann Traonmilin, Antoine Chatalic, 
Vincent Schellekens, 

Laurent Jacques…]

Only one vector

How do we 
sketch ? How 
do we learn 

from sketch ?
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Theory of sketching

Dimension reduction

Random projections (JL 
lemma)
Feature selection
Minimum distorsion 
embedding, PCA

Subsampling

Coresets

Importance sampling



n points ! s := 1
n

Pn
i=1 �(xi)

<latexit sha1_base64="orkIvj+oXstlcnBOC8kUuVI/sXc="></latexit>

  Obtaining the sketch
  A function called feature operator � : Rd ! Rm

<latexit sha1_base64="Fcm7vJuRA/vFoafhH97HMWriC5Q="></latexit>

  Averaging 

109

Theory of sketching

n points ->



  Obtaining the sketch
  A function called feature operator � : Rd ! Rm

<latexit sha1_base64="Fcm7vJuRA/vFoafhH97HMWriC5Q="></latexit>

  Averaging

  Average is a simple idea but …
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Theory of sketching

n points ! s := 1
n

Pn
i=1 �(xi)

<latexit sha1_base64="orkIvj+oXstlcnBOC8kUuVI/sXc="></latexit>

n points ->

  It can be calculated in parallel …
t

<latexit sha1_base64="mD8f3spumH+rjPgFce23CHNHh6U="></latexit>

  Suitable for distributed /streaming scenarii



  Randomization: the core of sketching
  A function called feature operator � : Rd ! Rm

<latexit sha1_base64="Fcm7vJuRA/vFoafhH97HMWriC5Q="></latexit>

  In practice �(x) = ⇢(Wx)

<latexit sha1_base64="4WxiVgpH6Rfx4J9d+3Z6fFjQ3lg="></latexit>

                          is a random matrix           W 2 Rm⇥d

<latexit sha1_base64="7FFVCRRM0zu3wTMmfabUKvLtbOA="></latexit>

                          is a non-linear activation           ⇢ : Rm ! Rm

<latexit sha1_base64="rZAlhoj2kaYLklHWyqade778dFw="></latexit>

Rd

<latexit sha1_base64="q0MiYVMWP9jXzr6iZtc8riQ8Ncs="></latexit>

W

<latexit sha1_base64="k1Btt39VMtCrDQaPv16Ma80q4Ww="></latexit>

Random

Rm

<latexit sha1_base64="ZsFBvUqKNn3rqSDfiKBdohL54bY="></latexit>
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Theory of sketching



  Randomization: the core of sketching

Rd

<latexit sha1_base64="q0MiYVMWP9jXzr6iZtc8riQ8Ncs="></latexit>

  Random Fourier Features (RFF)
                           is Gaussian           W 2 Rm⇥d

<latexit sha1_base64="7FFVCRRM0zu3wTMmfabUKvLtbOA="></latexit>

           

�(x) = 1p
m
(exp(�i!>

1 x), · · · , exp(�i!>
mx))>

<latexit sha1_base64="ML+siN1hpYAl4aJldzApM5DgumQ="></latexit>

⇢(y) = 1p
m
(exp(�iy1), · · · , exp(�iym))

<latexit sha1_base64="6PPnxXIpn0yjsHwz4UDwTUAj0Z0="></latexit>

[Rahimi & Recht, 2008]

W = [!>
1 , · · · ,!>

m]

<latexit sha1_base64="XRMWTYemYLZDKxkZxD4tUfn9MG4="></latexit>

W

<latexit sha1_base64="k1Btt39VMtCrDQaPv16Ma80q4Ww="></latexit>

Random

Rm

<latexit sha1_base64="ZsFBvUqKNn3rqSDfiKBdohL54bY="></latexit>
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Theory of sketching

Wij ⇠ N (0,�2)

<latexit sha1_base64="x556WkuMYC/38I//JECo5PV8BuI="></latexit>

  A function called feature operator � : Rd ! Rm

<latexit sha1_base64="Fcm7vJuRA/vFoafhH97HMWriC5Q="></latexit>

  In practice �(x) = ⇢(Wx)

<latexit sha1_base64="4WxiVgpH6Rfx4J9d+3Z6fFjQ3lg="></latexit>

                          is a random matrix           W 2 Rm⇥d

<latexit sha1_base64="7FFVCRRM0zu3wTMmfabUKvLtbOA="></latexit>

                          is a non-linear activation           ⇢ : Rm ! Rm

<latexit sha1_base64="rZAlhoj2kaYLklHWyqade778dFw="></latexit>



  A linear operator on distributions
A : ⇡ !

R
Rd �(x)d⇡(x) 2 Rm

<latexit sha1_base64="+c4xnwFD6jPYurWjErAXmmr2W3o="></latexit>
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Theory of sketching

  The sketching operator

  This is a linear operator on measures/distributions



  A linear operator on distributions
A : ⇡ !

R
Rd �(x)d⇡(x) 2 Rm

<latexit sha1_base64="+c4xnwFD6jPYurWjErAXmmr2W3o="></latexit>

A⇡ = E
x⇠⇡

[�(x)]

<latexit sha1_base64="ieVQgAbciIN7ttOizxJ7RZeSSEU="></latexit>

  Generalized moments
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Theory of sketching

  The sketching operator

  This is a linear operator on measures/distributions



  A linear operator on distributions
A : ⇡ !

R
Rd �(x)d⇡(x) 2 Rm

<latexit sha1_base64="+c4xnwFD6jPYurWjErAXmmr2W3o="></latexit>

  Generalized moments

A⇡ = E
x⇠⇡

[x]

<latexit sha1_base64="0n3B38yV18qvEsyh6VxI1Rv5QVQ="></latexit>

Mean (moment 1)

Variance (moment 2)

A⇡ = E
x⇠⇡

[xx>]

<latexit sha1_base64="XGpp4Gd7qwlLUMibFyKawmfaA+g="></latexit>

�(x
) =

x

<latexit sha1_base64="53PrsRDMQ1tW2nINjjBBb9suAOw="></latexit>

�(x) = xx>

<latexit sha1_base64="fr3wWT98iFuK3qvNmRayYQdwVIY="></latexit>
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Theory of sketching

  The sketching operator

  This is a linear operator on measures/distributions

A⇡ = E
x⇠⇡

[�(x)]

<latexit sha1_base64="ieVQgAbciIN7ttOizxJ7RZeSSEU="></latexit>



  A linear operator on distributions
  The sketching operator A : ⇡ !

R
Rd �(x)d⇡(x) 2 Rm

<latexit sha1_base64="+c4xnwFD6jPYurWjErAXmmr2W3o="></latexit>

  Generalized moments
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� = RFF

<latexit sha1_base64="svMNP6XjhCWN7S54KChcFhwQnio="></latexit>

A⇡ = (F [⇡](!1), · · · ,F [⇡](!m))

<latexit sha1_base64="oQWzgvE+uT1tsmP5x0uMsWfBPAM="></latexit>

Sampling of the Fourier transform  
of the distrib.

Theory of sketching

  This is a linear operator on measures/distributions
A⇡ = E

x⇠⇡
[x]

<latexit sha1_base64="0n3B38yV18qvEsyh6VxI1Rv5QVQ="></latexit>

Mean (moment 1)

Variance (moment 2)

A⇡ = E
x⇠⇡

[xx>]

<latexit sha1_base64="XGpp4Gd7qwlLUMibFyKawmfaA+g="></latexit>

�(x
) =

x

<latexit sha1_base64="53PrsRDMQ1tW2nINjjBBb9suAOw="></latexit>

�(x) = xx>

<latexit sha1_base64="fr3wWT98iFuK3qvNmRayYQdwVIY="></latexit>

A⇡ = E
x⇠⇡

[�(x)]

<latexit sha1_base64="ieVQgAbciIN7ttOizxJ7RZeSSEU="></latexit>



  A linear operator on distributions
A : ⇡ !

R
Rd �(x)d⇡(x) 2 Rm

<latexit sha1_base64="+c4xnwFD6jPYurWjErAXmmr2W3o="></latexit>

A⇡ = E
x⇠⇡

[�(x)]

<latexit sha1_base64="ieVQgAbciIN7ttOizxJ7RZeSSEU="></latexit>

  Generalized moments

  The two « ways » of sketching

n points ! s := 1
n

Pn
i=1 �(xi)

<latexit sha1_base64="orkIvj+oXstlcnBOC8kUuVI/sXc="></latexit>

A : ⇡ ! A(⇡) :=
R
X �(x)d⇡(x)

<latexit sha1_base64="vYRAhCOT4atEDuNAjmD2rXQuRAE="></latexit>

Linear

s := A⇡n

<latexit sha1_base64="vANi0h2ZmF3b8AqjOCYMFVmQ1ME="></latexit>

⇡n = 1
n

Pn
i=1 �xi

<latexit sha1_base64="Kh8EsTK2Nj1HMd/iJkAK/hsUo3g="></latexit>

⇡n = 1
n

Pn
i=1 �xi

<latexit sha1_base64="Kh8EsTK2Nj1HMd/iJkAK/hsUo3g="></latexit>

Empirical  distribution
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Theory of sketching

  The sketching operator

  This is a linear operator on measures/distributions



Compressive Learning

  Theory of sketching

  Sketching in practice 

  RIP for theoretical guarantees          

  Limitations & perspectives         

Sketched Learning Compressive Sensing

Randomized 
Generalized 
Moments

Random 
Matrix

Is recovery  
possible?

pX
<latexit sha1_base64="BH8HFp5UW1Co2fwEgFAmyGZZSdk="></latexit>

x

<latexit sha1_base64="1zSkQecRqGJWHYQ0S/iFCUJbvGQ="></latexit>

y = Ax+ e

<latexit sha1_base64="b5/PtvpNam3X6/9v1PLLpeTizLs="></latexit>

ez = A(pX) + e

<latexit sha1_base64="t0twMrQArp4/MGLEcsE5xZ52gIY="></latexit>

s := A⇡ + e

<latexit sha1_base64="PndU6uXGcrTW/rYlsHNg+BWSi7Y="></latexit>

⇡

<latexit sha1_base64="rfL6NETSFRte4nLr0YhligxZvJ0="></latexit>
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Sketching in practice

12/65

K-means clustering

K-means for K 5 f(x)  mink|x− ck|2for K 5 K-means for K 10 f(x)  mink|x− ck|2for K 10

Principle [Steinhaus et al., 1956, MacQueen et al., 1967]

Find K clusters ck 2 Rd that optimize:

min
ck,8k

nX

i=1

min
k

kxi � ckk2 (1)

I Minimize the sum of squared distance between xi and its closest cluster ck.

I Can be seen as the minimization w.r.t. ck of the expectation on the data of
function f(x) = mink kxi � ckk2.

I The optimization problem can be reformulated with A 2 {0, 1}n⇥K a cluster
assignment binary matrix (Ai,k = 1 means that xi is in cluster k) as

min
ck2Rd,8k,A2{0,1}n⇥K ,A1K=1n

n,KX

i=1,k=1

Ai,kkxi � ckk2 (2)

min
c1,··· ,cK

1
n

Pn
i=1 min

k2[[K]]
kxi � ckk22

<latexit sha1_base64="jQb/wv6mn/UH0jf3ORbQ946CROA="></latexit>

  Come back to K-means:
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12/65

K-means clustering

K-means for K 5 f(x)  mink|x− ck|2for K 5 K-means for K 10 f(x)  mink|x− ck|2for K 10

Principle [Steinhaus et al., 1956, MacQueen et al., 1967]

Find K clusters ck 2 Rd that optimize:

min
ck,8k

nX

i=1

min
k

kxi � ckk2 (1)

I Minimize the sum of squared distance between xi and its closest cluster ck.

I Can be seen as the minimization w.r.t. ck of the expectation on the data of
function f(x) = mink kxi � ckk2.

I The optimization problem can be reformulated with A 2 {0, 1}n⇥K a cluster
assignment binary matrix (Ai,k = 1 means that xi is in cluster k) as

min
ck2Rd,8k,A2{0,1}n⇥K ,A1K=1n

n,KX

i=1,k=1

Ai,kkxi � ckk2 (2)

min
c1,··· ,cK

1
n

Pn
i=1 min

k2[[K]]
kxi � ckk22

<latexit sha1_base64="jQb/wv6mn/UH0jf3ORbQ946CROA="></latexit>

  Come back to K-means:

We want to find Kd params.
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12/65

K-means clustering

K-means for K 5 f(x)  mink|x− ck|2for K 5 K-means for K 10 f(x)  mink|x− ck|2for K 10

Principle [Steinhaus et al., 1956, MacQueen et al., 1967]

Find K clusters ck 2 Rd that optimize:

min
ck,8k

nX

i=1

min
k

kxi � ckk2 (1)

I Minimize the sum of squared distance between xi and its closest cluster ck.

I Can be seen as the minimization w.r.t. ck of the expectation on the data of
function f(x) = mink kxi � ckk2.

I The optimization problem can be reformulated with A 2 {0, 1}n⇥K a cluster
assignment binary matrix (Ai,k = 1 means that xi is in cluster k) as

min
ck2Rd,8k,A2{0,1}n⇥K ,A1K=1n

n,KX

i=1,k=1

Ai,kkxi � ckk2 (2)

min
c1,··· ,cK

1
n

Pn
i=1 min

k2[[K]]
kxi � ckk22

<latexit sha1_base64="jQb/wv6mn/UH0jf3ORbQ946CROA="></latexit>

  Come back to K-means:

  Find a distribution                                    that bests approximate 

  Another point of view:
b⇡ = 1

K

PK
k=1 �ck

<latexit sha1_base64="vwGYPs7UyxDQievMguaed8ETQ1I="></latexit>

  We have access to the whole dataset i.e. ⇡n

<latexit sha1_base64="4Z0HD1WR31NwthrogJ6t0dOqdFk="></latexit>

⇡

<latexit sha1_base64="RL/tZlAnPAc7d/g093PgpEkT8Og="></latexit>
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Sketching in practice

12/65

K-means clustering

K-means for K 5 f(x)  mink|x− ck|2for K 5 K-means for K 10 f(x)  mink|x− ck|2for K 10

Principle [Steinhaus et al., 1956, MacQueen et al., 1967]

Find K clusters ck 2 Rd that optimize:

min
ck,8k

nX

i=1

min
k

kxi � ckk2 (1)

I Minimize the sum of squared distance between xi and its closest cluster ck.

I Can be seen as the minimization w.r.t. ck of the expectation on the data of
function f(x) = mink kxi � ckk2.

I The optimization problem can be reformulated with A 2 {0, 1}n⇥K a cluster
assignment binary matrix (Ai,k = 1 means that xi is in cluster k) as

min
ck2Rd,8k,A2{0,1}n⇥K ,A1K=1n

n,KX

i=1,k=1

Ai,kkxi � ckk2 (2)

min
c1,··· ,cK

1
n

Pn
i=1 min

k2[[K]]
kxi � ckk22
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  Come back to K-means:

  Find a distribution                                    that bests approximate 

  Another point of view:
b⇡ = 1

K

PK
k=1 �ck
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  We have access to the whole dataset i.e. ⇡n
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  In sketching:
  We only have access to s := A⇡n

<latexit sha1_base64="vANi0h2ZmF3b8AqjOCYMFVmQ1ME="></latexit>

How do we do ?

⇡
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Sketching in practice

12/65

K-means clustering

K-means for K 5 f(x)  mink|x− ck|2for K 5 K-means for K 10 f(x)  mink|x− ck|2for K 10

Principle [Steinhaus et al., 1956, MacQueen et al., 1967]

Find K clusters ck 2 Rd that optimize:

min
ck,8k

nX

i=1

min
k

kxi � ckk2 (1)

I Minimize the sum of squared distance between xi and its closest cluster ck.

I Can be seen as the minimization w.r.t. ck of the expectation on the data of
function f(x) = mink kxi � ckk2.

