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Machine Learning: Learn to make 
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As probability distributions

Optimal Transport theory
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Machine Learning: Learn to make 
decision from data

How to represent data?

How to operate on them?

Mathematical representation

Tools which build upon this representation

As probability distributions

Optimal Transport theory

μ ν

molecules, sequences..

graphs

high & low resolution images

Particularly challenging: highly 
structured data, heterogeneous spaces

Use + Develop the 
Optimal transport theory in 
this challenging scenario

Applicability

Mathematical foundations
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Overview of the talk

Part II: Optimal Transport for structured 
data

}
}
}

ICML’ 2019

Part I: Optimal Transport « in short »

Part III: CO-Optimal Transport

NeurIPS’ 2020
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From linear Optimal Transport 
to Gromov-Wasserstein
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From linear Optimal Transport…
What is it?
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Two probability distributions



From linear Optimal Transport…
What is it?
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Output:
Geometric notion of distance between these distributions

Find correspondences/relations between the samples

Input:
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Two probability distributions



Why do we care about probability distributions?

�13

Measure and probability distributions are at the core of Machine learning

From linear Optimal Transport…
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Measure and probability distributions are at the core of Machine learning

A point of view on the data
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(xi)iœ[[n]] ; xi œ RdData: A probability distribution describing the data

From linear Optimal Transport…
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”xi(x) = 1 if x = xi else 0
(point clouds)

Why do we care about probability distributions?
From linear Optimal Transport…
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From linear Optimal Transport…

Measure and probability distributions are at the core of Machine learning

A formalism for many machine learning paradigms
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[L(f(x), y)]

A point of view on the data
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(xi)iœ[[n]] ; xi œ RdData:

follow the law given by the prob.

(ERM)

Why do we care about probability distributions?

A probability distribution describing the data
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Measure and probability distributions are at the core of Machine learning

[Radford 2015]
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Measure and probability distributions are at the core of Machine learning

(Signal processing)
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Recover a sparse signal

[Chizat 2018]
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Measure and probability distributions are at the core of Machine learning
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(Signal processing)

(GAN)
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Why do we care about probability distributions?

A probability distribution describing the data
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From linear Optimal Transport…
Formulation
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From linear Optimal Transport…
Kantorovitch Formulation
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by a transport plan is transported to 
All the mass of 
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Optimal Transport

We want to find the plan that minimizes the overall cost of moving all the points

by a transport plan is transported to 
All the mass of 
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From linear Optimal Transport…
Kantorovitch Formulation: an example

Two probability distributions
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A cost function
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Kantorovitch formulation

From linear Optimal Transport…
Kantorovitch Formulation: an example

Two probability distributions
<latexit sha1_base64="Pv5fam5fOGeQahfJUkFNu4hf1/U="></latexit>

c(x, y) : X ⇥ Y ! R
A cost function

�26

<latexit sha1_base64="p+HT5ooAOWA5NuSjslVtIx6PgLo=">  NJ5oszGtjx5p31Ij/LmdkffBWdeZ8T2FzvQOOWlp5LxSdcihKMkU/oLjLnZqM9+YRK6uecFZY1CqT0s1Na5O/1o6q9TCbs+zaUZyZvglR9aHaUZ5jfMRGZasp+1CRl1XaZkVi7wGzOeQH2FNL1Tf+PPx11/9yj5SUpejTEMSV+sTTK7r9hNru0rA39VNecKrohL/sp7n3PwjGtqo+QyS52/b+32OWrtzvEHMMuZqXHQNhb+F2JbKrYo6FyIlR916tcgzWrm0Fjla+GXuIGcuoqu87BWna2+YOvffFPujz+neh6JY092bl5pjxgwJ/Ky/CQhaMVoOSrShxD/cEj49VvvMjr20d2TmJifg0Q5YHbNW5GR1yosX5vH7n5lbx/yssP3y+vbl1f/PeZ9s3P33I/5fhT9Tfqr/Ta9gt9ZH6VP1Kz7Mvdd3/of5T/Zf677PDs6uzfz37NwL98Y8Y52+U9+/s3/8PPMfTsA==</latexit>

µ =
qn

i=1 ai”xi

<latexit sha1_base64="s6x6Qx2yUcB0HgkmlR3i8X59O9w="></latexit>

‹ =
qm

j=1 bj”yj

<latexit sha1_base64="rIORSF81u5pCtqBBsv7JlSEpzKE="></latexit>

min
fiœ�(a,b)

m,nq
i,j=1

c(xi, yj)fiij



Kantorovitch formulation

From linear Optimal Transport…
Kantorovitch Formulation: an example

Two probability distributions
<latexit sha1_base64="Pv5fam5fOGeQahfJUkFNu4hf1/U="></latexit>

c(x, y) : X ⇥ Y ! R
A cost function

�27

<latexit sha1_base64="p+HT5ooAOWA5NuSjslVtIx6PgLo=">  NJ5oszGtjx5p31Ij/LmdkffBWdeZ8T2FzvQOOWlp5LxSdcihKMkU/oLjLnZqM9+YRK6uecFZY1CqT0s1Na5O/1o6q9TCbs+zaUZyZvglR9aHaUZ5jfMRGZasp+1CRl1XaZkVi7wGzOeQH2FNL1Tf+PPx11/9yj5SUpejTEMSV+sTTK7r9hNru0rA39VNecKrohL/sp7n3PwjGtqo+QyS52/b+32OWrtzvEHMMuZqXHQNhb+F2JbKrYo6FyIlR916tcgzWrm0Fjla+GXuIGcuoqu87BWna2+YOvffFPujz+neh6JY092bl5pjxgwJ/Ky/CQhaMVoOSrShxD/cEj49VvvMjr20d2TmJifg0Q5YHbNW5GR1yosX5vH7n5lbx/yssP3y+vbl1f/PeZ9s3P33I/5fhT9Tfqr/Ta9gt9ZH6VP1Kz7Mvdd3/of5T/Zf677PDs6uzfz37NwL98Y8Y52+U9+/s3/8PPMfTsA==</latexit>