I The optimization problem can be reformulated with A 2 {0, 1}n⇥K a cluster
assignment binary matrix (Ai,k = 1 means that xi is in cluster k) as

min
ck2Rd,8k,A2{0,1}n⇥K ,A1K=1n

n,KX

i=1,k=1

Ai,kkxi � ckk2 (2)

min
c1,··· ,cK

1
n

Pn
i=1 min

k2[[K]]
kxi � ckk22
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  Come back to K-means:

  Find a distribution                                    that bests approximate 

  Another point of view:
b⇡ = 1

K

PK
k=1 �ck
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  We have access to the whole dataset i.e. ⇡n
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  In sketching:
  We only have access to s := A⇡n

<latexit sha1_base64="vANi0h2ZmF3b8AqjOCYMFVmQ1ME="></latexit>

How do we do ?

we will change that

⇡
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Sketching in practice

  Sketching for large scale K-means:
  We aim at solving:

min
b⇡ s.t. b⇡= 1

K

PK
k=1 �ck

ks�Ab⇡k2
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Sketching in practice

  Sketching for large scale K-means:
  We aim at solving:

min
b⇡ s.t. b⇡= 1

K

PK
k=1 �ck

ks�Ab⇡k2
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Find a distrib. of K diracs
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Sketching in practice

  Sketching for large scale K-means:
  We aim at solving:

min
b⇡ s.t. b⇡= 1

K

PK
k=1 �ck

ks�Ab⇡k2
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Sketch of the distrib
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Sketching in practice

  Sketching for large scale K-means:
  We aim at solving:

min
b⇡ s.t. b⇡= 1

K

PK
k=1 �ck

ks�Ab⇡k2
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Sketch of the data
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Sketching in practice

  Sketching for large scale K-means:
  We aim at solving:

  Find a distribution of K diracs whose sketch is the closest to the 
sketch of the dataset

min
b⇡ s.t. b⇡= 1

K

PK
k=1 �ck

ks�Ab⇡k2

<latexit sha1_base64="Jaxkd9wIwoqt7M7ucE3UEPHPGnA="></latexit>

  Different criteria than K-means
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Sketching in practice

  Sketching for large scale K-means:
  We aim at solving:

  Find a distribution of K diracs whose sketch is the closest to the 
sketch of the dataset

min
b⇡ s.t. b⇡= 1

K

PK
k=1 �ck

ks�Ab⇡k2
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  Different criteria than K-means

  Reformulation:

min
c1,··· ,cK

ks� 1
K

PK
k=1 �(ck)k2
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Sketching in practice

  Algorithm:

min
c1,··· ,cK

ks� 1
K

PK
k=1 �(ck)k2

<latexit sha1_base64="Cvck4bJKkE5h8/E8Qxpsel+OZGM="></latexit>

  Inspired from orthogonal matching pursuit (OMP)
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Sketching in practice

  Algorithm:

min
c1,··· ,cK

ks� 1
K

PK
k=1 �(ck)k2
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  Inspired from orthogonal matching pursuit (OMP)

⇥ ;
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r s
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bc 2 argmax
c2Rd

|
D

�(c)
k�(c)k , r

E
|

<latexit sha1_base64="7yAtKLsN/W+2DZPW59Meu2dXHNQ="></latexit>

⇥ ⇥
S

{bc}
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b↵ 2 argmin
↵1,··· ,↵k

ks�
P|⇥|

k=1 ↵k�(ck)k2
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r s�
P|⇥|

k=1 c↵k�(ck)
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(⇥ = (c1, · · · , c|⇥|)
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while                    :
// Find a new atom:  

minimizes the residuals

// add it to the support

// Adjust weights: 
least-squares

// update residuals

return:(⇥ = (c1, · · · , c|⇥|)
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// Initialize
|⇥|  K
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Complexity: O(mdK2)
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Sketching in practice

  Results:
d = 10,K = 10
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  Synthetic dataset: 

m ⇡ Kd
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How do we choose m ? number of params ?
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Sketching in practice

  Results:

5.3. Compressive k-means 77

By default, the CL-OMPR and k-means algorithms are initialized with points drawn uni-
formly between ` and u (what we call “range” below). We perform an experiment to test this
approach against two other initialization methods:

– Range: for CL-OMPR, Step 1 is initialized by a point drawn uniformly between ` and u;
for kmeans, select k such points. This is the default initialization method in the rest of
the experiments.

– Sample: for CL-OMPR, select a point ✓ = zi from the data at random; for kmeans, select
k such points.

– k++, a strategy analog to the k-means++ algorithm [AV07]: for CL-OMPR, select ✓ = zi

from the data with a probability inversely proportional to its distance to the current set
of centroids ⇥; for kmeans, run exactly the K++ algorithm [AV07].

Note that the last two strategies do not fit in the sketching framework, since they still
require access to the data. They are implemented for testing purpose. In the rest of the
experiments the “Range” strategy is always adopted.

Fig. 5.6 shows box plots for SSE results over 50 experiments, for both synthetic and real
data. The k++ approach is seen to significantly improve kmeans on real data, while the CL-
OMPR algorithm seems to be more robust to initialization strategy. The CL-OMPR algorithm
also seems to perform surprisingly well on MNIST data.

5.3.5 Time and memory use on large-scale databases
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FIGURE 5.7: Time, memory and SSE of CL-OMPR divided by those of Mat-
lab’s kmeans function (black dotted line) on Gaussian synthetic data with

d = 10, k = 10.

Next we examine the gains of the proposed sketching method compared to Matlab’s kmeans
function in terms of computation time and memory requirement, to confirm that the compres-
sive approach is more efficient than using the full data for large databases.

Experiment. In Fig. 5.7, relative computation time, memory requirement and SSE of the
sketching method (i.e. time, memory and SSE of CL-OMPR divided by those of Matlab’s
kmeans function) are showed, for four increasingly large databases with n = 104, 105, 106, 107

items. For the computation time, we do not take into account the computation of the sketch
here but only the CL-OMPR algorithm, since we suppose the sketch to be computed before-
hand in a streaming, distributed and parallel context.

d = 10,K = 10
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  Synthetic dataset: 

m ⇡ Kd
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Sketching in practice

  Results for K-means:
Handwritten digits Spectral embedding

Pre-

processing

ez

Sketch

Sketched

Clustering

n = 70 000
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K = 10
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m ⇡ Kd
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 Remember K-means  
 complexity:

O(nKd)
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In time:
Memory: O(nd)
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Complexity: 
O(mdK2)
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Sketching in practice

  Come back to GMM:

⇡✓(x) =
KP

k=1
↵k⇡µk,⌃k(x)
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25/65

Gaussian Mixture Models (GMM)

GMM Gensity EstimateG GMM

−2
0

2

4
0 2 4

0.0
0.2
0.4
0.6
0.8

G00 mixture Gensities GMM clustering

Principle [Dempster et al., 1977, Yu et al., 2011]
I Model the prob. distribution of the data as a sum of K Gaussian distributions :

pGMM (x|✓) =
KX

k=1

�kpN (x|µk,⌃k) (4)

I Estimate ✓ = {�,µk,⌃k, 8k} by maximizing the likelihood on the data.

I Optimization performed using the Expectation Maximization that consists in
maximizing at each iteration a lower bound of the likelihood.

I The algorithm updates iteratively the probability that each component k
generated each sample xi and the parameters ✓.

I Covariances can be full, diagonal, or low rank [Houdard et al., 2018].

I Scikit-learn implementation : sklearn.mixture.GaussianMixture

min
✓

1
n

nP
i=1

� log(⇡✓(xi))
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GMM: 

MLE estimate: 

  Find a distribution       that bests approximate ⇡✓
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⇡
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Sketching in practice

  Come back to GMM:

⇡✓(x) =
KP

k=1
↵k⇡µk,⌃k(x)
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Principle [Dempster et al., 1977, Yu et al., 2011]
I Model the prob. distribution of the data as a sum of K Gaussian distributions :

pGMM (x|✓) =
KX

k=1

�kpN (x|µk,⌃k) (4)

I Estimate ✓ = {�,µk,⌃k, 8k} by maximizing the likelihood on the data.

I Optimization performed using the Expectation Maximization that consists in
maximizing at each iteration a lower bound of the likelihood.

I The algorithm updates iteratively the probability that each component k
generated each sample xi and the parameters ✓.

I Covariances can be full, diagonal, or low rank [Houdard et al., 2018].

I Scikit-learn implementation : sklearn.mixture.GaussianMixture

min
✓

1
n

nP
i=1

� log(⇡✓(xi))
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GMM: 

MLE estimate: 

  Find a distribution       that bests approximate ⇡✓
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⇡
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  Same idea than before:

min
✓={↵k,µk,⌃k}K

k=1

ks�A⇡✓k2
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Find a GMM whose sketch is the  
closest to the sketch of the dataset
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Sketching in practice

  Sketching for large scale GMM:
  A little bit more delicate: need to evaluate A⇡✓

<latexit sha1_base64="k/PNx/MS8bj48P2LTAcU2JNNvYE="></latexit>

GMMA⇡✓ =
PK

k=1 ↵kA(⇡µk,⌃k)
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  Linearity:

  When                      :� = RFF

<latexit sha1_base64="svMNP6XjhCWN7S54KChcFhwQnio="></latexit>

A(⇡µk,⌃k)

<latexit sha1_base64="uxk9NfZIqppg17JQtUXI98EDVY8="></latexit>

is the Fourier transform of a Gaussian evaluated at m points  

But Fourier transform of a Gaussian = Gaussian

-> Just need to sample m points from a Gaussian (easy)
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Sketching in practice

  Sketching for large scale GMM:
  A little bit more delicate: need to evaluate A⇡✓
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GMMA⇡✓ =
PK

k=1 ↵kA(⇡µk,⌃k)
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  Linearity:

  When                      :� = RFF
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  Algorithm:

A(⇡µk,⌃k)
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is the Fourier transform of a Gaussian evaluated at m points  

But Fourier transform of a Gaussian = Gaussian

-> Just need to sample m points from a Gaussian (easy)

  The algorithm of K-means adapts to this setting 

// Find a new atom:  
minimizes the residuals

bµ, b⌃ argmax
µ,⌃

|
D

A⇡µ,⌃

kA⇡µ,⌃k , r
E
|
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Sketching in practice

  Results:5.4. Gaussian Mixture Models 83

5.4.4 Role of database size
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FIGURE 5.11: Comparison of the different algorithms: KL-divergence result
with respect to n, in dimension d = 10, with k = 5 (left) or k = 20 (right), using

m = 15kd frequencies for the sketching method.

We first compare the proposed compressive algorithms against the classic EM algorithm
for increasingly large database sizes, to assess precision of the compressive methods, and time
and memory savings.

Precision of the estimation. In Fig. 5.11, KL-divergence result are shown for all algorithms,
with respect to the number of items n in the database. Two problems, k = 5 and k = 20 in
dimension d = 10 are shown. For k = 5, all compressive algorithms yield the same precision
for all database sizes, which would suggest using the fastest one (HCGMM) in practice. For
k = 20 however, CL-OMPR significantly outperforms other approaches for large databases,
confirming its capacity to handle more difficult problems. In both k = 5 and k = 20, EM10
is seen to significantly outperform EM1 at large n, which is to be expected. And, while it is
performed for only one run, the CL-OMPR algorithm is on par with EM10 in each case, which
confirms its stability compared to classic approaches, as already observed for the Dirac case.
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FIGURE 5.12: Relative time and memory consumption of the sketch algorithms
with respect to the EM10 algorithm, in dimension d = 10, with m = 15kd.
The relative memory used by the sketching method also includes the frequency

matrix.

Time and memory savings. In Fig. 5.12 we examine relative time and memory consumption
of the compressive approaches, compared to EM10. Once again, for the time curve we do not
outline the time taken to compute the sketch, since we suppose it has been done beforehand in
an streaming or distributed context. As expected, for large n the compressive approaches are

K = 5
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K = 20
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Sketching in practice

  Depending on the task, find the suitable set:

  Learn from sketch:

S⇥ = {⇡✓;✓ 2 ⇥}

<latexit sha1_base64="Zbm9R1mGy32mEGNazJqi1bihBzI="></latexit>

K-means: mixture  
of K diracs

GMM: mixture  
of K Gaussian

Generative model:  
distrib. parametrized 
by NN

  Solve the optimization problem:

min
✓2⇥

ks�A⇡✓k2
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Decoding problem:
- CL-OMP 
- GD

 Return the best parameter      and the distributionb✓
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⇡b✓ ⇡ ⇡
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Sketching in practice

  Another toy example:

Generative model:  

S⇥ = { 1
p

Pp
j=1 �NN✓(zj);✓ 2 ⇥}

<latexit sha1_base64="EqOEndQHvmm3Ym0TkUo5p6sT9jY="></latexit>
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Latent space
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Sketching in practice

  Another toy example:

Generative model:  Optim. 

SGD

Sketching op:  

S⇥ = { 1
p

Pp
j=1 �NN✓(zj);✓ 2 ⇥}
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A⇡✓ = 1
p

Pp
j=1 �(NN✓(zj))
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Latent space
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Sketching in practice

  Another toy example:

Generative model:  Optim. 

SGD

Sketching op:  

S⇥ = { 1
p

Pp
j=1 �NN✓(zj);✓ 2 ⇥}
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A⇡✓ = 1
p

Pp
j=1 �(NN✓(zj))
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min
✓2⇥

ks�A⇡✓k2
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  Theory of sketching

  Sketching in practice 

  Theoretical guarantees          

  Limitations & perspectives         

Sketched Learning Compressive Sensing

Randomized 
Generalized 
Moments

Random 
Matrix

Is recovery  
possible?

pX
<latexit sha1_base64="BH8HFp5UW1Co2fwEgFAmyGZZSdk="></latexit>

x

<latexit sha1_base64="1zSkQecRqGJWHYQ0S/iFCUJbvGQ="></latexit>

y = Ax+ e

<latexit sha1_base64="b5/PtvpNam3X6/9v1PLLpeTizLs="></latexit>

ez = A(pX) + e

<latexit sha1_base64="t0twMrQArp4/MGLEcsE5xZ52gIY="></latexit>

s := A⇡ + e

<latexit sha1_base64="PndU6uXGcrTW/rYlsHNg+BWSi7Y="></latexit>

⇡

<latexit sha1_base64="rfL6NETSFRte4nLr0YhligxZvJ0="></latexit>
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Theoretical guarantees



  Analogy with compressed sensing
A⇡ = E

x⇠⇡
[�(x)]

<latexit sha1_base64="ieVQgAbciIN7ttOizxJ7RZeSSEU="></latexit>

Sketching operator

13

parametric model

Statistical Learning

dataset

X = {xi � Rd}ni=1
<latexit sha1_base64="zwElDFLvLgd1tG2hq9L0zUB/Mvw="></latexit>

<latexit sha1_base64="hkYdDoQ8d8PvDD5w4TyLKtDOF0E=">AAACDnicbVDLSgMxFM34tr6qLt0Ei+CqzIioS9GNywr2gZ0imcytDeYxJHeUMvQfXLjVz3Anbv0Fv8JfMH0s1Hog4XDOveTkJJkUDsPwM5iZnZtfWFxaLq2srq1vlDe3Gs7klkOdG2lsK2EOpNBQR4ESWpkFphIJzeTufOg378E6YfQV9jPoKHarRVdwhl66jhNHY+wBsptyJayGI9BpEk1IhUxQuyl/xanhuQKNXDLn2lGYYadgFgWXMCjFuYOM8Tt2C21PNVPgOsUo8YDueSWlXWP90UhH6s+Nginn+irxk4phz/31huJ/XjvH7kmnEDrLETQfP9TNJUVDh9+nqbDAUfY9YdwKn5XyHrOMoy+pFGt44EYpptPCVzPwl5HpMIiRA99Q9LePadI4qEZH1YPLw8rp2aSrJbJDdsk+icgxOSUXpEbqhBNNnsgzeQkeg9fgLXgfj84Ek51t8gvBxzelBJ2P</latexit>

✓

Minimize the empirical risk

… as proxy for the true risk (our target)

<latexit sha1_base64="MB7BssgXavbLBCMnKKY1idz089I="></latexit>

e� � argmin
✓

R(�; bPX ) = 1
n

Pn
i=1 �(�,xi)

<latexit sha1_base64="N3kCQBlsYtxzF6BtspXfxZc+E+I="></latexit>

�� � argmin
�

R(�;P0) = Ex�P0�(�,x)

<latexit sha1_base64="ugYk+/f/jP/XtKl65YKVkPawrYA=">AAACHHicbVDLSsNAFJ34rPUVdelmsAiuQlJFXRbduKxgH9CEMJlM2qEzSZiZiCX0Q9z4K25cKOLGheDfOEmz0NYLwxzOuZd77glSRqWy7W9jaXlldW29tlHf3Nre2TX39rsyyQQmHZywRPQDJAmjMekoqhjpp4IgHjDSC8bXhd67J0LSJL5Tk5R4HA1jGlGMlKZ889QNEhbKCdcffPApdCXlfu5ypEaC59SiVmhNp7AkMGKw7du+2bAtuyy4CJwKNEBVbd/8dMMEZ5zECjMk5cCxU+XlSCiKGZnW3UySFOExGpKBhjHiRHp5edwUHmsmhFEi9IsVLNnfEznisvCvOwuPcl4ryP+0QaaiSy+ncZopEuPZoihjUCWwSAqGVBCs2EQDhAXVXiEeIYGw0nnWdQjO/MmLoNu0nHOreXvWaF1VcdTAITgCJ8ABF6AFbkAbdAAGj+AZvII348l4Md6Nj1nrklHNHIA/ZXz9AKkpobE=</latexit>

xi �i.i.d. P0

Assuming

true data 
distribution

What we would have if we 
had “infinite amount of 

voters/data”