µ =
qn

i=1 ai”xi

<latexit sha1_base64="s6x6Qx2yUcB0HgkmlR3i8X59O9w="></latexit>

‹ =
qm

j=1 bj”yj

Set of couplings/
transport plans

<latexit sha1_base64="9h03da8GEsM0OaPDwlPcvi/ttrw="></latexit>

�(a, b) = {fi œ Rn◊m
+ | ’(i, j),

qm
j=1 fiij = ai,

qn
i=1 fiij = bj}

<latexit sha1_base64="rIORSF81u5pCtqBBsv7JlSEpzKE="></latexit>

min
fiœ�(a,b)

m,nq
i,j=1

c(xi, yj)fiij



Kantorovitch formulation

From linear Optimal Transport…
Kantorovitch Formulation: an example

Two probability distributions
<latexit sha1_base64="Pv5fam5fOGeQahfJUkFNu4hf1/U="></latexit>

c(x, y) : X ⇥ Y ! R
A cost function

�28

<latexit sha1_base64="p+HT5ooAOWA5NuSjslVtIx6PgLo=">  NJ5oszGtjx5p31Ij/LmdkffBWdeZ8T2FzvQOOWlp5LxSdcihKMkU/oLjLnZqM9+YRK6uecFZY1CqT0s1Na5O/1o6q9TCbs+zaUZyZvglR9aHaUZ5jfMRGZasp+1CRl1XaZkVi7wGzOeQH2FNL1Tf+PPx11/9yj5SUpejTEMSV+sTTK7r9hNru0rA39VNecKrohL/sp7n3PwjGtqo+QyS52/b+32OWrtzvEHMMuZqXHQNhb+F2JbKrYo6FyIlR916tcgzWrm0Fjla+GXuIGcuoqu87BWna2+YOvffFPujz+neh6JY092bl5pjxgwJ/Ky/CQhaMVoOSrShxD/cEj49VvvMjr20d2TmJifg0Q5YHbNW5GR1yosX5vH7n5lbx/yssP3y+vbl1f/PeZ9s3P33I/5fhT9Tfqr/Ta9gt9ZH6VP1Kz7Mvdd3/of5T/Zf677PDs6uzfz37NwL98Y8Y52+U9+/s3/8PPMfTsA==</latexit>

µ =
qn

i=1 ai”xi

<latexit sha1_base64="s6x6Qx2yUcB0HgkmlR3i8X59O9w="></latexit>

‹ =
qm

j=1 bj”yj

<latexit sha1_base64="rIORSF81u5pCtqBBsv7JlSEpzKE="></latexit>

min
fiœ�(a,b)

m,nq
i,j=1

c(xi, yj)fiij

How much is shifted 
from         to <latexit sha1_base64="L+jkWw9pYq785YBWYKvxs6WesD8="></latexit>xi

<latexit sha1_base64="gx6VGSXlQxP/kysTnsQurubfNHk="></latexit>yj



Kantorovitch formulation

From linear Optimal Transport…
Kantorovitch Formulation: an example

Two probability distributions
<latexit sha1_base64="Pv5fam5fOGeQahfJUkFNu4hf1/U="></latexit>

c(x, y) : X ⇥ Y ! R
A cost function

�29

<latexit sha1_base64="p+HT5ooAOWA5NuSjslVtIx6PgLo=">  NJ5oszGtjx5p31Ij/LmdkffBWdeZ8T2FzvQOOWlp5LxSdcihKMkU/oLjLnZqM9+YRK6uecFZY1CqT0s1Na5O/1o6q9TCbs+zaUZyZvglR9aHaUZ5jfMRGZasp+1CRl1XaZkVi7wGzOeQH2FNL1Tf+PPx11/9yj5SUpejTEMSV+sTTK7r9hNru0rA39VNecKrohL/sp7n3PwjGtqo+QyS52/b+32OWrtzvEHMMuZqXHQNhb+F2JbKrYo6FyIlR916tcgzWrm0Fjla+GXuIGcuoqu87BWna2+YOvffFPujz+neh6JY092bl5pjxgwJ/Ky/CQhaMVoOSrShxD/cEj49VvvMjr20d2TmJifg0Q5YHbNW5GR1yosX5vH7n5lbx/yssP3y+vbl1f/PeZ9s3P33I/5fhT9Tfqr/Ta9gt9ZH6VP1Kz7Mvdd3/of5T/Zf677PDs6uzfz37NwL98Y8Y52+U9+/s3/8PPMfTsA==</latexit>

µ =
qn

i=1 ai”xi

<latexit sha1_base64="s6x6Qx2yUcB0HgkmlR3i8X59O9w="></latexit>

‹ =
qm

j=1 bj”yj

<latexit sha1_base64="rIORSF81u5pCtqBBsv7JlSEpzKE="></latexit>

min
fiœ�(a,b)

m,nq
i,j=1

c(xi, yj)fiij

Cost of moving masses 
from         to <latexit sha1_base64="L+jkWw9pYq785YBWYKvxs6WesD8="></latexit>xi

<latexit sha1_base64="gx6VGSXlQxP/kysTnsQurubfNHk="></latexit>yj



Kantorovitch formulation

From linear Optimal Transport…
Kantorovitch Formulation: an example

Two probability distributions
<latexit sha1_base64="Pv5fam5fOGeQahfJUkFNu4hf1/U="></latexit>

c(x, y) : X ⇥ Y ! R
A cost function

�30

<latexit sha1_base64="p+HT5ooAOWA5NuSjslVtIx6PgLo=">  NJ5oszGtjx5p31Ij/LmdkffBWdeZ8T2FzvQOOWlp5LxSdcihKMkU/oLjLnZqM9+YRK6uecFZY1CqT0s1Na5O/1o6q9TCbs+zaUZyZvglR9aHaUZ5jfMRGZasp+1CRl1XaZkVi7wGzOeQH2FNL1Tf+PPx11/9yj5SUpejTEMSV+sTTK7r9hNru0rA39VNecKrohL/sp7n3PwjGtqo+QyS52/b+32OWrtzvEHMMuZqXHQNhb+F2JbKrYo6FyIlR916tcgzWrm0Fjla+GXuIGcuoqu87BWna2+YOvffFPujz+neh6JY092bl5pjxgwJ/Ky/CQhaMVoOSrShxD/cEj49VvvMjr20d2TmJifg0Q5YHbNW5GR1yosX5vH7n5lbx/yssP3y+vbl1f/PeZ9s3P33I/5fhT9Tfqr/Ta9gt9ZH6VP1Kz7Mvdd3/of5T/Zf677PDs6uzfz37NwL98Y8Y52+U9+/s3/8PPMfTsA==</latexit>

µ =
qn

i=1 ai”xi

<latexit sha1_base64="s6x6Qx2yUcB0HgkmlR3i8X59O9w="></latexit>

‹ =
qm

j=1 bj”yj

<latexit sha1_base64="rIORSF81u5pCtqBBsv7JlSEpzKE="></latexit>

min
fiœ�(a,b)

m,nq
i,j=1

c(xi, yj)fiij

Total cost



Kantorovitch formulation

From linear Optimal Transport…
Kantorovitch Formulation: an example

Two probability distributions
<latexit sha1_base64="Pv5fam5fOGeQahfJUkFNu4hf1/U="></latexit>

c(x, y) : X ⇥ Y ! R
A cost function

�31

<latexit sha1_base64="p+HT5ooAOWA5NuSjslVtIx6PgLo=">  NJ5oszGtjx5p31Ij/LmdkffBWdeZ8T2FzvQOOWlp5LxSdcihKMkU/oLjLnZqM9+YRK6uecFZY1CqT0s1Na5O/1o6q9TCbs+zaUZyZvglR9aHaUZ5jfMRGZasp+1CRl1XaZkVi7wGzOeQH2FNL1Tf+PPx11/9yj5SUpejTEMSV+sTTK7r9hNru0rA39VNecKrohL/sp7n3PwjGtqo+QyS52/b+32OWrtzvEHMMuZqXHQNhb+F2JbKrYo6FyIlR916tcgzWrm0Fjla+GXuIGcuoqu87BWna2+YOvffFPujz+neh6JY092bl5pjxgwJ/Ky/CQhaMVoOSrShxD/cEj49VvvMjr20d2TmJifg0Q5YHbNW5GR1yosX5vH7n5lbx/yssP3y+vbl1f/PeZ9s3P33I/5fhT9Tfqr/Ta9gt9ZH6VP1Kz7Mvdd3/of5T/Zf677PDs6uzfz37NwL98Y8Y52+U9+/s3/8PPMfTsA==</latexit>

µ =
qn

i=1 ai”xi

<latexit sha1_base64="s6x6Qx2yUcB0HgkmlR3i8X59O9w="></latexit>

‹ =
qm

j=1 bj”yj

xi yj

<latexit sha1_base64="rIORSF81u5pCtqBBsv7JlSEpzKE="></latexit>

min
fiœ�(a,b)

m,nq
i,j=1

c(xi, yj)fiij

<latexit sha1_base64="9h03da8GEsM0OaPDwlPcvi/ttrw="></latexit>

�(a, b) = {fi œ Rn◊m
+ | ’(i, j),

qm
j=1 fiij = ai,

qn
i=1 fiij = bj}



From linear Optimal Transport…

<latexit sha1_base64="Pv5fam5fOGeQahfJUkFNu4hf1/U="></latexit>

c(x, y) : X ⇥ Y ! R
A cost function

�32

Two probability distributions
<latexit sha1_base64="p+HT5ooAOWA5NuSjslVtIx6PgLo=">  NJ5oszGtjx5p31Ij/LmdkffBWdeZ8T2FzvQOOWlp5LxSdcihKMkU/oLjLnZqM9+YRK6uecFZY1CqT0s1Na5O/1o6q9TCbs+zaUZyZvglR9aHaUZ5jfMRGZasp+1CRl1XaZkVi7wGzOeQH2FNL1Tf+PPx11/9yj5SUpejTEMSV+sTTK7r9hNru0rA39VNecKrohL/sp7n3PwjGtqo+QyS52/b+32OWrtzvEHMMuZqXHQNhb+F2JbKrYo6FyIlR916tcgzWrm0Fjla+GXuIGcuoqu87BWna2+YOvffFPujz+neh6JY092bl5pjxgwJ/Ky/CQhaMVoOSrShxD/cEj49VvvMjr20d2TmJifg0Q5YHbNW5GR1yosX5vH7n5lbx/yssP3y+vbl1f/PeZ9s3P33I/5fhT9Tfqr/Ta9gt9ZH6VP1Kz7Mvdd3/of5T/Zf677PDs6uzfz37NwL98Y8Y52+U9+/s3/8PPMfTsA==</latexit>

µ =
qn

i=1 ai”xi

<latexit sha1_base64="s6x6Qx2yUcB0HgkmlR3i8X59O9w="></latexit>

‹ =
qm

j=1 bj”yj

xi yj

Kantorovitch Formulation: an example

Kantorovitch formulation <latexit sha1_base64="rIORSF81u5pCtqBBsv7JlSEpzKE="></latexit>

min
fiœ�(a,b)

m,nq
i,j=1

c(xi, yj)fiij

<latexit sha1_base64="9h03da8GEsM0OaPDwlPcvi/ttrw="></latexit>

�(a, b) = {fi œ Rn◊m
+ | ’(i, j),

qm
j=1 fiij = ai,

qn
i=1 fiij = bj}



From linear Optimal Transport…

<latexit sha1_base64="Pv5fam5fOGeQahfJUkFNu4hf1/U="></latexit>

c(x, y) : X ⇥ Y ! R
A cost function

�33

Two probability distributions
<latexit sha1_base64="p+HT5ooAOWA5NuSjslVtIx6PgLo=">  NJ5oszGtjx5p31Ij/LmdkffBWdeZ8T2FzvQOOWlp5LxSdcihKMkU/oLjLnZqM9+YRK6uecFZY1CqT0s1Na5O/1o6q9TCbs+zaUZyZvglR9aHaUZ5jfMRGZasp+1CRl1XaZkVi7wGzOeQH2FNL1Tf+PPx11/9yj5SUpejTEMSV+sTTK7r9hNru0rA39VNecKrohL/sp7n3PwjGtqo+QyS52/b+32OWrtzvEHMMuZqXHQNhb+F2JbKrYo6FyIlR916tcgzWrm0Fjla+GXuIGcuoqu87BWna2+YOvffFPujz+neh6JY092bl5pjxgwJ/Ky/CQhaMVoOSrShxD/cEj49VvvMjr20d2TmJifg0Q5YHbNW5GR1yosX5vH7n5lbx/yssP3y+vbl1f/PeZ9s3P33I/5fhT9Tfqr/Ta9gt9ZH6VP1Kz7Mvdd3/of5T/Zf677PDs6uzfz37NwL98Y8Y52+U9+/s3/8PPMfTsA==</latexit>