<latexit sha1_base64="GBQCuhCMea3HRc5dJAgGsDc98rI=">AAACC3icbVDLSsNAFJ34rPUVdelmaBFclUREXRbduKxgH9CGMJnctEMnD2YmSgnZu/FX3LhQxK0/4M6/cdIG1NYDA2fOuZd77/ESzqSyrC9jaXlldW29slHd3Nre2TX39jsyTgWFNo15LHoekcBZBG3FFIdeIoCEHoeuN74q/O4dCMni6FZNEnBCMoxYwChRWnLN2uCe+TAiKhuERI0o4biVuz+fXo5ds241rCnwIrFLUkclWq75OfBjmoYQKcqJlH3bSpSTEaEY5ZBXB6mEhNAxGUJf04iEIJ1sekuOj7Ti4yAW+kUKT9XfHRkJpZyEnq4sdpTzXiH+5/VTFVw4GYuSVEFEZ4OClGMV4yIY7DMBVPGJJoQKpnfFdEQEoUrHV9Uh2PMnL5LOScM+a9g3p/XmZRlHBR2iGjpGNjpHTXSNWqiNKHpAT+gFvRqPxrPxZrzPSpeMsucA/YHx8Q0OV5sK</latexit>

bPX
<latexit sha1_base64="wC6t86cilt/N+xrktGxkk6DibU4=">AAAB+HicbVDLSsNAFL2pr1ofjbp0M1gEVyURUZdFNy4r2Ae0IUymk3boZBJmJkIM/RI3LhRx66e482+ctFlo64GBwzn3cs+cIOFMacf5tipr6xubW9Xt2s7u3n7dPjjsqjiVhHZIzGPZD7CinAna0Uxz2k8kxVHAaS+Y3hZ+75FKxWLxoLOEehEeCxYygrWRfLs+jLCeEMxR28+dGfLthtN05kCrxC1JA0q0fftrOIpJGlGhCcdKDVwn0V6OpWaE01ltmCqaYDLFYzowVOCIKi+fB5+hU6OMUBhL84RGc/X3Ro4jpbIoMJNFTLXsFeJ/3iDV4bWXM5GkmgqyOBSmHOkYFS2gEZOUaJ4ZgolkJisiEywx0aarminBXf7yKumeN93Lpnt/0WjdlHVU4RhO4AxcuIIW3EEbOkAghWd4hTfryXqx3q2PxWjFKneO4A+szx/gOJKU</latexit>P0

Sampled view of

ML formalization: true risk vs ERM

⇡n

<latexit sha1_base64="m6INsDhgia1cTFP6cWu5FfvGuCs="></latexit>

⇡

<latexit sha1_base64="D1NHOgbuP+RTAqyX1a5i4HW3D00="></latexit>

« True » 
distribution 
of the data 
(unknown)

We observe the sketch
s = A⇡n 2 Rm

= A⇡ + e

<latexit sha1_base64="FKclpH/b/MxBozpk8tSnkPnBzBM="></latexit>
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Theoretical guarantees

Empirical  
distribution



  Analogy with compressed sensing
A⇡ = E

x⇠⇡
[�(x)]

<latexit sha1_base64="ieVQgAbciIN7ttOizxJ7RZeSSEU="></latexit>

Sketching operator

13

parametric model

Statistical Learning

dataset

X = {xi � Rd}ni=1
<latexit sha1_base64="zwElDFLvLgd1tG2hq9L0zUB/Mvw="></latexit>

<latexit sha1_base64="hkYdDoQ8d8PvDD5w4TyLKtDOF0E=">AAACDnicbVDLSgMxFM34tr6qLt0Ei+CqzIioS9GNywr2gZ0imcytDeYxJHeUMvQfXLjVz3Anbv0Fv8JfMH0s1Hog4XDOveTkJJkUDsPwM5iZnZtfWFxaLq2srq1vlDe3Gs7klkOdG2lsK2EOpNBQR4ESWpkFphIJzeTufOg378E6YfQV9jPoKHarRVdwhl66jhNHY+wBsptyJayGI9BpEk1IhUxQuyl/xanhuQKNXDLn2lGYYadgFgWXMCjFuYOM8Tt2C21PNVPgOsUo8YDueSWlXWP90UhH6s+Nginn+irxk4phz/31huJ/XjvH7kmnEDrLETQfP9TNJUVDh9+nqbDAUfY9YdwKn5XyHrOMoy+pFGt44EYpptPCVzPwl5HpMIiRA99Q9LePadI4qEZH1YPLw8rp2aSrJbJDdsk+icgxOSUXpEbqhBNNnsgzeQkeg9fgLXgfj84Ek51t8gvBxzelBJ2P</latexit>

✓

Minimize the empirical risk

… as proxy for the true risk (our target)

<latexit sha1_base64="MB7BssgXavbLBCMnKKY1idz089I="></latexit>

e� � argmin
✓

R(�; bPX ) = 1
n

Pn
i=1 �(�,xi)

<latexit sha1_base64="N3kCQBlsYtxzF6BtspXfxZc+E+I="></latexit>

�� � argmin
�

R(�;P0) = Ex�P0�(�,x)

<latexit sha1_base64="ugYk+/f/jP/XtKl65YKVkPawrYA=">AAACHHicbVDLSsNAFJ34rPUVdelmsAiuQlJFXRbduKxgH9CEMJlM2qEzSZiZiCX0Q9z4K25cKOLGheDfOEmz0NYLwxzOuZd77glSRqWy7W9jaXlldW29tlHf3Nre2TX39rsyyQQmHZywRPQDJAmjMekoqhjpp4IgHjDSC8bXhd67J0LSJL5Tk5R4HA1jGlGMlKZ889QNEhbKCdcffPApdCXlfu5ypEaC59SiVmhNp7AkMGKw7du+2bAtuyy4CJwKNEBVbd/8dMMEZ5zECjMk5cCxU+XlSCiKGZnW3UySFOExGpKBhjHiRHp5edwUHmsmhFEi9IsVLNnfEznisvCvOwuPcl4ryP+0QaaiSy+ncZopEuPZoihjUCWwSAqGVBCs2EQDhAXVXiEeIYGw0nnWdQjO/MmLoNu0nHOreXvWaF1VcdTAITgCJ8ABF6AFbkAbdAAGj+AZvII348l4Md6Nj1nrklHNHIA/ZXz9AKkpobE=</latexit>

xi �i.i.d. P0

Assuming

true data 
distribution

What we would have if we 
had “infinite amount of 

voters/data”

<latexit sha1_base64="GBQCuhCMea3HRc5dJAgGsDc98rI=">AAACC3icbVDLSsNAFJ34rPUVdelmaBFclUREXRbduKxgH9CGMJnctEMnD2YmSgnZu/FX3LhQxK0/4M6/cdIG1NYDA2fOuZd77/ESzqSyrC9jaXlldW29slHd3Nre2TX39jsyTgWFNo15LHoekcBZBG3FFIdeIoCEHoeuN74q/O4dCMni6FZNEnBCMoxYwChRWnLN2uCe+TAiKhuERI0o4biVuz+fXo5ds241rCnwIrFLUkclWq75OfBjmoYQKcqJlH3bSpSTEaEY5ZBXB6mEhNAxGUJf04iEIJ1sekuOj7Ti4yAW+kUKT9XfHRkJpZyEnq4sdpTzXiH+5/VTFVw4GYuSVEFEZ4OClGMV4yIY7DMBVPGJJoQKpnfFdEQEoUrHV9Uh2PMnL5LOScM+a9g3p/XmZRlHBR2iGjpGNjpHTXSNWqiNKHpAT+gFvRqPxrPxZrzPSpeMsucA/YHx8Q0OV5sK</latexit>

bPX
<latexit sha1_base64="wC6t86cilt/N+xrktGxkk6DibU4=">AAAB+HicbVDLSsNAFL2pr1ofjbp0M1gEVyURUZdFNy4r2Ae0IUymk3boZBJmJkIM/RI3LhRx66e482+ctFlo64GBwzn3cs+cIOFMacf5tipr6xubW9Xt2s7u3n7dPjjsqjiVhHZIzGPZD7CinAna0Uxz2k8kxVHAaS+Y3hZ+75FKxWLxoLOEehEeCxYygrWRfLs+jLCeEMxR28+dGfLthtN05kCrxC1JA0q0fftrOIpJGlGhCcdKDVwn0V6OpWaE01ltmCqaYDLFYzowVOCIKi+fB5+hU6OMUBhL84RGc/X3Ro4jpbIoMJNFTLXsFeJ/3iDV4bWXM5GkmgqyOBSmHOkYFS2gEZOUaJ4ZgolkJisiEywx0aarminBXf7yKumeN93Lpnt/0WjdlHVU4RhO4AxcuIIW3EEbOkAghWd4hTfryXqx3q2PxWjFKneO4A+szx/gOJKU</latexit>P0

Sampled view of

ML formalization: true risk vs ERM

⇡n

<latexit sha1_base64="m6INsDhgia1cTFP6cWu5FfvGuCs="></latexit>

⇡

<latexit sha1_base64="D1NHOgbuP+RTAqyX1a5i4HW3D00="></latexit>

« True » 
distribution 
of the data 
(unknown)

We observe the sketch
s = A⇡n 2 Rm

= A⇡ + e

<latexit sha1_base64="FKclpH/b/MxBozpk8tSnkPnBzBM="></latexit>

where

noise

  Noisy, linear and finite-dimensional measurements of a distribution 

A

<latexit sha1_base64="hu0uCcUwISrZj7GfqlPVwZeonJE="></latexit>

x

<latexit sha1_base64="G5xd/8aatDdk8GdzqnvYeIXAsUU="></latexit>

y

<latexit sha1_base64="G91/paBgHcyYKm54GTI1BvEFpdw="></latexit>

=

<latexit sha1_base64="vvoHMDsSBDSLlTg5gRtUSo9EtC8="></latexit>

  Underdetermined m < d

<latexit sha1_base64="Ks95hDX6KBp64PvLyJWjgQ7KOvM="></latexit>

+e

<latexit sha1_base64="fsdGPBOl7LVqrWsgyIKLv/CLjmE="></latexit>

IN
 C

S

=

<latexit sha1_base64="vvoHMDsSBDSLlTg5gRtUSo9EtC8="></latexit>

  Very underdetermined

+e

<latexit sha1_base64="fsdGPBOl7LVqrWsgyIKLv/CLjmE="></latexit>

IN
 S

ke
tc

hi
ng

s

<latexit sha1_base64="NjR3LzVe7Ev1nOkJzVmdW0thVdM="></latexit>

A

<latexit sha1_base64="CfhpzTFAnCo6sfEQdXeGRaj90R0="></latexit>

m < +1

<latexit sha1_base64="jtIrTOVZ4LB7DLI3ojYapK0WXnU="></latexit>

⇡

<latexit sha1_base64="RL/tZlAnPAc7d/g093PgpEkT8Og="></latexit>

e := A(⇡n � ⇡)

<latexit sha1_base64="YzWzlu0zIomDfqsIopknsj907cc="></latexit>
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Empirical  
distribution

Theoretical guarantees



  Analogy with compressed sensing
A⇡ = E

x⇠⇡
[�(x)]

<latexit sha1_base64="ieVQgAbciIN7ttOizxJ7RZeSSEU="></latexit>

Sketching operator

13

parametric model

Statistical Learning

dataset

X = {xi � Rd}ni=1
<latexit sha1_base64="zwElDFLvLgd1tG2hq9L0zUB/Mvw="></latexit>

<latexit sha1_base64="hkYdDoQ8d8PvDD5w4TyLKtDOF0E=">AAACDnicbVDLSgMxFM34tr6qLt0Ei+CqzIioS9GNywr2gZ0imcytDeYxJHeUMvQfXLjVz3Anbv0Fv8JfMH0s1Hog4XDOveTkJJkUDsPwM5iZnZtfWFxaLq2srq1vlDe3Gs7klkOdG2lsK2EOpNBQR4ESWpkFphIJzeTufOg378E6YfQV9jPoKHarRVdwhl66jhNHY+wBsptyJayGI9BpEk1IhUxQuyl/xanhuQKNXDLn2lGYYadgFgWXMCjFuYOM8Tt2C21PNVPgOsUo8YDueSWlXWP90UhH6s+Nginn+irxk4phz/31huJ/XjvH7kmnEDrLETQfP9TNJUVDh9+nqbDAUfY9YdwKn5XyHrOMoy+pFGt44EYpptPCVzPwl5HpMIiRA99Q9LePadI4qEZH1YPLw8rp2aSrJbJDdsk+icgxOSUXpEbqhBNNnsgzeQkeg9fgLXgfj84Ek51t8gvBxzelBJ2P</latexit>

✓

Minimize the empirical risk

… as proxy for the true risk (our target)

<latexit sha1_base64="MB7BssgXavbLBCMnKKY1idz089I="></latexit>

e� � argmin
✓

R(�; bPX ) = 1
n

Pn
i=1 �(�,xi)

<latexit sha1_base64="N3kCQBlsYtxzF6BtspXfxZc+E+I="></latexit>

�� � argmin
�

R(�;P0) = Ex�P0�(�,x)

<latexit sha1_base64="ugYk+/f/jP/XtKl65YKVkPawrYA=">AAACHHicbVDLSsNAFJ34rPUVdelmsAiuQlJFXRbduKxgH9CEMJlM2qEzSZiZiCX0Q9z4K25cKOLGheDfOEmz0NYLwxzOuZd77glSRqWy7W9jaXlldW29tlHf3Nre2TX39rsyyQQmHZywRPQDJAmjMekoqhjpp4IgHjDSC8bXhd67J0LSJL5Tk5R4HA1jGlGMlKZ889QNEhbKCdcffPApdCXlfu5ypEaC59SiVmhNp7AkMGKw7du+2bAtuyy4CJwKNEBVbd/8dMMEZ5zECjMk5cCxU+XlSCiKGZnW3UySFOExGpKBhjHiRHp5edwUHmsmhFEi9IsVLNnfEznisvCvOwuPcl4ryP+0QaaiSy+ncZopEuPZoihjUCWwSAqGVBCs2EQDhAXVXiEeIYGw0nnWdQjO/MmLoNu0nHOreXvWaF1VcdTAITgCJ8ABF6AFbkAbdAAGj+AZvII348l4Md6Nj1nrklHNHIA/ZXz9AKkpobE=</latexit>

xi �i.i.d. P0

Assuming

true data 
distribution

What we would have if we 
had “infinite amount of 

voters/data”

<latexit sha1_base64="GBQCuhCMea3HRc5dJAgGsDc98rI=">AAACC3icbVDLSsNAFJ34rPUVdelmaBFclUREXRbduKxgH9CGMJnctEMnD2YmSgnZu/FX3LhQxK0/4M6/cdIG1NYDA2fOuZd77/ESzqSyrC9jaXlldW29slHd3Nre2TX39jsyTgWFNo15LHoekcBZBG3FFIdeIoCEHoeuN74q/O4dCMni6FZNEnBCMoxYwChRWnLN2uCe+TAiKhuERI0o4biVuz+fXo5ds241rCnwIrFLUkclWq75OfBjmoYQKcqJlH3bSpSTEaEY5ZBXB6mEhNAxGUJf04iEIJ1sekuOj7Ti4yAW+kUKT9XfHRkJpZyEnq4sdpTzXiH+5/VTFVw4GYuSVEFEZ4OClGMV4yIY7DMBVPGJJoQKpnfFdEQEoUrHV9Uh2PMnL5LOScM+a9g3p/XmZRlHBR2iGjpGNjpHTXSNWqiNKHpAT+gFvRqPxrPxZrzPSpeMsucA/YHx8Q0OV5sK</latexit>

bPX
<latexit sha1_base64="wC6t86cilt/N+xrktGxkk6DibU4=">AAAB+HicbVDLSsNAFL2pr1ofjbp0M1gEVyURUZdFNy4r2Ae0IUymk3boZBJmJkIM/RI3LhRx66e482+ctFlo64GBwzn3cs+cIOFMacf5tipr6xubW9Xt2s7u3n7dPjjsqjiVhHZIzGPZD7CinAna0Uxz2k8kxVHAaS+Y3hZ+75FKxWLxoLOEehEeCxYygrWRfLs+jLCeEMxR28+dGfLthtN05kCrxC1JA0q0fftrOIpJGlGhCcdKDVwn0V6OpWaE01ltmCqaYDLFYzowVOCIKi+fB5+hU6OMUBhL84RGc/X3Ro4jpbIoMJNFTLXsFeJ/3iDV4bWXM5GkmgqyOBSmHOkYFS2gEZOUaJ4ZgolkJisiEywx0aarminBXf7yKumeN93Lpnt/0WjdlHVU4RhO4AxcuIIW3EEbOkAghWd4hTfryXqx3q2PxWjFKneO4A+szx/gOJKU</latexit>P0

Sampled view of

ML formalization: true risk vs ERM

⇡n

<latexit sha1_base64="m6INsDhgia1cTFP6cWu5FfvGuCs="></latexit>

⇡

<latexit sha1_base64="D1NHOgbuP+RTAqyX1a5i4HW3D00="></latexit>

« True » 
distribution 
of the data 
(unknown)

We observe the sketch
s = A⇡n 2 Rm

= A⇡ + e

<latexit sha1_base64="FKclpH/b/MxBozpk8tSnkPnBzBM="></latexit>

where

noise

  Noisy, linear and finite-dimensional measurements of a distribution 

e := A(⇡n � ⇡)

<latexit sha1_base64="YzWzlu0zIomDfqsIopknsj907cc="></latexit>
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Sketched Learning Compressive Sensing

Randomized 
Generalized 
Moments

Random 
Matrix

Is recovery  
possible?

pX
<latexit sha1_base64="BH8HFp5UW1Co2fwEgFAmyGZZSdk="></latexit>

x

<latexit sha1_base64="1zSkQecRqGJWHYQ0S/iFCUJbvGQ="></latexit>

y = Ax+ e

<latexit sha1_base64="b5/PtvpNam3X6/9v1PLLpeTizLs="></latexit>

ez = A(pX) + e

<latexit sha1_base64="t0twMrQArp4/MGLEcsE5xZ52gIY="></latexit>

s := A⇡ + e

<latexit sha1_base64="PndU6uXGcrTW/rYlsHNg+BWSi7Y="></latexit>

⇡

<latexit sha1_base64="RL/tZlAnPAc7d/g093PgpEkT8Og="></latexit>

 Question:

Empirical  
distribution

Theoretical guarantees



A

<latexit sha1_base64="a/5lipLqczyAGRPf7AT+FAwNDE4="></latexit>

x

<latexit sha1_base64="b4VyE3DqNDgZCbMLwmsgLX6kfuA="></latexit>

s = Ax

<latexit sha1_base64="o4CaFB3VLQa1JNS7uu8MvWzTIsY="></latexit>

Alg. inverse 

x⇤

<latexit sha1_base64="aLfQJuZA3hiDGfKlTWe1eZVW6Rk="></latexit>

Guarantees when: x 2 S

<latexit sha1_base64="IQ1qlqQvkXwNNFOM9Xza45e+AFA="></latexit>

Sparsity

X

<latexit sha1_base64="I2+QYGWj1+eKcnGkZffTxS7y2pA="></latexit>

A

<latexit sha1_base64="kkaI31DRaiol8V8DaR9dHPpimGw="></latexit>

⇡ 2 P(X )

<latexit sha1_base64="gIQT/yn/vw+SwNyDe+Ir9NqdhAg="></latexit>

⇡ 2 S

<latexit sha1_base64="riwcfpUNsS1PIW5AhR/Y0FQ+p7Y="></latexit>

X

<latexit sha1_base64="I2+QYGWj1+eKcnGkZffTxS7y2pA="></latexit>

e.g. GMM

e.g. LASSO

149

Alg. inverse 

s := A⇡ + e

<latexit sha1_base64="PndU6uXGcrTW/rYlsHNg+BWSi7Y="></latexit>

 …Need a « low-dimensional » distribution

  Analogy with compressed sensing

Theoretical guarantees
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Theoretical guarantees

  Let                                                       be a metric D : P(Rd)⇥ P(Rd) ! R+

<latexit sha1_base64="R9HdxeVAO0vZj+EoHO2m8uNNR60="></latexit>

D(⇡,⇡0) = 0 () ⇡ = ⇡0

<latexit sha1_base64="oRu2OFR944XVrGfdQIGE8chfuug="></latexit>

D(⇡,⇡0) = D(⇡0,⇡)

<latexit sha1_base64="E8I65ktYDmeqSxFH4VnQB0+KhPU="></latexit>

1)

2)

3) D(⇡1,⇡2)  D(⇡1,⇡3) +D(⇡3,⇡2)

<latexit sha1_base64="VTzUvNePT5tlPHNA/w/qXnIiqjA="></latexit>

⇡1

<latexit sha1_base64="L7I1oB+u9RDwF9Wl5nzJ6iNxDbM="></latexit>

⇡2

<latexit sha1_base64="E47j43pTr9RH2f8EwG5PC1+99ls="></latexit>

⇡3

<latexit sha1_base64="p7AOsM3pE0UzSfBLo+0DOJdvASc="></latexit>

Quantifies the distance between distrib.

  Metric between distributions:
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Theoretical guarantees

  Let                                                       be a metric D : P(Rd)⇥ P(Rd) ! R+

<latexit sha1_base64="R9HdxeVAO0vZj+EoHO2m8uNNR60="></latexit>

D(⇡,⇡0) = 0 () ⇡ = ⇡0

<latexit sha1_base64="oRu2OFR944XVrGfdQIGE8chfuug="></latexit>

D(⇡,⇡0) = D(⇡0,⇡)

<latexit sha1_base64="E8I65ktYDmeqSxFH4VnQB0+KhPU="></latexit>

1)

2)

3) D(⇡1,⇡2)  D(⇡1,⇡3) +D(⇡3,⇡2)

<latexit sha1_base64="VTzUvNePT5tlPHNA/w/qXnIiqjA="></latexit>

⇡1

<latexit sha1_base64="L7I1oB+u9RDwF9Wl5nzJ6iNxDbM="></latexit>

⇡2

<latexit sha1_base64="E47j43pTr9RH2f8EwG5PC1+99ls="></latexit>

⇡3

<latexit sha1_base64="p7AOsM3pE0UzSfBLo+0DOJdvASc="></latexit>

  Numerous examples in the literature…

D(⇡,⇡0) = k⇡ � ⇡0kTV

<latexit sha1_base64="srolk3p0EgfwXc/NJhF5luqs6ZA="></latexit>

Total Variation

Quantifies the distance between distrib.

k⇡ � ⇡0kTV = 1
2kf � gkL1

<latexit sha1_base64="wjS6wcZ+/81IXrmGT5fHniNZyLI="></latexit>

if densities f,g:

  Metric between distributions:
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Theoretical guarantees

  Let                                                       be a metric D : P(Rd)⇥ P(Rd) ! R+

<latexit sha1_base64="R9HdxeVAO0vZj+EoHO2m8uNNR60="></latexit>

D(⇡,⇡0) = 0 () ⇡ = ⇡0

<latexit sha1_base64="oRu2OFR944XVrGfdQIGE8chfuug="></latexit>

D(⇡,⇡0) = D(⇡0,⇡)

<latexit sha1_base64="E8I65ktYDmeqSxFH4VnQB0+KhPU="></latexit>

1)

2)

3) D(⇡1,⇡2)  D(⇡1,⇡3) +D(⇡3,⇡2)

<latexit sha1_base64="VTzUvNePT5tlPHNA/w/qXnIiqjA="></latexit>

⇡1

<latexit sha1_base64="L7I1oB+u9RDwF9Wl5nzJ6iNxDbM="></latexit>

⇡2

<latexit sha1_base64="E47j43pTr9RH2f8EwG5PC1+99ls="></latexit>

⇡3

<latexit sha1_base64="p7AOsM3pE0UzSfBLo+0DOJdvASc="></latexit>

  Numerous examples in the literature…

D(⇡,⇡0) = k⇡ � ⇡0kTV

<latexit sha1_base64="srolk3p0EgfwXc/NJhF5luqs6ZA="></latexit>

Total Variation Optimal Transport
D(⇡,⇡0) = Wp(⇡,⇡0)

<latexit sha1_base64="KQ2WoCCCwsVaIQE4ZO99Tlxv6iU="></latexit>

Quantifies the distance between distrib.

MMD
D(⇡,⇡0) = k⇡ � ⇡0k

<latexit sha1_base64="snd0bnBkycMW1pSGppaROH5V+vM="></latexit>

k⇡ � ⇡0kTV = 1
2kf � gkL1

<latexit sha1_base64="wjS6wcZ+/81IXrmGT5fHniNZyLI="></latexit>

if densities f,g:

  Metric between distributions:
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  Metric between distributions:

Theoretical guarantees

  Let                                                       be a metric D : P(Rd)⇥ P(Rd) ! R+

<latexit sha1_base64="R9HdxeVAO0vZj+EoHO2m8uNNR60="></latexit>

D(⇡,⇡0) = 0 () ⇡ = ⇡0

<latexit sha1_base64="oRu2OFR944XVrGfdQIGE8chfuug="></latexit>

D(⇡,⇡0) = D(⇡0,⇡)

<latexit sha1_base64="E8I65ktYDmeqSxFH4VnQB0+KhPU="></latexit>

1)

2)

3) D(⇡1,⇡2)  D(⇡1,⇡3) +D(⇡3,⇡2)

<latexit sha1_base64="VTzUvNePT5tlPHNA/w/qXnIiqjA="></latexit>

⇡1

<latexit sha1_base64="L7I1oB+u9RDwF9Wl5nzJ6iNxDbM="></latexit>

⇡2

<latexit sha1_base64="E47j43pTr9RH2f8EwG5PC1+99ls="></latexit>

⇡3

<latexit sha1_base64="p7AOsM3pE0UzSfBLo+0DOJdvASc="></latexit>

  Numerous examples in the literature…

D(⇡,⇡0) = k⇡ � ⇡0kTV

<latexit sha1_base64="srolk3p0EgfwXc/NJhF5luqs6ZA="></latexit>

Total Variation Optimal Transport
D(⇡,⇡0) = Wp(⇡,⇡0)

<latexit sha1_base64="KQ2WoCCCwsVaIQE4ZO99Tlxv6iU="></latexit>

Quantifies the distance between distrib.

MMD
D(⇡,⇡0) = k⇡ � ⇡0k

<latexit sha1_base64="snd0bnBkycMW1pSGppaROH5V+vM="></latexit>

k⇡ � ⇡0kTV = 1
2kf � gkL1

<latexit sha1_base64="wjS6wcZ+/81IXrmGT5fHniNZyLI="></latexit>

if densities f,g:Wasserstein distance

Wasserstein distance

W p
p (µs, µt) = min

�2P

Z

⌦s⇥⌦t

kx� ykp�(x,y)dxdy = E
(x,y)⇠�

[kx� ykp] (10)

In this case we have c(x,y) = kx� ykp

• A.K.A. Earth Mover’s Distance (W 1
1 ) [Rubner et al., 2000].

• Do not need the distribution to have overlapping support.

• Works for continuous and discrete distributions (histograms, empirical).

21 / 48
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Theoretical guarantees

  Let                                                       be a metric D : P(Rd)⇥ P(Rd) ! R+

<latexit sha1_base64="R9HdxeVAO0vZj+EoHO2m8uNNR60="></latexit>

S⇥ = {⇡✓;✓ 2 ⇥}

<latexit sha1_base64="Zbm9R1mGy32mEGNazJqi1bihBzI="></latexit>

  The model set related to the task 

Lower RIP

8✓,✓0 2 ⇥, D(⇡✓,⇡✓0)  CkA⇡✓ �A⇡✓0k2

<latexit sha1_base64="o9xUFsBh8uKIT+3FEL9ytRVVN2M="></latexit>

  The lower RIP:
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Theoretical guarantees

  Let                                                       be a metric D : P(Rd)⇥ P(Rd) ! R+

<latexit sha1_base64="R9HdxeVAO0vZj+EoHO2m8uNNR60="></latexit>

S⇥ = {⇡✓;✓ 2 ⇥}

<latexit sha1_base64="Zbm9R1mGy32mEGNazJqi1bihBzI="></latexit>

  The model set related to the task 

  Connection with the RIP:

8x k-sparse

<latexit sha1_base64="SqZ/Tm/Ojc14pUHzEj5Br/M8kpI="></latexit>

(1� �k)kxk22  kAxk22  (1 + �k)kxk22

<latexit sha1_base64="S5G4Jabv9hGb79NbI4lm5Lf4vVM="></latexit>

9�k 2 [0, 1[

<latexit sha1_base64="6mHHV2wkxffif+ng6fSULG+6abM="> </latexit>

E.g.
9C > 0

<latexit sha1_base64="Q+ZY+YiAPMlj42TBhpSDOD7VFTI="></latexit>

8x = ⇡✓ � ⇡✓0

<latexit sha1_base64="v8jME+g3Ef97OspMBvHUQ3BQQhA="></latexit>

kxkTV  CkAxk2

<latexit sha1_base64="MVSxaCdIhFhRX4s4UQazCwz1hL8="></latexit>

D(⇡,⇡0) = k⇡ � ⇡0kTV

<latexit sha1_base64="srolk3p0EgfwXc/NJhF5luqs6ZA="></latexit>

Lower RIP

8✓,✓0 2 ⇥, D(⇡✓,⇡✓0)  CkA⇡✓ �A⇡✓0k2

<latexit sha1_base64="o9xUFsBh8uKIT+3FEL9ytRVVN2M="></latexit>

Figure 1: Illustration of several CS models. From left to right: k-sparse vectors, union of subspaces,
smooth manifold and point cloud.

the size of the constant C in (1) (with !2 norm and !2 distance) and the dimension reduction ratio
m/n.

1.2 Low-dimensional models beyond sparsity

Beyond the sparse model, many other low-dimensional models have been considered in the context
of linear inverse problems and CS [5]. In these generalized models, the signals of interest typically
live in or close to a subset Σ of the space, which typically contains far fewer vectors than the
whole space. Such models encompass sets of elements as various as block-sparse signals [24], unions
of subspaces, whether finite [8] or possibly infinite [7], signals sparse in a redundant dictionary
[37], cosparse signals [32], approximately low-rank matrices [38, 14], low-rank and sparse matrices
[43, 12], symmetric matrices with sparse inverse [42, 41] or manifolds [6, 23]. An old result which
can also be interpreted as generalized CS is the low-dimensional embedding of a point cloud [31, 1].
Some of these models are pictured in Figure 1.

Since these models generalize the sparse model, the following question arises: can they be
considered under a general framework, sharing common reconstruction properties? In this work,
we are particularly interested in the extension of the results of [19] to these general models, allowing
to further investigate the well-posedness of such problems.

In [36], the theoretical results of [19] are generalized in the case where one aims at stably decoding
a vector living near a finite union of subspaces (UoS). They also show in this case the impossibility
of getting a good !2/!2 instance optimal decoder with substantial dimensionality reduction. Their
extension also covers the case where the quantity one wants to decode is not the signal itself but a
linear measure of the signal.