µ =
qn

i=1 ai”xi

<latexit sha1_base64="s6x6Qx2yUcB0HgkmlR3i8X59O9w="></latexit>

‹ =
qm

j=1 bj”yj

Kantorovitch formulation

xi yj

Kantorovitch Formulation: an example

<latexit sha1_base64="rIORSF81u5pCtqBBsv7JlSEpzKE="></latexit>

min
fiœ�(a,b)

m,nq
i,j=1

c(xi, yj)fiij

<latexit sha1_base64="9h03da8GEsM0OaPDwlPcvi/ttrw="></latexit>

�(a, b) = {fi œ Rn◊m
+ | ’(i, j),

qm
j=1 fiij = ai,

qn
i=1 fiij = bj}



From linear Optimal Transport…

<latexit sha1_base64="Pv5fam5fOGeQahfJUkFNu4hf1/U="></latexit>

c(x, y) : X ⇥ Y ! R
A cost function

�34

Two probability distributions
<latexit sha1_base64="p+HT5ooAOWA5NuSjslVtIx6PgLo=">  NJ5oszGtjx5p31Ij/LmdkffBWdeZ8T2FzvQOOWlp5LxSdcihKMkU/oLjLnZqM9+YRK6uecFZY1CqT0s1Na5O/1o6q9TCbs+zaUZyZvglR9aHaUZ5jfMRGZasp+1CRl1XaZkVi7wGzOeQH2FNL1Tf+PPx11/9yj5SUpejTEMSV+sTTK7r9hNru0rA39VNecKrohL/sp7n3PwjGtqo+QyS52/b+32OWrtzvEHMMuZqXHQNhb+F2JbKrYo6FyIlR916tcgzWrm0Fjla+GXuIGcuoqu87BWna2+YOvffFPujz+neh6JY092bl5pjxgwJ/Ky/CQhaMVoOSrShxD/cEj49VvvMjr20d2TmJifg0Q5YHbNW5GR1yosX5vH7n5lbx/yssP3y+vbl1f/PeZ9s3P33I/5fhT9Tfqr/Ta9gt9ZH6VP1Kz7Mvdd3/of5T/Zf677PDs6uzfz37NwL98Y8Y52+U9+/s3/8PPMfTsA==</latexit>

µ =
qn

i=1 ai”xi

<latexit sha1_base64="s6x6Qx2yUcB0HgkmlR3i8X59O9w="></latexit>

‹ =
qm

j=1 bj”yj

Kantorovitch formulation

xi yj

Kantorovitch Formulation: an example

<latexit sha1_base64="rIORSF81u5pCtqBBsv7JlSEpzKE="></latexit>

min
fiœ�(a,b)

m,nq
i,j=1

c(xi, yj)fiij

<latexit sha1_base64="9h03da8GEsM0OaPDwlPcvi/ttrw="></latexit>

�(a, b) = {fi œ Rn◊m
+ | ’(i, j),

qm
j=1 fiij = ai,

qn
i=1 fiij = bj}



Kantorovitch formulation

From linear Optimal Transport…
Kantorovitch Formulation: general case

<latexit sha1_base64="fU70gb9i4GlHkpPRNIdBcGhZTEI="></latexit>

µ 2 P(X ), ⌫ 2 P(Y)

Two probability distributions
<latexit sha1_base64="Pv5fam5fOGeQahfJUkFNu4hf1/U="></latexit>

c(x, y) : X ⇥ Y ! R
A cost function

<latexit sha1_base64="sNR5VhrpU8lBoS8O8VmMmhkjRGs="></latexit>

Tc(µ, ⌫) = inf
⇡2⇧(µ,⌫)

R
X⇥Y c(x, y)d⇡(x, y)

�35



Wasserstein distance

From linear Optimal Transport…
Wasserstein distance

Two probability distributions A distance
<latexit sha1_base64="Z92w9jQhGLqPoDniCVHTN52vlo0="></latexit>

µ 2 P(⌦), ⌫ 2 P(⌦)
<latexit sha1_base64="7r0uPI4bxEbddquPYYKUoZY3R60="></latexit>

d : ⌦⇥ ⌦ ! R+

<latexit sha1_base64="Y7UP6S9D538o74oHE8kESMP/xCU="></latexit>

W p
p (µ, ⌫) = inf

⇡2⇧(µ,⌫)

R
⌦⇥⌦ dp(x, y)d⇡(x, y)

Example: 
<latexit sha1_base64="2AWSmtkRE61cP6WkY9fCMtkLNNA="></latexit>

⌦ = Rd

�36

<latexit sha1_base64="7nkAo7NWCaosn14xr2lEqo/UXrg="></latexit>

P(�) is a metric space
<latexit sha1_base64="1tqtYq61pnXk2hiE24cXWMikjOQ="></latexit>

Wp(µ, ‹) = 0 ≈∆ µ = ‹



Wasserstein distance

From linear Optimal Transport…
Wasserstein distance

Two probability distributions A distance
<latexit sha1_base64="Z92w9jQhGLqPoDniCVHTN52vlo0="></latexit>

µ 2 P(⌦), ⌫ 2 P(⌦)
<latexit sha1_base64="7r0uPI4bxEbddquPYYKUoZY3R60="></latexit>

d : ⌦⇥ ⌦ ! R+

<latexit sha1_base64="Y7UP6S9D538o74oHE8kESMP/xCU="></latexit>

W p
p (µ, ⌫) = inf

⇡2⇧(µ,⌫)

R
⌦⇥⌦ dp(x, y)d⇡(x, y)

Example: 
<latexit sha1_base64="2AWSmtkRE61cP6WkY9fCMtkLNNA="></latexit>

⌦ = Rd

�37

Powerful tool for comparing 
probability distributions on the 

same space

<latexit sha1_base64="7nkAo7NWCaosn14xr2lEqo/UXrg="></latexit>

P(�) is a metric space
<latexit sha1_base64="1tqtYq61pnXk2hiE24cXWMikjOQ="></latexit>

Wp(µ, ‹) = 0 ≈∆ µ = ‹



…to Gromov-Wasserstein
What if ?

�38

Two probability distributions
<latexit sha1_base64="9LYLGwYkp0TyYTGU7zx4QJhYLd0="></latexit>

µ 2 P(X ), ⌫ 2 P(Y) with X ,Y * ⌦
<latexit sha1_base64="Pv5fam5fOGeQahfJUkFNu4hf1/U="></latexit>

c(x, y) : X ⇥ Y ! R
A cost function ?????

Not straightforward to find a suitable cost (e.g. no distance available)

Data are in Incomparable spaces



…to Gromov-Wasserstein
What if ?

�39

Samples = nodes of different graphsDifferent Euclidean spaces

Two probability distributions
<latexit sha1_base64="9LYLGwYkp0TyYTGU7zx4QJhYLd0="></latexit>

µ 2 P(X ), ⌫ 2 P(Y) with X ,Y * ⌦
<latexit sha1_base64="Pv5fam5fOGeQahfJUkFNu4hf1/U="></latexit>

c(x, y) : X ⇥ Y ! R
A cost function ?????