In this work, we further extend the study of the IOP to general models of signals: we consider
signals of interest living in or near a subset Σ of a vector space E, without further restriction, and
show that instance optimality can be generalized for such models. In fact, we consider the following
generalizations:

• Robustness to noise: noise-robust instance optimality is characterized, showing somewhat
surprisingly the equivalence between the existence of two flavors of noise-robust decoders
(noise-aware and noise-blind);

• Infinite dimension: signal spaces E that may be infinite dimensional are considered. For
example E may be a Banach space such as an Lp space, the space of signed measures, etc. This
is motivated by recent work on infinite dimensional compressed sensing [4, 30] or compressive
density estimation [9];

3

x

<latexit sha1_base64="G5xd/8aatDdk8GdzqnvYeIXAsUU="></latexit>

span(A) ✓ R2

<latexit sha1_base64="C9ZuW+oSUv8pRybHQqUVnxC7Klw="></latexit>

A

<latexit sha1_base64="hu0uCcUwISrZj7GfqlPVwZeonJE="></latexit>

Sk

<latexit sha1_base64="uiMpcoXUrZTWyqd+unxVDN9+PGI="></latexit>

same kind of idea

  The lower RIP:
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Theoretical guarantees

  Let                                                       be a metric D : P(Rd)⇥ P(Rd) ! R+

<latexit sha1_base64="R9HdxeVAO0vZj+EoHO2m8uNNR60="></latexit>

Lower RIP

8✓,✓0 2 ⇥, D(⇡✓,⇡✓0)  CkA⇡✓ �A⇡✓0k2

<latexit sha1_base64="o9xUFsBh8uKIT+3FEL9ytRVVN2M="></latexit>

S⇥ = {⇡✓;✓ 2 ⇥}

<latexit sha1_base64="Zbm9R1mGy32mEGNazJqi1bihBzI="></latexit>

  The model set related to the task 

Suppose Lower LRIP holds:

⇡ 2 P(Rd)

<latexit sha1_base64="zSrV2+PtKG3UNrxCP+xxa41H8IM="></latexit>

Take ⇡n

<latexit sha1_base64="WEVTFbEeSOZGfXgCHXc6vcwfp7o="></latexit>

emp. distrib.
Sketch s = A⇡n 2 Rm

= A⇡ + e

<latexit sha1_base64="FKclpH/b/MxBozpk8tSnkPnBzBM="></latexit>

Solve:
b✓ 2 argmin

✓2⇥
ks�A⇡✓k2

<latexit sha1_base64="wth01Tv8hT7MzoqZjRjJs6Yo0dQ="></latexit>

  The lower RIP:
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Theoretical guarantees

  Let                                                       be a metric D : P(Rd)⇥ P(Rd) ! R+

<latexit sha1_base64="R9HdxeVAO0vZj+EoHO2m8uNNR60="></latexit>

Lower RIP

8✓,✓0 2 ⇥, D(⇡✓,⇡✓0)  CkA⇡✓ �A⇡✓0k2

<latexit sha1_base64="o9xUFsBh8uKIT+3FEL9ytRVVN2M="></latexit>

S⇥ = {⇡✓;✓ 2 ⇥}

<latexit sha1_base64="Zbm9R1mGy32mEGNazJqi1bihBzI="></latexit>

  The model set related to the task 

Suppose Lower LRIP holds:

⇡ 2 P(Rd)

<latexit sha1_base64="zSrV2+PtKG3UNrxCP+xxa41H8IM="></latexit>

Take ⇡n

<latexit sha1_base64="WEVTFbEeSOZGfXgCHXc6vcwfp7o="></latexit>

emp. distrib.
Sketch s = A⇡n 2 Rm

= A⇡ + e

<latexit sha1_base64="FKclpH/b/MxBozpk8tSnkPnBzBM="></latexit>

Solve:
b✓ 2 argmin

✓2⇥
ks�A⇡✓k2

<latexit sha1_base64="wth01Tv8hT7MzoqZjRjJs6Yo0dQ="></latexit>

D(⇡b✓,⇡)  d�(⇡,S⇥) + 2CkA⇡ �A⇡nk2

<latexit sha1_base64="0NH5ayKRtuXueWdGIb7XA5Q/vVY="></latexit>

=)

<latexit sha1_base64="8H2adD7Op98d+wbUiRMVNjTDxso="></latexit>

  The lower RIP:
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Theoretical guarantees

  Let                                                       be a metric D : P(Rd)⇥ P(Rd) ! R+

<latexit sha1_base64="R9HdxeVAO0vZj+EoHO2m8uNNR60="></latexit>

Lower RIP

8✓,✓0 2 ⇥, D(⇡✓,⇡✓0)  CkA⇡✓ �A⇡✓0k2

<latexit sha1_base64="o9xUFsBh8uKIT+3FEL9ytRVVN2M="></latexit>

S⇥ = {⇡✓;✓ 2 ⇥}

<latexit sha1_base64="Zbm9R1mGy32mEGNazJqi1bihBzI="></latexit>

  The model set related to the task 

Suppose Lower LRIP holds:

⇡ 2 P(Rd)

<latexit sha1_base64="zSrV2+PtKG3UNrxCP+xxa41H8IM="></latexit>

Take ⇡n

<latexit sha1_base64="WEVTFbEeSOZGfXgCHXc6vcwfp7o="></latexit>

emp. distrib.
Sketch s = A⇡n 2 Rm

= A⇡ + e

<latexit sha1_base64="FKclpH/b/MxBozpk8tSnkPnBzBM="></latexit>

Solve:
b✓ 2 argmin

✓2⇥
ks�A⇡✓k2

<latexit sha1_base64="wth01Tv8hT7MzoqZjRjJs6Yo0dQ="></latexit>

D(⇡b✓,⇡)  d�(⇡,S⇥) + 2CkA⇡ �A⇡nk2

<latexit sha1_base64="0NH5ayKRtuXueWdGIb7XA5Q/vVY="></latexit>

=)

<latexit sha1_base64="8H2adD7Op98d+wbUiRMVNjTDxso="></latexit>

distance between the true distrib. and the 
estimated one 

  The lower RIP:
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Theoretical guarantees

  Let                                                       be a metric D : P(Rd)⇥ P(Rd) ! R+

<latexit sha1_base64="R9HdxeVAO0vZj+EoHO2m8uNNR60="></latexit>

Lower RIP

8✓,✓0 2 ⇥, D(⇡✓,⇡✓0)  CkA⇡✓ �A⇡✓0k2

<latexit sha1_base64="o9xUFsBh8uKIT+3FEL9ytRVVN2M="></latexit>

S⇥ = {⇡✓;✓ 2 ⇥}

<latexit sha1_base64="Zbm9R1mGy32mEGNazJqi1bihBzI="></latexit>

  The model set related to the task 

Suppose Lower LRIP holds:

⇡ 2 P(Rd)

<latexit sha1_base64="zSrV2+PtKG3UNrxCP+xxa41H8IM="></latexit>

Take ⇡n

<latexit sha1_base64="WEVTFbEeSOZGfXgCHXc6vcwfp7o="></latexit>

emp. distrib.
Sketch s = A⇡n 2 Rm

= A⇡ + e

<latexit sha1_base64="FKclpH/b/MxBozpk8tSnkPnBzBM="></latexit>

Solve:
b✓ 2 argmin

✓2⇥
ks�A⇡✓k2

<latexit sha1_base64="wth01Tv8hT7MzoqZjRjJs6Yo0dQ="></latexit>

D(⇡b✓,⇡)  d�(⇡,S⇥) + 2CkA⇡ �A⇡nk2

<latexit sha1_base64="0NH5ayKRtuXueWdGIb7XA5Q/vVY="></latexit>

=)

<latexit sha1_base64="8H2adD7Op98d+wbUiRMVNjTDxso="></latexit>

How far is the true distrib. from the 
model = approx. error

  The lower RIP:
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Theoretical guarantees

  Let                                                       be a metric D : P(Rd)⇥ P(Rd) ! R+

<latexit sha1_base64="R9HdxeVAO0vZj+EoHO2m8uNNR60="></latexit>

Lower RIP

8✓,✓0 2 ⇥, D(⇡✓,⇡✓0)  CkA⇡✓ �A⇡✓0k2

<latexit sha1_base64="o9xUFsBh8uKIT+3FEL9ytRVVN2M="></latexit>

S⇥ = {⇡✓;✓ 2 ⇥}

<latexit sha1_base64="Zbm9R1mGy32mEGNazJqi1bihBzI="></latexit>

  The model set related to the task 

Suppose Lower LRIP holds:

⇡ 2 P(Rd)

<latexit sha1_base64="zSrV2+PtKG3UNrxCP+xxa41H8IM="></latexit>

Take ⇡n

<latexit sha1_base64="WEVTFbEeSOZGfXgCHXc6vcwfp7o="></latexit>

emp. distrib.
Sketch s = A⇡n 2 Rm

= A⇡ + e

<latexit sha1_base64="FKclpH/b/MxBozpk8tSnkPnBzBM="></latexit>

Solve:
b✓ 2 argmin

✓2⇥
ks�A⇡✓k2

<latexit sha1_base64="wth01Tv8hT7MzoqZjRjJs6Yo0dQ="></latexit>

D(⇡b✓,⇡)  d�(⇡,S⇥) + 2CkA⇡ �A⇡nk2

<latexit sha1_base64="0NH5ayKRtuXueWdGIb7XA5Q/vVY="></latexit>

=)

<latexit sha1_base64="8H2adD7Op98d+wbUiRMVNjTDxso="></latexit>

Error term O(n�1/2)

<latexit sha1_base64="m0KMVyYTqft0nJMP90QWU6w5nZQ="></latexit>

  The lower RIP:
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Theoretical guarantees

  Let                                                       be a metric D : P(Rd)⇥ P(Rd) ! R+

<latexit sha1_base64="R9HdxeVAO0vZj+EoHO2m8uNNR60="></latexit>

Lower RIP

8✓,✓0 2 ⇥, D(⇡✓,⇡✓0)  CkA⇡✓ �A⇡✓0k2

<latexit sha1_base64="o9xUFsBh8uKIT+3FEL9ytRVVN2M="></latexit>

S⇥ = {⇡✓;✓ 2 ⇥}

<latexit sha1_base64="Zbm9R1mGy32mEGNazJqi1bihBzI="></latexit>

  The model set related to the task 

Suppose Lower LRIP holds:

⇡ 2 P(Rd)

<latexit sha1_base64="zSrV2+PtKG3UNrxCP+xxa41H8IM="></latexit>

Take ⇡n

<latexit sha1_base64="WEVTFbEeSOZGfXgCHXc6vcwfp7o="></latexit>

emp. distrib.
Sketch s = A⇡n 2 Rm

= A⇡ + e

<latexit sha1_base64="FKclpH/b/MxBozpk8tSnkPnBzBM="></latexit>

Solve:
b✓ 2 argmin

✓2⇥
ks�A⇡✓k2

<latexit sha1_base64="wth01Tv8hT7MzoqZjRjJs6Yo0dQ="></latexit>

D(⇡b✓,⇡)  d�(⇡,S⇥) + 2CkA⇡ �A⇡nk2

<latexit sha1_base64="0NH5ayKRtuXueWdGIb7XA5Q/vVY="></latexit>

=)

<latexit sha1_base64="8H2adD7Op98d+wbUiRMVNjTDxso="></latexit>

If=)

<latexit sha1_base64="8H2adD7Op98d+wbUiRMVNjTDxso="></latexit>

⇡ 2 S⇥

<latexit sha1_base64="Lisnx9Xn74SPYQDar7j6ksNnFN0="></latexit>

D(⇡b✓,⇡) !
n!+1

0

<latexit sha1_base64="98yZSO5kwh2AeeOPdMbSeetgIrs="></latexit>

then

  The lower RIP:
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Theoretical guarantees

  Let                                                       be a metric D : P(Rd)⇥ P(Rd) ! R+

<latexit sha1_base64="R9HdxeVAO0vZj+EoHO2m8uNNR60="></latexit>

Lower RIP

8✓,✓0 2 ⇥, D(⇡✓,⇡✓0)  CkA⇡✓ �A⇡✓0k2

<latexit sha1_base64="o9xUFsBh8uKIT+3FEL9ytRVVN2M="></latexit>

S⇥ = {⇡✓;✓ 2 ⇥}

<latexit sha1_base64="Zbm9R1mGy32mEGNazJqi1bihBzI="></latexit>

  The model set related to the task 

  However difficult to prove in general …. 

  The Lower RIP implies interesting theoretical guarantees

  The lower RIP:

  We want the LRIP:
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Theoretical guarantees

  Let                                                       be a metric D : P(Rd)⇥ P(Rd) ! R+

<latexit sha1_base64="R9HdxeVAO0vZj+EoHO2m8uNNR60="></latexit>

Lower RIP

8✓,✓0 2 ⇥, D(⇡✓,⇡✓0)  CkA⇡✓ �A⇡✓0k2

<latexit sha1_base64="o9xUFsBh8uKIT+3FEL9ytRVVN2M="></latexit>

S⇥ = {⇡✓;✓ 2 ⇥}

<latexit sha1_base64="Zbm9R1mGy32mEGNazJqi1bihBzI="></latexit>

  The model set related to the task 

  We want the LRIP:
  The Lower RIP implies interesting theoretical guarantees

  However difficult to prove in general …. 

> 2"

<latexit sha1_base64="xohUNhXIKOvnVVgPnmS8uneFUc0="></latexit>

> 2"

<latexit sha1_base64="xohUNhXIKOvnVVgPnmS8uneFUc0="></latexit>

m = O(K2d)

<latexit sha1_base64="ZaBlMNFWwePYGRHDOzPBGuei1hk="></latexit>

Lower RIP with:

K
-m

ea
ns

G
M

M

with separability of the clusters

(and  RFF)� =

<latexit sha1_base64="7bImdIPNJvygcDeOfPK4tKQQICE="></latexit>

  The lower RIP:
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Conclusion

  Sketching theory

  Method for ressource efficient large-scale machine learning

  Comes with statistical guarantees inspired by compressed sensing

Sketched Learning Compressive Sensing

Randomized 
Generalized 
Moments

Random 
Matrix

Is recovery  
possible?

pX
<latexit sha1_base64="BH8HFp5UW1Co2fwEgFAmyGZZSdk="></latexit>

x

<latexit sha1_base64="1zSkQecRqGJWHYQ0S/iFCUJbvGQ="></latexit>

y = Ax+ e

<latexit sha1_base64="b5/PtvpNam3X6/9v1PLLpeTizLs="></latexit>

ez = A(pX) + e

<latexit sha1_base64="t0twMrQArp4/MGLEcsE5xZ52gIY="></latexit>

s := A⇡ + e

<latexit sha1_base64="PndU6uXGcrTW/rYlsHNg+BWSi7Y="></latexit>

⇡

<latexit sha1_base64="rfL6NETSFRte4nLr0YhligxZvJ0="></latexit>

  Useful for online, distributed and private learning



Compressive Learning

  Theory of sketching

  Sketching in practice 

  Theoretical guarantees          

  Limitations & perspectives         

Sketched Learning Compressive Sensing

Randomized 
Generalized 
Moments

Random 
Matrix

Is recovery  
possible?

pX
<latexit sha1_base64="BH8HFp5UW1Co2fwEgFAmyGZZSdk="></latexit>

x

<latexit sha1_base64="1zSkQecRqGJWHYQ0S/iFCUJbvGQ="></latexit>

y = Ax+ e

<latexit sha1_base64="b5/PtvpNam3X6/9v1PLLpeTizLs="></latexit>

ez = A(pX) + e

<latexit sha1_base64="t0twMrQArp4/MGLEcsE5xZ52gIY="></latexit>

s := A⇡ + e

<latexit sha1_base64="PndU6uXGcrTW/rYlsHNg+BWSi7Y="></latexit>
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Limitations & perspectives

  Sketching reduces drastically the dimension but…. 
Need to store somewhere:

W 2 Rm⇥d

<latexit sha1_base64="7FFVCRRM0zu3wTMmfabUKvLtbOA="></latexit>

Need to calculate the sketch: O(nmd)

<latexit sha1_base64="yAn+277S6nP+vdAw0/kiCV6vRLw="></latexit>

dense random matrix …

  Complexity in space

s = 1
n

nP
i=1

exp(�iWxi)

<latexit sha1_base64="GrWjtVscgltzXA/Bv+MJgB4sLfk="></latexit>
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΄

%FaOJUJPO �ͼ� 5IF USJQMF�3BEFNBDIFS 	BCCSFWJBUFE sԇϯt
 TUSVD�
UVSFE CMPDL JT EFaOFE BTֳյճɘ � �ԓϯ�ϵ ֫֞ϯ֫֞ϵ֫֞φ 	�


XIFSF ֞φ ֞ϵ ֞ϯ BSF EJBHPOBM NBUSJDFT XJUI J�J�E� 3BEFNBDIFS
FOUSJFT�

)FSF BOE JO UIF GPMMPXJOH ֫ BMXBZT EFOPUFT UIF 8BMTI�)BEBNBSE
NBUSJY JOUSPEVDFE JO 	�ͼ
� /PUF UIBU UIF OPSNBMJ[BUJPO GBDUPS ԓϯ�ϵ
JT DIPTFO TVDI UIBU ֳյճɘ JT BO PSUIPOPSNBM NBUSJY΄� " SFQSFTFOUBUJPO ΄ "T XJMM CF NBEF DMFBS JO -FNNB �Ϳ�
PG UIF DPOTUSVDUJPO 	�
 XIFO ֳؚ � ֳճɘ GPS Ԝ � ԓ � �Κ JT HJWFO JO
'JHVSF �ͽ�

֚յ � φտɘ�ɞ
EJBHPOBM XJUI ᇔ�
EJTUSJCVUFE FOUSJFT

)BEBNBSE
	EFUFSNJOJTUJD


EJBHPOBM XJUIφ FOUSJFT

'JHVSF �ͽ� %FTJHO PG B TUSVDUVSFE TRVBSF
NBUSJY PG GSFRVFODJFT� 8BMTI�)BEBNBSE
BSF NBEF PG φ FOUSJFT BOE XIJUF QBSUT
BSF [FSPT� 5IF DPOTUBOU GBDUPST BSF JN�
QMJDJUMZ NFSHFE JOUP UIF TDBMJOH NBUSJY
IFSF�

5IF DPOTUSVDUJPO PGֳճɘ JT CBTFE PO UIF EFTJHOT PG :V FU BM� <ͽͼ΄> BOE
#PKBSTLJ FU BM� <ͽͽͻ> QSFTFOUFE JO 4FDUJPO �ͼ�ͽ XIJDI UIFNTFMWFT SFMZ PO
UIF ֫֞ CMPDL JOJUJBMMZ JOUSPEVDFE GPS EJNFOTJPOBMJUZ SFEVDUJPO� *O UIF
MBUUFS DBTF UIJT CMPDL DBO CF JOUFSQSFUFE BT B QSFQSPDFTTJOH TUFQ XIPTF
HPBM JT UP TNPPUI UIF FOFSHZ EJTUSJCVUJPO PG JOQVU EBUB WFDUPST <ͼ;ͻ>�

"MUFSOBUJWF DPOTUSVDUJPOT "MUIPVHIXFXJMM NPTUMZ VTF UIF DPOTUSVD�
UJPO QSFTFOUFE BCPWF XF EFaOF IFSF UXP PUIFS UZQFT PG TRVBSF CMPDLT
XIJDI DBO CF VTFE BT BMUFSOBUJWFT GPS ֳյճɘ JO 	�
 	UIF TDBMJOH NB�
USJY ׁؚ TUBZJOH UIF TBNF
�

%FaOJUJPO �ͽ� 5IF (BVTTJBO � EPVCMF 3BEFNBDIFS 	BCCSFWJBUFE
sӼԇϵt
 CMPDL JT EFaOFE BTֳյըճɞ � �ԓધ֞ըધէ ֫֞ը֫֞ϵ֫֞φ 	�


XIFSF ֞ը JT EJBHPOBM XJUI J�J�E� TUBOEBSE (BVTTJBO FOUSJFT BOE֞φ ֞ϵ BSF EJBHPOBM XJUI J�J�E� 3BEFNBDIFS FOUSJFT�

%FaOJUJPO �; 	'BTUGPPE
� 5IF GBTUGPPE CMPDL 	JOUSPEVDFE JO 4FD�
UJPO �ͼ�ͽ BOE BCCSFWJBUFE sêt
 JT EFaOFE BTֳյ

ê � �అԓધ֞ըધէ ֫֞ըႽ֫֞ճ� 	�


XIFSF ֞ը JT EJBHPOBM XJUI J�J�E� (BVTTJBO FOUSJFT ֞ճ EJBHPOBM
XJUI J�J�E� 3BEFNBDIFS FOUSJFT BOE Ⴝ JT B SBOEPN QFSNVUBUJPO�

#PUI ֳյճɘ BOE ֳյ
ê CMPDLT IBWF ԛϵ�OPSNBMJ[FE SPXT BTXJMM CF QSPWFE

΄

JO -FNNB �Ϳ� 5IFZ BSF IPXFWFS OPU PSUIPHPOBM� 5IF ֳյճɘ DPOTUSVD�
UJPO JT QSFGFSSFE GSPN B QSBDUJDBM QFSTQFDUJWF BT JU DBO CF TUPSFE NPSF
FëDJFOUMZ 	TFF 4FDUJPO �ͽ�Ϳ
 CVU XF XJMM TFF UIBU POMZ ֳյըճɞ BOE ֳյ

ê
JOEVDF JO FYQFDUBUJPO B (BVTTJBO LFSOFM� 8F EJTDVTT UIFTF BTQFDUT JO
4FDUJPO �Ϳ�

�ͽ�; &YUFOTJPO UP BSCJUSBSZ EJNFOTJPOT
8F BTTVNFE QSFWJPVTMZ UIBU ԓ XBT B QPXFS PG ͽ BOE FYQMBJOFE IPX
UP CVJME POF TRVBSF CMPDL JO UIJT DBTF� )PXFWFS XIFO QFSGPSNJOH
DPNQSFTTJWF MFBSOJOH FNQJSJDBM PCTFSWBUJPOT BOE UIFPSFUJDBM SFTVMUT 	DG�
4FDUJPO ͽ�
 TVHHFTU UIBU UIF UBSHFUFE TLFUDI TJ[F Ԝ TIPVME CF DIPTFO UP
CF PG UIF PSEFS PG UIF OVNCFS ԟ PG QBSBNFUFST UP MFBSO� 'PS JOTUBODFXJUI
DPNQSFTTJWF L�NFBOT SFDPWFSJOH Ԛ ԓ�EJNFOTJPOBM DFOUSPJET SFRVJSFT B
TLFUDI TJ[F Ԝ எ Ԛԓ� )FODF PVS DPOTUSVDUJPO OFFET UP CF FYUFOEFE UP
BSCJUSBSZ ԓ  Ԝ NBUSJDFT XJUI Ԝ � ԓ JODMVEJOH UIF DPOUFYUT XIFSF UIF
EJNFOTJPO ԓ JT OPU B QPXFS PG ��

8F EFOPUF Ԡ � ऱMPHϵ	ԓ
ल ԓ � � ԡ � ऱԜ�ԓल BOE Ԝ � ԡԓ
	XIFSF UIF MFUUFS sQt TUBOET GPS sQBEEJOHt
� 8F VTF GPS TLFUDIJOH Bԓ  Ԝ NBUSJY Ⴛ XIPTF USBOTQPTF Ⴛ JT CVJMU CZ IPSJ[POUBMMZ TUBDLJOH
TRVBSF CMPDLT PG TJ[F �  � UIBU BSF ESBXO JOEFQFOEFOUMZ BDDPSEJOH
UP 	�
 BT EFQJDUFE JO 'JHVSF �;� 8IFO ԓ � ԓ UIF EJTUSJCVUJPO PG
UIF TDBMJOH NBUSJY ׁؚ JO 	�
 NVTU CF BEBQUFE GPS IPNPHFOFJUZ� GPS
JOTUBODF JO PSEFS UP BQQSPYJNBUF B (BVTTJBO LFSOFM UIF SBEJVTFT XJMM
CF ESBXO BDDPSEJOH UP B ᆀտՕ QSPCBCJMJUZ EJTUSJCVUJPO 	JOTUFBE PG ᆀտ
VTFE PUIFSXJTF
�

ੈ
֚φ ֚ϵ ֚ϯ ֚սੈ
֚φ ֚ϵ ֚ϯ ֚սੈ

Ⴛ �
Ⴛ �
Ⴛ �

%FOTF NBUSJY

4USVDUVSFE NBUSJY
XJUI ԓ � � Ԝ�ԓ ୬ N

	JEFBM TDFOBSJP


4USVDUVSFE NBUSJY
XJUI QBEEJOH

Ԝ � Ԝ

Ԝ
ԓ
ԓ � � � ԓ

ԓ � � � ԓ
'JHVSF �;� $POTUSVDUJPO PG UIF XIPMF
NBUSJY PG GSFRVFODJFT XJUI UIF EFOTF
BQQSPBDI 	UPQ
 XJUI TUSVDUVSFE CMPDLT
XIFO տ JT B QPXFS PG ϵ 	NJEEMF
 BOE
XJUI TUSVDUVSFE CMPDLT BOE QBEEJOH 	CPU�
UPN
� 5IF IBUDIFE BSFB SFQSFTFOUT UIF
sVOVTFEt QBSU PG UIF DPOTUSVDUJPO XIFO
VTJOH QBEEJOH�

8IFO TLFUDIJOH XF VTF [FSP�QBEEJOH PO UIF EBUB  UP HFU B NBUSJYռտ PG NBUDIJOH EJNFOTJPOT BOE LFFQ POMZ UIF Ԝ aSTU SPXT XIFO
DPNQVUJOH UIF QSPEVDU Ⴛյռտ�

8F OPX UBLF DMPTFS MPPL BU UIF CFOFaUT PG TVDI B DPOTUSVDUJPO JO
DPNQBSJTPO XJUI B EFOTF NBUSJY� 8F SFDBMM UIBU UIF NBUSJY Ⴛ BQQFBST
JO UIF EFaOJUJPO PG UIF GFBUVSF GVODUJPO ဈ  א ޘ ᅻ	Ⴛյא
 XIJDI JO UVSOT

  Sketching reduces drastically the dimension but…. 

  Use random structured matrices: 

W 2 Rm⇥d

<latexit sha1_base64="7FFVCRRM0zu3wTMmfabUKvLtbOA="></latexit>

  Complexity in space

  Perspectives

Limitations & perspectives

Need to store somewhere:

W 2 Rm⇥d

<latexit sha1_base64="7FFVCRRM0zu3wTMmfabUKvLtbOA="></latexit>

Need to calculate the sketch: O(nmd)

<latexit sha1_base64="yAn+277S6nP+vdAw0/kiCV6vRLw="></latexit>

dense random matrix …
s = 1

n

nP
i=1

exp(�iWxi)

<latexit sha1_base64="GrWjtVscgltzXA/Bv+MJgB4sLfk="></latexit>
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΄

%FaOJUJPO �ͼ� 5IF USJQMF�3BEFNBDIFS 	BCCSFWJBUFE sԇϯt
 TUSVD�
UVSFE CMPDL JT EFaOFE BTֳյճɘ � �ԓϯ�ϵ ֫֞ϯ֫֞ϵ֫֞φ 	�


XIFSF ֞φ ֞ϵ ֞ϯ BSF EJBHPOBM NBUSJDFT XJUI J�J�E� 3BEFNBDIFS
FOUSJFT�

)FSF BOE JO UIF GPMMPXJOH ֫ BMXBZT EFOPUFT UIF 8BMTI�)BEBNBSE
NBUSJY JOUSPEVDFE JO 	�ͼ
� /PUF UIBU UIF OPSNBMJ[BUJPO GBDUPS ԓϯ�ϵ
JT DIPTFO TVDI UIBU ֳյճɘ JT BO PSUIPOPSNBM NBUSJY΄� " SFQSFTFOUBUJPO ΄ "T XJMM CF NBEF DMFBS JO -FNNB �Ϳ�
PG UIF DPOTUSVDUJPO 	�
 XIFO ֳؚ � ֳճɘ GPS Ԝ � ԓ � �Κ JT HJWFO JO
'JHVSF �ͽ�

֚յ � φտɘ�ɞ
EJBHPOBM XJUI ᇔ�
EJTUSJCVUFE FOUSJFT

)BEBNBSE
	EFUFSNJOJTUJD


EJBHPOBM XJUIφ FOUSJFT

'JHVSF �ͽ� %FTJHO PG B TUSVDUVSFE TRVBSF
NBUSJY PG GSFRVFODJFT� 8BMTI�)BEBNBSE
BSF NBEF PG φ FOUSJFT BOE XIJUF QBSUT
BSF [FSPT� 5IF DPOTUBOU GBDUPST BSF JN�
QMJDJUMZ NFSHFE JOUP UIF TDBMJOH NBUSJY
IFSF�

5IF DPOTUSVDUJPO PGֳճɘ JT CBTFE PO UIF EFTJHOT PG :V FU BM� <ͽͼ΄> BOE
#PKBSTLJ FU BM� <ͽͽͻ> QSFTFOUFE JO 4FDUJPO �ͼ�ͽ XIJDI UIFNTFMWFT SFMZ PO
UIF ֫֞ CMPDL JOJUJBMMZ JOUSPEVDFE GPS EJNFOTJPOBMJUZ SFEVDUJPO� *O UIF
MBUUFS DBTF UIJT CMPDL DBO CF JOUFSQSFUFE BT B QSFQSPDFTTJOH TUFQ XIPTF
HPBM JT UP TNPPUI UIF FOFSHZ EJTUSJCVUJPO PG JOQVU EBUB WFDUPST <ͼ;ͻ>�

"MUFSOBUJWF DPOTUSVDUJPOT "MUIPVHIXFXJMM NPTUMZ VTF UIF DPOTUSVD�
UJPO QSFTFOUFE BCPWF XF EFaOF IFSF UXP PUIFS UZQFT PG TRVBSF CMPDLT
XIJDI DBO CF VTFE BT BMUFSOBUJWFT GPS ֳյճɘ JO 	�
 	UIF TDBMJOH NB�
USJY ׁؚ TUBZJOH UIF TBNF
�

%FaOJUJPO �ͽ� 5IF (BVTTJBO � EPVCMF 3BEFNBDIFS 	BCCSFWJBUFE
sӼԇϵt
 CMPDL JT EFaOFE BTֳյըճɞ � �ԓધ֞ըધէ ֫֞ը֫֞ϵ֫֞φ 	�


XIFSF ֞ը JT EJBHPOBM XJUI J�J�E� TUBOEBSE (BVTTJBO FOUSJFT BOE֞φ ֞ϵ BSF EJBHPOBM XJUI J�J�E� 3BEFNBDIFS FOUSJFT�

%FaOJUJPO �; 	'BTUGPPE
� 5IF GBTUGPPE CMPDL 	JOUSPEVDFE JO 4FD�
UJPO �ͼ�ͽ BOE BCCSFWJBUFE sêt
 JT EFaOFE BTֳյ

ê � �అԓધ֞ըધէ ֫֞ըႽ֫֞ճ� 	�


XIFSF ֞ը JT EJBHPOBM XJUI J�J�E� (BVTTJBO FOUSJFT ֞ճ EJBHPOBM
XJUI J�J�E� 3BEFNBDIFS FOUSJFT BOE Ⴝ JT B SBOEPN QFSNVUBUJPO�

#PUI ֳյճɘ BOE ֳյ
ê CMPDLT IBWF ԛϵ�OPSNBMJ[FE SPXT BTXJMM CF QSPWFE

΄

JO -FNNB �Ϳ� 5IFZ BSF IPXFWFS OPU PSUIPHPOBM� 5IF ֳյճɘ DPOTUSVD�
UJPO JT QSFGFSSFE GSPN B QSBDUJDBM QFSTQFDUJWF BT JU DBO CF TUPSFE NPSF
FëDJFOUMZ 	TFF 4FDUJPO �ͽ�Ϳ
 CVU XF XJMM TFF UIBU POMZ ֳյըճɞ BOE ֳյ

ê
JOEVDF JO FYQFDUBUJPO B (BVTTJBO LFSOFM� 8F EJTDVTT UIFTF BTQFDUT JO
4FDUJPO �Ϳ�

�ͽ�; &YUFOTJPO UP BSCJUSBSZ EJNFOTJPOT
8F BTTVNFE QSFWJPVTMZ UIBU ԓ XBT B QPXFS PG ͽ BOE FYQMBJOFE IPX
UP CVJME POF TRVBSF CMPDL JO UIJT DBTF� )PXFWFS XIFO QFSGPSNJOH
DPNQSFTTJWF MFBSOJOH FNQJSJDBM PCTFSWBUJPOT BOE UIFPSFUJDBM SFTVMUT 	DG�
4FDUJPO ͽ�
 TVHHFTU UIBU UIF UBSHFUFE TLFUDI TJ[F Ԝ TIPVME CF DIPTFO UP
CF PG UIF PSEFS PG UIF OVNCFS ԟ PG QBSBNFUFST UP MFBSO� 'PS JOTUBODFXJUI
DPNQSFTTJWF L�NFBOT SFDPWFSJOH Ԛ ԓ�EJNFOTJPOBM DFOUSPJET SFRVJSFT B
TLFUDI TJ[F Ԝ எ Ԛԓ� )FODF PVS DPOTUSVDUJPO OFFET UP CF FYUFOEFE UP
BSCJUSBSZ ԓ  Ԝ NBUSJDFT XJUI Ԝ � ԓ JODMVEJOH UIF DPOUFYUT XIFSF UIF
EJNFOTJPO ԓ JT OPU B QPXFS PG ��

8F EFOPUF Ԡ � ऱMPHϵ	ԓ
ल ԓ � � ԡ � ऱԜ�ԓल BOE Ԝ � ԡԓ
	XIFSF UIF MFUUFS sQt TUBOET GPS sQBEEJOHt
� 8F VTF GPS TLFUDIJOH Bԓ  Ԝ NBUSJY Ⴛ XIPTF USBOTQPTF Ⴛ JT CVJMU CZ IPSJ[POUBMMZ TUBDLJOH
TRVBSF CMPDLT PG TJ[F �  � UIBU BSF ESBXO JOEFQFOEFOUMZ BDDPSEJOH
UP 	�
 BT EFQJDUFE JO 'JHVSF �;� 8IFO ԓ � ԓ UIF EJTUSJCVUJPO PG
UIF TDBMJOH NBUSJY ׁؚ JO 	�
 NVTU CF BEBQUFE GPS IPNPHFOFJUZ� GPS
JOTUBODF JO PSEFS UP BQQSPYJNBUF B (BVTTJBO LFSOFM UIF SBEJVTFT XJMM
CF ESBXO BDDPSEJOH UP B ᆀտՕ QSPCBCJMJUZ EJTUSJCVUJPO 	JOTUFBE PG ᆀտ
VTFE PUIFSXJTF
�

ੈ
֚φ ֚ϵ ֚ϯ ֚սੈ
֚φ ֚ϵ ֚ϯ ֚սੈ

Ⴛ �
Ⴛ �
Ⴛ �

%FOTF NBUSJY

4USVDUVSFE NBUSJY
XJUI ԓ � � Ԝ�ԓ ୬ N

	JEFBM TDFOBSJP


4USVDUVSFE NBUSJY
XJUI QBEEJOH

Ԝ � Ԝ

Ԝ
ԓ
ԓ � � � ԓ

ԓ � � � ԓ
'JHVSF �;� $POTUSVDUJPO PG UIF XIPMF
NBUSJY PG GSFRVFODJFT XJUI UIF EFOTF
BQQSPBDI 	UPQ
 XJUI TUSVDUVSFE CMPDLT
XIFO տ JT B QPXFS PG ϵ 	NJEEMF
 BOE
XJUI TUSVDUVSFE CMPDLT BOE QBEEJOH 	CPU�
UPN
� 5IF IBUDIFE BSFB SFQSFTFOUT UIF
sVOVTFEt QBSU PG UIF DPOTUSVDUJPO XIFO
VTJOH QBEEJOH�

8IFO TLFUDIJOH XF VTF [FSP�QBEEJOH PO UIF EBUB  UP HFU B NBUSJYռտ PG NBUDIJOH EJNFOTJPOT BOE LFFQ POMZ UIF Ԝ aSTU SPXT XIFO
DPNQVUJOH UIF QSPEVDU Ⴛյռտ�

8F OPX UBLF DMPTFS MPPL BU UIF CFOFaUT PG TVDI B DPOTUSVDUJPO JO
DPNQBSJTPO XJUI B EFOTF NBUSJY� 8F SFDBMM UIBU UIF NBUSJY Ⴛ BQQFBST
JO UIF EFaOJUJPO PG UIF GFBUVSF GVODUJPO ဈ  א ޘ ᅻ	Ⴛյא
 XIJDI JO UVSOT

  Sketching reduces drastically the dimension but…. 