Not straightforward to find a suitable cost (e.g. no distance available)

Example:

Data are in Incomparable spaces

<latexit sha1_base64="5J0FqFA8FarqHPthjFQzIBUhc0Y="></latexit>

d(x, y)

<latexit sha1_base64="Ef6LpEEvXAw8sb+DokgAV6l7yfQ="></latexit>

X = R28ú28, Y = R16ú16

<latexit sha1_base64="sUIpygZ2PIcrmmnXtx+OTlqyvAc="></latexit>

X = Graph 1, Y = Graph 2Example:



…to Gromov-Wasserstein

Two probability distributions
<latexit sha1_base64="QknYN9ipSq6s3pBtVWrxVJJXiDk="></latexit>

µ 2 P(X ), ⌫ 2 P(Y)

Gromov-Wasserstein distance

Two « intra-domain » costs
<latexit sha1_base64="B8s7oeSR0+sCcevjXGHV9xxjYK4="></latexit>

cX : X ⇥ X ! R
<latexit sha1_base64="UIh2VbQskoKdC+2Byqedbszp8XM="></latexit>

cY : Y ⇥ Y ! R

<latexit sha1_base64="RoIJtuyVUioHNHQjj7F4CglK8A8="></latexit>

GW p
p (cX , cY , µ, ⌫) = inf

⇡2⇧(µ,⌫)

R
X⇥Y

R
X⇥Y

��cX (x, x0)�cY(y, y0)
��pd⇡(x, y)d⇡(x0, y0))

Gromov-Wasserstein distance

�40



…to Gromov-Wasserstein

Two probability distributions
<latexit sha1_base64="QknYN9ipSq6s3pBtVWrxVJJXiDk="></latexit>

µ 2 P(X ), ⌫ 2 P(Y)

Gromov-Wasserstein distance

Two « intra-domain » costs
<latexit sha1_base64="B8s7oeSR0+sCcevjXGHV9xxjYK4="></latexit>

cX : X ⇥ X ! R
<latexit sha1_base64="UIh2VbQskoKdC+2Byqedbszp8XM="></latexit>

cY : Y ⇥ Y ! R

Gromov-Wasserstein distance
<latexit sha1_base64="RoIJtuyVUioHNHQjj7F4CglK8A8="></latexit>

GW p
p (cX , cY , µ, ⌫) = inf

⇡2⇧(µ,⌫)

R
X⇥Y

R
X⇥Y

��cX (x, x0)�cY(y, y0)
��pd⇡(x, y)d⇡(x0, y0))

Measure the costs distorsion 

�41



…to Gromov-Wasserstein

Two probability distributions
<latexit sha1_base64="QknYN9ipSq6s3pBtVWrxVJJXiDk="></latexit>

µ 2 P(X ), ⌫ 2 P(Y)

Gromov-Wasserstein distance

Two « intra-domain » costs
<latexit sha1_base64="B8s7oeSR0+sCcevjXGHV9xxjYK4="></latexit>

cX : X ⇥ X ! R
<latexit sha1_base64="UIh2VbQskoKdC+2Byqedbszp8XM="></latexit>

cY : Y ⇥ Y ! R

Gromov-Wasserstein distance
<latexit sha1_base64="RoIJtuyVUioHNHQjj7F4CglK8A8="></latexit>

GW p
p (cX , cY , µ, ⌫) = inf

⇡2⇧(µ,⌫)

R
X⇥Y

R
X⇥Y

��cX (x, x0)�cY(y, y0)
��pd⇡(x, y)d⇡(x0, y0))

The transportation problem is not linear anymore but quadratic

�42

Associate pair of points with similar costs in each space



…to Gromov-Wasserstein
Gromov-Wasserstein distance

Gromov-Wasserstein distance
<latexit sha1_base64="RoIJtuyVUioHNHQjj7F4CglK8A8="></latexit>

GW p
p (cX , cY , µ, ⌫) = inf

⇡2⇧(µ,⌫)

R
X⇥Y

R
X⇥Y

��cX (x, x0)�cY(y, y0)
��pd⇡(x, y)d⇡(x0, y0))

A distance w.r.t isomorphism

�43

<latexit sha1_base64="yjWwxDIIphetxyE1F9Vl47rzx98="></latexit>

� is a isometry dX (x, x0) = dY(�(x),�(x0))

Isometry: permutations, rotations, 
translations,…

<latexit sha1_base64="6pv8nrpzTKRMP1QGTSfWyGQFDUs="></latexit>

X = {(X , dX , µ œ P(X )); dX metric } (mm-spaces)

<latexit sha1_base64="WTPFq/XaHWe7gZVnhesyvzBK6Ls="></latexit>

GW is a distance on the "space of all spaces":

<latexit sha1_base64="eIIa9m7ei44jDa1qwL2OxZ5Xvs8="></latexit>

• GWp(dX , dY , µ, ‹) = 0 i� ÷„ : X æ Y



…to Gromov-Wasserstein
Gromov-Wasserstein distance

Gromov-Wasserstein distance
<latexit sha1_base64="RoIJtuyVUioHNHQjj7F4CglK8A8="></latexit>

GW p
p (cX , cY , µ, ⌫) = inf

⇡2⇧(µ,⌫)

R
X⇥Y

R
X⇥Y

��cX (x, x0)�cY(y, y0)
��pd⇡(x, y)d⇡(x0, y0))

�44

A distance w.r.t isomorphism

<latexit sha1_base64="yjWwxDIIphetxyE1F9Vl47rzx98="></latexit>

� is a isometry dX (x, x0) = dY(�(x),�(x0))

<latexit sha1_base64="6pv8nrpzTKRMP1QGTSfWyGQFDUs="></latexit>

X = {(X , dX , µ œ P(X )); dX metric } (mm-spaces)

<latexit sha1_base64="WTPFq/XaHWe7gZVnhesyvzBK6Ls="></latexit>

GW is a distance on the "space of all spaces":
<latexit sha1_base64="lgcdmHVxyCoEQUYKUvSOeTTojcc="></latexit>

µ =
qn

i=1 ai”xi æ
„#µ

qn
i=1 ai”„(xi)

<latexit sha1_base64="hkHdqErlHum+PKUniBqVzIML9kY="></latexit>

„#µPush-forward

<latexit sha1_base64="u4RHDQIqsNFzb5GIUkeMk8Gz7y8=">  </latexit>

„ is measure-preserving: „#µ = ‹

<latexit sha1_base64="eIIa9m7ei44jDa1qwL2OxZ5Xvs8="></latexit>

• GWp(dX , dY , µ, ‹) = 0 i� ÷„ : X æ Y



…to Gromov-Wasserstein
Gromov-Wasserstein distance

Gromov-Wasserstein distance
<latexit sha1_base64="RoIJtuyVUioHNHQjj7F4CglK8A8="></latexit>

GW p
p (cX , cY , µ, ⌫) = inf

⇡2⇧(µ,⌫)

R
X⇥Y

R
X⇥Y

��cX (x, x0)�cY(y, y0)
��pd⇡(x, y)d⇡(x0, y0))

�45

A distance w.r.t isomorphism

<latexit sha1_base64="yjWwxDIIphetxyE1F9Vl47rzx98="></latexit>

� is a isometry dX (x, x0) = dY(�(x),�(x0))
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X = {(X , dX , µ œ P(X )); dX metric } (mm-spaces)
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GW is a distance on the "space of all spaces":

Compatible

1

1
2

1
2

ϕ

(Weights are compatible)

<latexit sha1_base64="lgcdmHVxyCoEQUYKUvSOeTTojcc="></latexit>

µ =
qn

i=1 ai”xi æ
„#µ

qn
i=1 ai”„(xi)

<latexit sha1_base64="hkHdqErlHum+PKUniBqVzIML9kY="></latexit>

„#µPush-forward

1
2

+
1
2

→ 1

<latexit sha1_base64="u4RHDQIqsNFzb5GIUkeMk8Gz7y8=">  </latexit>

„ is measure-preserving: „#µ = ‹

<latexit sha1_base64="eIIa9m7ei44jDa1qwL2OxZ5Xvs8="></latexit>

• GWp(dX , dY , µ, ‹) = 0 i� ÷„ : X æ Y



…to Gromov-Wasserstein
Gromov-Wasserstein distance

Gromov-Wasserstein distance
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A distance w.r.t isomorphism
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GW is a distance on the "space of all spaces":
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…to Gromov-Wasserstein
Gromov-Wasserstein distance

Applications for geometric data 

Shape comparison [Mémoli 2011, Solomon 
2016]

Graphs [Xu 2019, Fey 2020], biology 
[Demetci 2020], generative modeling 
[Bunne 2019]
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Barycenter of relational data [Peyré 2016], 
Point clouds/meshes [Ezuz 2017]

Gromov-Wasserstein = a bending invariant distance

ϕ
[Solomon 2016]

<latexit sha1_base64="yjWwxDIIphetxyE1F9Vl47rzx98="></latexit>

� is a isometry dX (x, x0) = dY(�(x),�(x0))
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� is measure-preserving �#µ = ⌫
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• GW is � 0 and satisfies the triangle inequality

Let X = {(X , dX , µ 2 P(X )); dX metric } (mm-spaces)

• GWp(dX , dY , µ, ⌫) = 0 i↵ 9� : X ! Y



Solving OT
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Solving OT
A linear problem
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Linear Program:

Simplex, Network flow, Hungarian algorithms

<latexit sha1_base64="LcscZ5AOyMhKYBJFtlDjTe3Apok="></latexit>
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fiœ�(a,b)

q
ij ci,jfii,j = min

fiœ�(a,b)
ÈC, fiÍ
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≥ O(n3 log(n))

Discrete probability measures
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A linear problem

Uniform weights
<latexit sha1_base64="r4mGrtA7Xzm2rORu3KYCZMMi6kc="></latexit>
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Monge Problem

Linear Program:

Simplex, Network flow, Hungarian algorithms
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a = b = 1n
n

One-to-one

Discrete probability measuresSolving OT
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A linear problem
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fiú ¡ ‡ú œ Sn

Fundamental theorem LP:

Optimal coupling is a permutation

Solves the Monge Problem

Uniform weights

Linear Program:

Simplex, Network flow, Hungarian algorithms
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One-to-one

Discrete probability measuresSolving OT
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A real line problem

Two discrete probability distributions

<latexit sha1_base64="Db41IE3tZf2JqiIoJBAUt+HZS7I="></latexit>

xi, yj 2 R

In the case of Wasserstein can be solved by simple sorts
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⇠ O(n log(n))

Solving OT
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Entropic regularization

Strongly convex problem:
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H(⇡) = �
P

ij(log(⇡ij)� 1)⇡ijEntropy term

Sinkhorn-Knopp algorithm: 1) fast 2) based on matrix multiplication

approximate solution
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Solving OT Discrete probability measures
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Entropic regularization

Strongly convex problem:
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H(⇡) = �
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ij(log(⇡ij)� 1)⇡ijEntropy term

Sinkhorn-Knopp algorithm: 1) fast 2) based on matrix multiplication

approximate solution
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Linear OT: costly but solvable in practice

Solving OT
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ÈC, fiÍ ≠ ÁH(fi)

Discrete probability measures
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A quadratic problem (QP)
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Discrete probability measures
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Solving OT
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A quadratic problem (QP)
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Discrete probability measures
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Non convex QP: NP-hard in general (graph matching problem)

Solving OT
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A quadratic problem (QP)
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Discrete probability measures
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Non convex QP: NP-hard in general

With entropic regularization [Peyré 2016, Solomon 2016]

Can be solved using projected gradient descent under KL geometry

Each gradient step: Sinkhorn algorithm

<latexit sha1_base64="NSKQcJ7+aRdLnMDGbNpUjfpFt/Y="></latexit>

≠ÁH(fi)

Solving OT

<latexit sha1_base64="TvnPZZh5lfSVmVWCeMP1kaiEDTg="></latexit>

min
fiœ�(a,b)

q
ijkl |C1(i, k) ≠ C2(j, l)|pfiijfikl

<latexit sha1_base64="Ve+AC2qNcS4jLFgLlytEcUlNtDo="></latexit>

X , Y ”µ �

<latexit sha1_base64="p+HT5ooAOWA5NuSjslVtIx6PgLo="></latexit>

µ =
qn

i=1 ai”xi

<latexit sha1_base64="s6x6Qx2yUcB0HgkmlR3i8X59O9w="></latexit>

‹ =
qm

j=1 bj”yj



A quadratic problem (QP)
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Discrete probability measures

�58

Non convex QP: NP-hard in general

With entropic regularization [Peyré 2016, Solomon 2016] 

Can be solved using projected gradient descent under KL geometry

Each gradient step: Sinkhorn algorithm

<latexit sha1_base64="awgMamDwHtEI9BxITirVJfdHf1A="></latexit>

≥ O(niter ú n
2 log(n))

Solving OT
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A quadratic problem (QP)
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Non convex QP: NP-hard in general

With entropic regularization [Peyré 2016, Solomon 2016]

Can be solved using projected gradient descent under KL geometry

Each gradient step: Sinkhorn algorithm

Computing a lower bound (TLB [Mémoli 2011])
<latexit sha1_base64="3yj+twi2mLMkwksCgRB1KzlDelc="></latexit>

≥ O(n3 log(n))

<latexit sha1_base64="awgMamDwHtEI9BxITirVJfdHf1A="></latexit>

≥ O(niter ú n
2 log(n))

Hard to solve and even to approximate…

Solving OT
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Discrete probability measures
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…to Gromov-Wasserstein
An example on graphs

are the shortest path distance in each graph
<latexit sha1_base64="EytGNlgAef8gQfSDf32l+KNgE/g="></latexit>

C1,C2
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From linear Optimal Transport…
What is it?
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Output:
Geometric notion of distance between these distributions

Find correspondences/relations between the samples

Input:
<latexit sha1_base64="fU70gb9i4GlHkpPRNIdBcGhZTEI="></latexit>

µ 2 P(X ), ⌫ 2 P(Y)

Two probability distributions



Optimal transport for 
structured data
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d(x, y)



Optimal Transport for structured data
Motivations
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Motivation: Is the Optimal transport framework suited for structured 
data ?