  Use random structured matrices: 

W 2 Rm⇥d

<latexit sha1_base64="7FFVCRRM0zu3wTMmfabUKvLtbOA="></latexit>

O(nm ln(d))

<latexit sha1_base64="nP9xTuDG6UxOwLVXa7bgrcxsHEw="></latexit>

Fast transform

sparse

  Complexity in space

  Perspectives

Limitations & perspectives

Need to store somewhere:

W 2 Rm⇥d

<latexit sha1_base64="7FFVCRRM0zu3wTMmfabUKvLtbOA="></latexit>

Need to calculate the sketch: O(nmd)

<latexit sha1_base64="yAn+277S6nP+vdAw0/kiCV6vRLw="></latexit>

dense random matrix …
s = 1

n

nP
i=1

exp(�iWxi)

<latexit sha1_base64="GrWjtVscgltzXA/Bv+MJgB4sLfk="></latexit>
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΄

%FaOJUJPO �ͼ� 5IF USJQMF�3BEFNBDIFS 	BCCSFWJBUFE sԇϯt
 TUSVD�
UVSFE CMPDL JT EFaOFE BTֳյճɘ � �ԓϯ�ϵ ֫֞ϯ֫֞ϵ֫֞φ 	�


XIFSF ֞φ ֞ϵ ֞ϯ BSF EJBHPOBM NBUSJDFT XJUI J�J�E� 3BEFNBDIFS
FOUSJFT�

)FSF BOE JO UIF GPMMPXJOH ֫ BMXBZT EFOPUFT UIF 8BMTI�)BEBNBSE
NBUSJY JOUSPEVDFE JO 	�ͼ
� /PUF UIBU UIF OPSNBMJ[BUJPO GBDUPS ԓϯ�ϵ
JT DIPTFO TVDI UIBU ֳյճɘ JT BO PSUIPOPSNBM NBUSJY΄� " SFQSFTFOUBUJPO ΄ "T XJMM CF NBEF DMFBS JO -FNNB �Ϳ�
PG UIF DPOTUSVDUJPO 	�
 XIFO ֳؚ � ֳճɘ GPS Ԝ � ԓ � �Κ JT HJWFO JO
'JHVSF �ͽ�

֚յ � φտɘ�ɞ
EJBHPOBM XJUI ᇔ�
EJTUSJCVUFE FOUSJFT

)BEBNBSE
	EFUFSNJOJTUJD


EJBHPOBM XJUIφ FOUSJFT

'JHVSF �ͽ� %FTJHO PG B TUSVDUVSFE TRVBSF
NBUSJY PG GSFRVFODJFT� 8BMTI�)BEBNBSE
BSF NBEF PG φ FOUSJFT BOE XIJUF QBSUT
BSF [FSPT� 5IF DPOTUBOU GBDUPST BSF JN�
QMJDJUMZ NFSHFE JOUP UIF TDBMJOH NBUSJY
IFSF�

5IF DPOTUSVDUJPO PGֳճɘ JT CBTFE PO UIF EFTJHOT PG :V FU BM� <ͽͼ΄> BOE
#PKBSTLJ FU BM� <ͽͽͻ> QSFTFOUFE JO 4FDUJPO �ͼ�ͽ XIJDI UIFNTFMWFT SFMZ PO
UIF ֫֞ CMPDL JOJUJBMMZ JOUSPEVDFE GPS EJNFOTJPOBMJUZ SFEVDUJPO� *O UIF
MBUUFS DBTF UIJT CMPDL DBO CF JOUFSQSFUFE BT B QSFQSPDFTTJOH TUFQ XIPTF
HPBM JT UP TNPPUI UIF FOFSHZ EJTUSJCVUJPO PG JOQVU EBUB WFDUPST <ͼ;ͻ>�

"MUFSOBUJWF DPOTUSVDUJPOT "MUIPVHIXFXJMM NPTUMZ VTF UIF DPOTUSVD�
UJPO QSFTFOUFE BCPWF XF EFaOF IFSF UXP PUIFS UZQFT PG TRVBSF CMPDLT
XIJDI DBO CF VTFE BT BMUFSOBUJWFT GPS ֳյճɘ JO 	�
 	UIF TDBMJOH NB�
USJY ׁؚ TUBZJOH UIF TBNF
�

%FaOJUJPO �ͽ� 5IF (BVTTJBO � EPVCMF 3BEFNBDIFS 	BCCSFWJBUFE
sӼԇϵt
 CMPDL JT EFaOFE BTֳյըճɞ � �ԓધ֞ըધէ ֫֞ը֫֞ϵ֫֞φ 	�


XIFSF ֞ը JT EJBHPOBM XJUI J�J�E� TUBOEBSE (BVTTJBO FOUSJFT BOE֞φ ֞ϵ BSF EJBHPOBM XJUI J�J�E� 3BEFNBDIFS FOUSJFT�

%FaOJUJPO �; 	'BTUGPPE
� 5IF GBTUGPPE CMPDL 	JOUSPEVDFE JO 4FD�
UJPO �ͼ�ͽ BOE BCCSFWJBUFE sêt
 JT EFaOFE BTֳյ

ê � �అԓધ֞ըધէ ֫֞ըႽ֫֞ճ� 	�


XIFSF ֞ը JT EJBHPOBM XJUI J�J�E� (BVTTJBO FOUSJFT ֞ճ EJBHPOBM
XJUI J�J�E� 3BEFNBDIFS FOUSJFT BOE Ⴝ JT B SBOEPN QFSNVUBUJPO�

#PUI ֳյճɘ BOE ֳյ
ê CMPDLT IBWF ԛϵ�OPSNBMJ[FE SPXT BTXJMM CF QSPWFE

΄

JO -FNNB �Ϳ� 5IFZ BSF IPXFWFS OPU PSUIPHPOBM� 5IF ֳյճɘ DPOTUSVD�
UJPO JT QSFGFSSFE GSPN B QSBDUJDBM QFSTQFDUJWF BT JU DBO CF TUPSFE NPSF
FëDJFOUMZ 	TFF 4FDUJPO �ͽ�Ϳ
 CVU XF XJMM TFF UIBU POMZ ֳյըճɞ BOE ֳյ

ê
JOEVDF JO FYQFDUBUJPO B (BVTTJBO LFSOFM� 8F EJTDVTT UIFTF BTQFDUT JO
4FDUJPO �Ϳ�

�ͽ�; &YUFOTJPO UP BSCJUSBSZ EJNFOTJPOT
8F BTTVNFE QSFWJPVTMZ UIBU ԓ XBT B QPXFS PG ͽ BOE FYQMBJOFE IPX
UP CVJME POF TRVBSF CMPDL JO UIJT DBTF� )PXFWFS XIFO QFSGPSNJOH
DPNQSFTTJWF MFBSOJOH FNQJSJDBM PCTFSWBUJPOT BOE UIFPSFUJDBM SFTVMUT 	DG�
4FDUJPO ͽ�
 TVHHFTU UIBU UIF UBSHFUFE TLFUDI TJ[F Ԝ TIPVME CF DIPTFO UP
CF PG UIF PSEFS PG UIF OVNCFS ԟ PG QBSBNFUFST UP MFBSO� 'PS JOTUBODFXJUI
DPNQSFTTJWF L�NFBOT SFDPWFSJOH Ԛ ԓ�EJNFOTJPOBM DFOUSPJET SFRVJSFT B
TLFUDI TJ[F Ԝ எ Ԛԓ� )FODF PVS DPOTUSVDUJPO OFFET UP CF FYUFOEFE UP
BSCJUSBSZ ԓ  Ԝ NBUSJDFT XJUI Ԝ � ԓ JODMVEJOH UIF DPOUFYUT XIFSF UIF
EJNFOTJPO ԓ JT OPU B QPXFS PG ��

8F EFOPUF Ԡ � ऱMPHϵ	ԓ
ल ԓ � � ԡ � ऱԜ�ԓल BOE Ԝ � ԡԓ
	XIFSF UIF MFUUFS sQt TUBOET GPS sQBEEJOHt
� 8F VTF GPS TLFUDIJOH Bԓ  Ԝ NBUSJY Ⴛ XIPTF USBOTQPTF Ⴛ JT CVJMU CZ IPSJ[POUBMMZ TUBDLJOH
TRVBSF CMPDLT PG TJ[F �  � UIBU BSF ESBXO JOEFQFOEFOUMZ BDDPSEJOH
UP 	�
 BT EFQJDUFE JO 'JHVSF �;� 8IFO ԓ � ԓ UIF EJTUSJCVUJPO PG
UIF TDBMJOH NBUSJY ׁؚ JO 	�
 NVTU CF BEBQUFE GPS IPNPHFOFJUZ� GPS
JOTUBODF JO PSEFS UP BQQSPYJNBUF B (BVTTJBO LFSOFM UIF SBEJVTFT XJMM
CF ESBXO BDDPSEJOH UP B ᆀտՕ QSPCBCJMJUZ EJTUSJCVUJPO 	JOTUFBE PG ᆀտ
VTFE PUIFSXJTF
�

ੈ
֚φ ֚ϵ ֚ϯ ֚սੈ
֚φ ֚ϵ ֚ϯ ֚սੈ

Ⴛ �
Ⴛ �
Ⴛ �

%FOTF NBUSJY

4USVDUVSFE NBUSJY
XJUI ԓ � � Ԝ�ԓ ୬ N

	JEFBM TDFOBSJP


4USVDUVSFE NBUSJY
XJUI QBEEJOH

Ԝ � Ԝ

Ԝ
ԓ
ԓ � � � ԓ

ԓ � � � ԓ
'JHVSF �;� $POTUSVDUJPO PG UIF XIPMF
NBUSJY PG GSFRVFODJFT XJUI UIF EFOTF
BQQSPBDI 	UPQ
 XJUI TUSVDUVSFE CMPDLT
XIFO տ JT B QPXFS PG ϵ 	NJEEMF
 BOE
XJUI TUSVDUVSFE CMPDLT BOE QBEEJOH 	CPU�
UPN
� 5IF IBUDIFE BSFB SFQSFTFOUT UIF
sVOVTFEt QBSU PG UIF DPOTUSVDUJPO XIFO
VTJOH QBEEJOH�

8IFO TLFUDIJOH XF VTF [FSP�QBEEJOH PO UIF EBUB  UP HFU B NBUSJYռտ PG NBUDIJOH EJNFOTJPOT BOE LFFQ POMZ UIF Ԝ aSTU SPXT XIFO
DPNQVUJOH UIF QSPEVDU Ⴛյռտ�

8F OPX UBLF DMPTFS MPPL BU UIF CFOFaUT PG TVDI B DPOTUSVDUJPO JO
DPNQBSJTPO XJUI B EFOTF NBUSJY� 8F SFDBMM UIBU UIF NBUSJY Ⴛ BQQFBST
JO UIF EFaOJUJPO PG UIF GFBUVSF GVODUJPO ဈ  א ޘ ᅻ	Ⴛյא
 XIJDI JO UVSOT

  Sketching reduces drastically the dimension but…. 

  Use random structured matrices + parallelize

W 2 Rm⇥d

<latexit sha1_base64="7FFVCRRM0zu3wTMmfabUKvLtbOA="></latexit>

O(nm ln(d))

<latexit sha1_base64="nP9xTuDG6UxOwLVXa7bgrcxsHEw="></latexit>

sparse

  Complexity in space

  Perspectives

Limitations & perspectives

Fast transform

Need to store somewhere:

W 2 Rm⇥d

<latexit sha1_base64="7FFVCRRM0zu3wTMmfabUKvLtbOA="></latexit>

Need to calculate the sketch: O(nmd)

<latexit sha1_base64="yAn+277S6nP+vdAw0/kiCV6vRLw="></latexit>

dense random matrix …
s = 1

n

nP
i=1

exp(�iWxi)

<latexit sha1_base64="GrWjtVscgltzXA/Bv+MJgB4sLfk="></latexit>
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  Complexity in space

  Perspectives

  Sketching reduces drastically the dimension but…. 
O(nmd)

<latexit sha1_base64="yAn+277S6nP+vdAw0/kiCV6vRLw="></latexit>

  Use random structured matrices

  Optical Processing Unit (OPU)

- Constant power consumption

- Constant time for matrix 
multiplication (with random 
matrix)

Wxi

<latexit sha1_base64="0EVcN5swd+EYppAKjotyUda2ghA="></latexit>

in O(1)

<latexit sha1_base64="qEvTdk9oNKeqNVS8TkNZS5Si7PE="></latexit>

d

<latexit sha1_base64="3IBdD+/G8iUAfsUPpURvlRmtqPw="></latexit>

d

<latexit sha1_base64="3IBdD+/G8iUAfsUPpURvlRmtqPw="></latexit>

[Giffon & Gribonval, 2022]

Limitations & perspectives

Need to store somewhere:

W 2 Rm⇥d

<latexit sha1_base64="7FFVCRRM0zu3wTMmfabUKvLtbOA="></latexit>

Need to calculate the sketch:

s = 1
n

nP
i=1

exp(�iWxi)

<latexit sha1_base64="GrWjtVscgltzXA/Bv+MJgB4sLfk="></latexit>
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΄

*UF
SB
UJP

O
ͼ

ᅼϵᇈ � ���  ��Јϯ

*UF
SB
UJP

O
ͽ

*UF
SB
UJP

O
;

*UF
SB
UJP

O
Ϳ

%B
UBT

FU

ᅼϵᇈ � ���  ���Јφ ᅼϵᇈ � ���  ���Јϵ

'JHVSF Ϳ�ͼ� *NQBDU PG UIF LFSOFM TDBMF PO UIF $-�0.1 BMHPSJUIN GPS UISFF EJêFSFOU LFSOFM WBSJBODFT 	MFGU� UPP TNBMM NJEEMF� PQUJNBM
SJHIU� UPP MBSHF
� 4ZOUIFUJD EBUB ֆ � ΚӴ ։ � φЈЈЈӴ տ � ϵ� 5IF UPQ SPXT SFQSFTFOU UIF DPTU GVODUJPO 	MJOF ; PG "MHPSJUIN Ϳ�ͼ EBSLFS �
IJHIFS � CFUUFS
 VTFE UP QJDL UIF OFX BUPN GPS UIF GPVS JUFSBUJPOT PG UIF BMHPSJUIN 	UPQ UP CPUUPN
 UPHFUIFS XJUI UIF TFMFDUFE BUPN
	JO CMVF
 BOE BUPNT GSPN QSFWJPVT JUFSBUJPOT 	JO HSFFO
� #MBDL BSSPXT DPSSFTQPOE UP UIF NPWFNFOU PG BUPNT EVSJOH UIF sHMPCBMt
PQUJNJ[BUJPO QIBTFT 	-JOF  PG "MHPSJUIN Ϳ�ͼ
� 5IF MBTU SPX EFQJDUT UIF EBUBTFU JO HSFZ XJUI UIF SFDPWFSFE BUPNT TVQFSJNQPTFE JO
HSFFO�

  Hyperparameter

d = 2

<latexit sha1_base64="Gh0/1Dy6PPW1gHYvnWs1s3i1Axc="></latexit>

Very sensitiveWij ⇠ N (0,�2)

<latexit sha1_base64="bH7p87ZPImyryxlwRAQ0CGUC9rM="></latexit>

Limitations & perspectives
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*UF
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UJP

O
ͼ

ᅼϵᇈ � ���  ��Јϯ

*UF
SB
UJP

O
ͽ

*UF
SB
UJP

O
;

*UF
SB
UJP

O
Ϳ

%B
UBT

FU

ᅼϵᇈ � ���  ���Јφ ᅼϵᇈ � ���  ���Јϵ

'JHVSF Ϳ�ͼ� *NQBDU PG UIF LFSOFM TDBMF PO UIF $-�0.1 BMHPSJUIN GPS UISFF EJêFSFOU LFSOFM WBSJBODFT 	MFGU� UPP TNBMM NJEEMF� PQUJNBM
SJHIU� UPP MBSHF
� 4ZOUIFUJD EBUB ֆ � ΚӴ ։ � φЈЈЈӴ տ � ϵ� 5IF UPQ SPXT SFQSFTFOU UIF DPTU GVODUJPO 	MJOF ; PG "MHPSJUIN Ϳ�ͼ EBSLFS �
IJHIFS � CFUUFS
 VTFE UP QJDL UIF OFX BUPN GPS UIF GPVS JUFSBUJPOT PG UIF BMHPSJUIN 	UPQ UP CPUUPN
 UPHFUIFS XJUI UIF TFMFDUFE BUPN
	JO CMVF
 BOE BUPNT GSPN QSFWJPVT JUFSBUJPOT 	JO HSFFO
� #MBDL BSSPXT DPSSFTQPOE UP UIF NPWFNFOU PG BUPNT EVSJOH UIF sHMPCBMt
PQUJNJ[BUJPO QIBTFT 	-JOF  PG "MHPSJUIN Ϳ�ͼ
� 5IF MBTU SPX EFQJDUT UIF EBUBTFU JO HSFZ XJUI UIF SFDPWFSFE BUPNT TVQFSJNQPTFE JO
HSFFO�

  Hyperparameter

d = 2

<latexit sha1_base64="Gh0/1Dy6PPW1gHYvnWs1s3i1Axc="></latexit>

Very sensitiveWij ⇠ N (0,�2)

<latexit sha1_base64="bH7p87ZPImyryxlwRAQ0CGUC9rM="></latexit>

  Theoretical guarantees

Lower RIP difficult to prove

Limitations & perspectives

Decoding = non-convex problem
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*UF
SB
UJP

O
ͽ

*UF
SB
UJP

O
;

*UF
SB
UJP

O
Ϳ

%B
UBT

FU

ᅼϵᇈ � ���  ���Јφ ᅼϵᇈ � ���  ���Јϵ

'JHVSF Ϳ�ͼ� *NQBDU PG UIF LFSOFM TDBMF PO UIF $-�0.1 BMHPSJUIN GPS UISFF EJêFSFOU LFSOFM WBSJBODFT 	MFGU� UPP TNBMM NJEEMF� PQUJNBM
SJHIU� UPP MBSHF
� 4ZOUIFUJD EBUB ֆ � ΚӴ ։ � φЈЈЈӴ տ � ϵ� 5IF UPQ SPXT SFQSFTFOU UIF DPTU GVODUJPO 	MJOF ; PG "MHPSJUIN Ϳ�ͼ EBSLFS �
IJHIFS � CFUUFS
 VTFE UP QJDL UIF OFX BUPN GPS UIF GPVS JUFSBUJPOT PG UIF BMHPSJUIN 	UPQ UP CPUUPN
 UPHFUIFS XJUI UIF TFMFDUFE BUPN
	JO CMVF
 BOE BUPNT GSPN QSFWJPVT JUFSBUJPOT 	JO HSFFO
� #MBDL BSSPXT DPSSFTQPOE UP UIF NPWFNFOU PG BUPNT EVSJOH UIF sHMPCBMt
PQUJNJ[BUJPO QIBTFT 	-JOF  PG "MHPSJUIN Ϳ�ͼ
� 5IF MBTU SPX EFQJDUT UIF EBUBTFU JO HSFZ XJUI UIF SFDPWFSFE BUPNT TVQFSJNQPTFE JO
HSFFO�

  Hyperparameter

d = 2

<latexit sha1_base64="Gh0/1Dy6PPW1gHYvnWs1s3i1Axc="></latexit>

Very sensitiveWij ⇠ N (0,�2)

<latexit sha1_base64="bH7p87ZPImyryxlwRAQ0CGUC9rM="></latexit>

  Theoretical guarantees

Lower RIP difficult to prove

  More tasks ?

Limitations & perspectives

Decoding = non-convex problem

Supervised machine learning ?



174

΄

*UF
SB
UJP

O
ͼ

ᅼϵᇈ � ���  ��Јϯ

*UF
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ͽ

*UF
SB
UJP
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*UF
SB
UJP

O
Ϳ

%B
UBT

FU

ᅼϵᇈ � ���  ���Јφ ᅼϵᇈ � ���  ���Јϵ

'JHVSF Ϳ�ͼ� *NQBDU PG UIF LFSOFM TDBMF PO UIF $-�0.1 BMHPSJUIN GPS UISFF EJêFSFOU LFSOFM WBSJBODFT 	MFGU� UPP TNBMM NJEEMF� PQUJNBM
SJHIU� UPP MBSHF
� 4ZOUIFUJD EBUB ֆ � ΚӴ ։ � φЈЈЈӴ տ � ϵ� 5IF UPQ SPXT SFQSFTFOU UIF DPTU GVODUJPO 	MJOF ; PG "MHPSJUIN Ϳ�ͼ EBSLFS �
IJHIFS � CFUUFS
 VTFE UP QJDL UIF OFX BUPN GPS UIF GPVS JUFSBUJPOT PG UIF BMHPSJUIN 	UPQ UP CPUUPN
 UPHFUIFS XJUI UIF TFMFDUFE BUPN
	JO CMVF
 BOE BUPNT GSPN QSFWJPVT JUFSBUJPOT 	JO HSFFO
� #MBDL BSSPXT DPSSFTQPOE UP UIF NPWFNFOU PG BUPNT EVSJOH UIF sHMPCBMt
PQUJNJ[BUJPO QIBTFT 	-JOF  PG "MHPSJUIN Ϳ�ͼ
� 5IF MBTU SPX EFQJDUT UIF EBUBTFU JO HSFZ XJUI UIF SFDPWFSFE BUPNT TVQFSJNQPTFE JO
HSFFO�

  Hyperparameter

d = 2

<latexit sha1_base64="Gh0/1Dy6PPW1gHYvnWs1s3i1Axc="></latexit>

Very sensitiveWij ⇠ N (0,�2)

<latexit sha1_base64="bH7p87ZPImyryxlwRAQ0CGUC9rM="></latexit>

  Theoretical guarantees

Lower RIP difficult to prove

  More tasks ?

Limitations & perspectives

Decoding = non-convex problem

Supervised machine learning ?

  Privacy
[Chatalic, 2020]



The sketching theory

Series of past work with Rémi Gribonval

And also Anthony Bourrier, Nicolas Keriven, Antoine Chatalic, 
Ayoub Belhadji, Luc Giffon, Gilles Puy, Nicolas Tremblay, Yann 
Traonmilin, Clément Elvira, Patrick Perez, Mike Davies, Gilles 
Blanchard, Pierre Vandergheynst, Laurent Jacques, Vincent 
Schellekens, Florimond Houssiau, Phil Schniter, Evan Byrne, …

>�G A/, i2H@yReky3R8
?iiTb,ffi2HX�`+?Bp2b@Qmp2`i2bX7`fi2H@yReky3R8pk

am#KBii2/ QM R3 C�M kyR3

>�G Bb � KmHiB@/Bb+BTHBM�`v QT2M �++2bb
�`+?Bp2 7Q` i?2 /2TQbBi �M/ /Bbb2KBM�iBQM Q7 b+B@
2MiB}+ `2b2�`+? /Q+mK2Mib- r?2i?2` i?2v �`2 Tm#@
HBb?2/ Q` MQiX h?2 /Q+mK2Mib K�v +QK2 7`QK
i2�+?BM; �M/ `2b2�`+? BMbiBimiBQMb BM 6`�M+2 Q`
�#`Q�/- Q` 7`QK Tm#HB+ Q` T`Bp�i2 `2b2�`+? +2Mi2`bX

GǶ�`+?Bp2 Qmp2`i2 THm`B/Bb+BTHBM�B`2 >�G- 2bi
/2biBMû2 �m /ûTƬi 2i ¨ H� /BzmbBQM /2 /Q+mK2Mib
b+B2MiB}[m2b /2 MBp2�m `2+?2`+?2- Tm#HBûb Qm MQM-
ûK�M�Mi /2b ûi�#HBbb2K2Mib /Ƕ2Mb2B;M2K2Mi 2i /2
`2+?2`+?2 7`�MÏ�Bb Qm ûi`�M;2`b- /2b H�#Q`�iQB`2b
Tm#HB+b Qm T`BpûbX

aF2i+?BM; 7Q` H�`;2@b+�H2 H2�`MBM; Q7 KBtim`2 KQ/2Hb
LB+QH�b E2`Bp2M

hQ +Bi2 i?Bb p2`bBQM,
LB+QH�b E2`Bp2MX aF2i+?BM; 7Q` H�`;2@b+�H2 H2�`MBM; Q7 KBtim`2 KQ/2HbX J�+?BM2 G2�`MBM; (bi�iXJG)X
lMBp2`bBiû _2MM2b R- kyRdX 1M;HBb?X �LLh , kyRd_1LRay88�X �i2H@yReky3R8pk�

>�G A/, i2H@yjykjk3d
?iiTb,ffi2HX�`+?Bp2b@Qmp2`i2bX7`fi2H@yjykjk3dpk

am#KBii2/ QM 3 C�M kykR

>�G Bb � KmHiB@/Bb+BTHBM�`v QT2M �++2bb
�`+?Bp2 7Q` i?2 /2TQbBi �M/ /Bbb2KBM�iBQM Q7 b+B@
2MiB}+ `2b2�`+? /Q+mK2Mib- r?2i?2` i?2v �`2 Tm#@
HBb?2/ Q` MQiX h?2 /Q+mK2Mib K�v +QK2 7`QK
i2�+?BM; �M/ `2b2�`+? BMbiBimiBQMb BM 6`�M+2 Q`
�#`Q�/- Q` 7`QK Tm#HB+ Q` T`Bp�i2 `2b2�`+? +2Mi2`bX

GǶ�`+?Bp2 Qmp2`i2 THm`B/Bb+BTHBM�B`2 >�G- 2bi
/2biBMû2 �m /ûTƬi 2i ¨ H� /BzmbBQM /2 /Q+mK2Mib
b+B2MiB}[m2b /2 MBp2�m `2+?2`+?2- Tm#HBûb Qm MQM-
ûK�M�Mi /2b ûi�#HBbb2K2Mib /Ƕ2Mb2B;M2K2Mi 2i /2
`2+?2`+?2 7`�MÏ�Bb Qm ûi`�M;2`b- /2b H�#Q`�iQB`2b
Tm#HB+b Qm T`BpûbX

1{+B2Mi �M/ T`Bp�+v@T`2b2`pBM; +QKT`2bbBp2 H2�`MBM;
�MiQBM2 *?�i�HB+

hQ +Bi2 i?Bb p2`bBQM,
�MiQBM2 *?�i�HB+X 1{+B2Mi �M/ T`Bp�+v@T`2b2`pBM; +QKT`2bbBp2 H2�`MBM;X J�+?BM2 G2�`MBM; (+bXG:)X
lMBp2`bBiû _2MM2b R- kykyX 1M;HBb?X �LLh , kyky_1LRayjy�X �i2H@yjykjk3dpk� 175

also thanks to  
Rémi Flamary  

for some figures…
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Machine learning theory

  Dimension reduction: PCA

37/65

Principal Component Analysis (PCA)

DDtDset PrincipDl directions D

d1
d2

PCA projected sDPples p 1

Principle [Pearson, 1901]

min
D,D>D=Ip

nX

i=1

kxc
i �DD>xc

ik2 ⌘ max
D,D>D=Ip

nX

i=1

kD>xc
ik2 (8)

I Find a linear subspace of dimensionality p defined by D that minimize the
reconstruction error of the centered data Xc (0 means in the columns of Xc).

I Equivalent to maximizing the variance of the projected samples âi = D>xc
i .

I DL problem (7) with orthonormality constraints on D and âi = D>xc
i .

I Principal directions are the columns dk or D.

I Scikit-learn implementation : sklearn.decomposition.PCA.

[Pearson, 1901]  We aim at solving:

 Find a linear subspace that minimizes the reconstruction error    

               ,                    and h = D

<latexit sha1_base64="gwVwzqdxAeUbk2rWwjb34CiGot4="></latexit>

`(xi, h) = kxi �DD>xik22

<latexit sha1_base64="IkB2Xits+dFUBv56702rNRAxrqs="></latexit>

H = Stiefel

<latexit sha1_base64="Pl1VB7BWYdzyhGBxn2EpWk7+Pi0="></latexit>

min
D2Rd⇥k, D>D=Ik

1
n

nP
i=1

kxi �DD>xik22

<latexit sha1_base64="KZ59fUJYoHexv98BF+iKhwUriJE="></latexit>

 Eigen. decomposition of covariance matrix:     O(nd2 + d3)

<latexit sha1_base64="UodokmFMZWFMrQc2+VcLNHDQoVY="></latexit>
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  Randomization: the core of sketching
  A function called feature operator � : Rd ! Rm

<latexit sha1_base64="Fcm7vJuRA/vFoafhH97HMWriC5Q="></latexit>

  In practice �(x) = ⇢(Wx)

<latexit sha1_base64="4WxiVgpH6Rfx4J9d+3Z6fFjQ3lg="></latexit>

  Where                         is a random matrix           W 2 Rm⇥d

<latexit sha1_base64="7FFVCRRM0zu3wTMmfabUKvLtbOA="></latexit>

  Where                         is a non-linear activation           ⇢ : Rm ! Rm

<latexit sha1_base64="rZAlhoj2kaYLklHWyqade778dFw="></latexit>

Rd

<latexit sha1_base64="q0MiYVMWP9jXzr6iZtc8riQ8Ncs="></latexit>

W

<latexit sha1_base64="k1Btt39VMtCrDQaPv16Ma80q4Ww="></latexit>

Random

Rm

<latexit sha1_base64="ZsFBvUqKNn3rqSDfiKBdohL54bY="></latexit>

  Random Fourier Features (RFF)
  Where                          is Gaussian           W 2 Rm⇥d

<latexit sha1_base64="7FFVCRRM0zu3wTMmfabUKvLtbOA="></latexit>

  Where          

�(x) = 1p
m
(exp(�i!>

1 x), · · · , exp(�i!>
mx))>

<latexit sha1_base64="ML+siN1hpYAl4aJldzApM5DgumQ="></latexit>

⇢(y) = 1p
m
(exp(�iy1), · · · , exp(�iym))

<latexit sha1_base64="6PPnxXIpn0yjsHwz4UDwTUAj0Z0="></latexit>

[Rahimi & Recht, 2008]

W = [!>
1 , · · · ,!>

m]

<latexit sha1_base64="XRMWTYemYLZDKxkZxD4tUfn9MG4=">AAAv+3icrVrbchvHER1fEjvMTbYf/JAXOLSqkljmTVY5ShWrLFIKGIu0Id4pgmJhFwtwi7vAendBEkThI/INeUvlNZXX5DPyB8lfpKdnBruzc63YQolY9JzT09Mz3XPbIEviolxb+/dbb7/z7o9+/N77P1n66c9+/otfPvjgw+NiPMnD6CgcJ+P8NOgVURKPoqMyLpPoNMujXhok0UlwvU3LT26ivIjHo8NymkUXaW84igdx2C </latexit>

  For PCA:          
�(x) = 1p

m

�
|x>!1|2, · · · , |x>!m|2

�

<latexit sha1_base64="KxWuXcHza0Z5wibw6W1xjBIo8q8="></latexit>

Theory of sketching

Wij ⇠ N (0,�2)

<latexit sha1_base64="x556WkuMYC/38I//JECo5PV8BuI="></latexit>