Problem 1: How do we model structured data ?

Problem 2: How do we compare structured data ?

As probability distributions!

Based on the theories of Wasserstein and Gromov-Wasserstein



Optimal Transport for structured data
Structured data as probability distribution

}
}
}

Discrete case
Structured data can be seen as a labeled graph
Combines a feature and a structure information
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Optimal Transport for structured data
Structured data as probability distribution

}
}
}

Discrete case
Structured data can be seen as a labeled graph
Combines a feature and a structure information

Features
<latexit sha1_base64="OW5HfmUVsyqukRZLTJjotmPQUYY="></latexit>

2 ⌦
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Optimal Transport for structured data
Structured data as probability distribution

}
}
}

Discrete case
Structured data can be seen as a labeled graph
Combines a feature and a structure information

Features

Structure: nodes in the 
metric space of the graph

<latexit sha1_base64="OW5HfmUVsyqukRZLTJjotmPQUYY="></latexit>

2 ⌦
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Optimal Transport for structured data
Structured data as probability distribution

}
}
}

Discrete case
Structured data can be seen as a labeled graph
Combines a feature and a structure information

Features

Structure: nodes in the 
metric space of the graph

Weights

<latexit sha1_base64="OW5HfmUVsyqukRZLTJjotmPQUYY="></latexit>

2 ⌦
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Add weights that encodes the relative importance of the nodes 



Optimal Transport for structured data
Structured data as probability distribution

}
}
}

Discrete case
Structured data can be seen as a labeled graph
Combines a feature and a structure information
Add weights that encodes the relative importance of the nodes 

Form a probability measure 
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Optimal Transport for structured data
Fused Gromov-Wasserstein distance

Two structured data

<latexit sha1_base64="fZwTnLT3qKmMvkUFrriObTAvf00="> f2WoN/K6fdykYUxulcQVc9T7RXj8HmB9ZrUeq3A+rDQ8rAwSkeUIWUjO5TmmX2I+KytT9ll1nJA </latexit>

µ =
P

i hi�(xi,ai), ⌫ =
P

j gj�(yj ,bj)

Two matrices describing 
structures
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C1,C2

A distance between labels

<latexit sha1_base64="7r0uPI4bxEbddquPYYKUoZY3R60="></latexit>

d : ⌦⇥ ⌦ ! R+

Fused Gromov-Wasserstein distance
<latexit sha1_base64="bL3NRX1SwChamTNbUQPxeEJCaYc="></latexit>

FGW (MAB,C1,C2,h,g) = min
⇡2⇧(h,g)

P
i,j,k,l(1�↵)d(ai, bj)

q+↵|C1(i, k)�C2(j, l)|q⇡i,j⇡k,l
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Optimal Transport for structured data
Fused Gromov-Wasserstein distance

Two structured data
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Two matrices describing 
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A distance between labels
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d : ⌦⇥ ⌦ ! R+

Fused Gromov-Wasserstein distance

<latexit sha1_base64="PYIWwBTjaqPWnLqmV4BlzXbyXuk="></latexit>

d(ai, bj)

<latexit sha1_base64="YEloAC0VSXI/b+hxmLONIYYO42o="></latexit>

FGW (MAB,C1,C2,h,g) = min
⇡2⇧(h,g)

P
i,j,k,l(1�↵)d(ai, bj)

q+↵|C1(i, k)�C2(j, l)|q⇡i,j⇡k,l

�70



Optimal Transport for structured data
Fused Gromov-Wasserstein distance

Two structured data

<latexit sha1_base64="fZwTnLT3qKmMvkUFrriObTAvf00="> f2WoN/K6fdykYUxulcQVc9T7RXj8HmB9ZrUeq3A+rDQ8rAwSkeUIWUjO5TmmX2I+KytT9ll1nJA </latexit>

µ =
P

i hi�(xi,ai), ⌫ =
P

j gj�(yj ,bj)

Two matrices describing 
structures

<latexit sha1_base64="fgggvIH2G5+4LAa0hjf61fzpkOg="></latexit>

C1,C2

A distance between labels

<latexit sha1_base64="7r0uPI4bxEbddquPYYKUoZY3R60="></latexit>

d : ⌦⇥ ⌦ ! R+

Fused Gromov-Wasserstein distance

<latexit sha1_base64="0jJpa7X3MUpEdmzl4jcy6X0+6Jw="></latexit>

|C1(i, k)� C2(j, l)|

<latexit sha1_base64="Ri0/hnUJasQVUFwk1NZ4aWHxeGM="> eGBzMTZkx1lG20G7L47GeMmlug9qoKRObfppuuYPI+N26/hWe2SPP2gOqnuKatVtkJ7uTnoQSnEvZX3pI+/heTPlrE0quVTunv0MP8IUJ5kuy9qZCCddHz/X56Y7Fr9NPfZY/t2E9abJuHvROWrT5x9zGeomvmNJ0z1SrqiVO+q1N7E7EfEmLWpx6oDdoweFnHOLeoxjtI4q2Llreoxu3gKctlvayJm3irLvNhdWmnlf+srFs4211s/rW+83Fx5vs1+B7xPviM/QObWIj+T5+Q3iKRTYiw8WzAW7IXh8q/L2vLV8nVsem+BYb4l3GfZ/w/2y/pH</latexit>

FGW (MAB,C1,C2,h,g) = min
⇡2⇧(h,g)

P
i,j,k,l(1�↵)d(ai, bj)

q+↵|C1(i, k)� C2(j, l)|q⇡i,j⇡k,l
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Optimal Transport for structured data
Fused Gromov-Wasserstein distance

Two structured data

<latexit sha1_base64="fZwTnLT3qKmMvkUFrriObTAvf00="> f2WoN/K6fdykYUxulcQVc9T7RXj8HmB9ZrUeq3A+rDQ8rAwSkeUIWUjO5TmmX2I+KytT9ll1nJA </latexit>

µ =
P

i hi�(xi,ai), ⌫ =
P

j gj�(yj ,bj)

Two matrices describing 
structures

<latexit sha1_base64="fgggvIH2G5+4LAa0hjf61fzpkOg="></latexit>

C1,C2

A distance between labels

<latexit sha1_base64="7r0uPI4bxEbddquPYYKUoZY3R60="></latexit>

d : ⌦⇥ ⌦ ! R+

Fused Gromov-Wasserstein distance
<latexit sha1_base64="bL3NRX1SwChamTNbUQPxeEJCaYc="></latexit>

FGW (MAB,C1,C2,h,g) = min
⇡2⇧(h,g)

P
i,j,k,l(1�↵)d(ai, bj)

q+↵|C1(i, k)�C2(j, l)|q⇡i,j⇡k,l

�72

<latexit sha1_base64="tCxG7Let9C26it/m/fi7sXU6DLI="></latexit>⇡ provides a soft assignment of the nodes



Optimal Transport for structured data
Fused Gromov-Wasserstein distance: example

�73

Consider two trees



Optimal Transport for structured data
Fused Gromov-Wasserstein distance: example
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Consider two trees

We want to compare the leaves of the trees



Optimal Transport for structured data
Fused Gromov-Wasserstein distance: example

�75

Consider two trees

We want to compare the leaves of the trees

Features: blue or red

Structures : shortest path between the leaves

2
4



Optimal Transport for structured data
Fused Gromov-Wasserstein distance: example

�76

Consider two trees

We want to compare the leaves of the trees

Features: blue or red

Structures : shortest path between the leaves

Taking both the structures and the features into account 
with FGW

2
4



Optimal Transport for structured data
Fused Gromov-Wasserstein distance: example

�77

Wasserstein distance  
(features only)

Gromov-Wasserstein distance  
(structures only)FGW



Optimal Transport for structured data
Fused Gromov-Wasserstein distance: example
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Wasserstein distance  
(features only)

Gromov-Wasserstein distance  
(structures only)FGW



Optimal Transport for structured data
Fused Gromov-Wasserstein distance: example
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Wasserstein distance  
(features only) FGW Gromov-Wasserstein distance  

(structures only)



Optimal Transport for structured data
Computing FGW (and GW!)

<latexit sha1_base64="mi/Gd5LO/ls1TUpeJr+eXZLq9Sk="></latexit>

Algorithm 1 Conditional Gradient (CG) for FGW

1: ⇡(0)  hg>

2: for i = 1, . . . , do
3: G Gradient from GW loss w.r.t. ⇡(i�1)

4: ⇡̃(i)  Solve OT with ground loss G
5: ⌧ (i)  Line-search for GW loss with ⌧ 2 (0, 1) (closed-form)

6: ⇡(i)  (1� ⌧ (i))⇡(i�1)
+ ⌧ (i)⇡̃(i)

7: end for

Quadratic function over polytope -> Conditional Gradient algorithm (a.k.a Frank-Wolfe)

Non convex but converges to a local optimal solution [Lacoste-Julien 2016]

Find a sparse solution. FW gap = 

Complexity
<latexit sha1_base64="DTkQjqh7KQpsa5IHVv/lzAM20qw="></latexit>

O(niter n
3)

�80

Solving FGW: a non convex QP
<latexit sha1_base64="bL3NRX1SwChamTNbUQPxeEJCaYc="></latexit>

FGW (MAB,C1,C2,h,g) = min
⇡2⇧(h,g)

P
i,j,k,l(1�↵)d(ai, bj)

q+↵|C1(i, k)�C2(j, l)|q⇡i,j⇡k,l

<latexit sha1_base64="WqzC29zoxUcZOOEGSAxlIWDteu4="></latexit>

O( 1Ô
niter

)



Optimal Transport for structured data
Fused Gromov-Wasserstein distance

A distance w.r.t strong isomorphism

<latexit sha1_base64="0F2R+rUTSbCdqRW2yKsiNVS9AgE="></latexit>

(conservation of the weights) hi = g�(i)
<latexit sha1_base64="Dqu+9oDGI0+DsGmorXT5PSMRHyI="></latexit>

(conservation of the features) ai = b�(i)
<latexit sha1_base64="Mn5L0+EFko2PAapisrG/zkFgZ9A="></latexit>

(conservation of the structures) C1(i, k) = C2(�(i),�(k))

<latexit sha1_base64="nrr3/mpxUdl6UygdehLTrFNTSUw="></latexit>

• FGW � 0 and satisfies the triangle inequality

• C1,C2 distances. FGW = 0 i↵ 9� permutations of the nodes
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Optimal Transport for structured data
Fused Gromov-Wasserstein distance

A distance w.r.t strong isomorphism

<latexit sha1_base64="0F2R+rUTSbCdqRW2yKsiNVS9AgE="></latexit>

(conservation of the weights) hi = g�(i)
<latexit sha1_base64="Dqu+9oDGI0+DsGmorXT5PSMRHyI="></latexit>

(conservation of the features) ai = b�(i)
<latexit sha1_base64="Mn5L0+EFko2PAapisrG/zkFgZ9A="></latexit>

(conservation of the structures) C1(i, k) = C2(�(i),�(k))

<latexit sha1_base64="nrr3/mpxUdl6UygdehLTrFNTSUw="></latexit>

• FGW � 0 and satisfies the triangle inequality

• C1,C2 distances. FGW = 0 i↵ 9� permutations of the nodes

�82

Isometric + same features but not strongly isomorphic

Same weights, same labels at the same 
place up to a permutation

<latexit sha1_base64="nywfMgoys/yqSb2b4x3d8u/DiSM="></latexit>

(x2, a2) (x3, a3)

(x4, a4)(x1, a1)

(y2, b2) (y3, b3)

(y1, b1)
(y4, b4)



Optimal Transport for structured data
Fused Gromov-Wasserstein distance

A distance w.r.t strong isomorphism

<latexit sha1_base64="0F2R+rUTSbCdqRW2yKsiNVS9AgE="></latexit>

(conservation of the weights) hi = g�(i)
<latexit sha1_base64="Dqu+9oDGI0+DsGmorXT5PSMRHyI="></latexit>

(conservation of the features) ai = b�(i)
<latexit sha1_base64="Mn5L0+EFko2PAapisrG/zkFgZ9A="></latexit>

(conservation of the structures) C1(i, k) = C2(�(i),�(k))

<latexit sha1_base64="nrr3/mpxUdl6UygdehLTrFNTSUw="></latexit>

• FGW � 0 and satisfies the triangle inequality

• C1,C2 distances. FGW = 0 i↵ 9� permutations of the nodes

�83

Other properties

Interpolates GW between the structures and W between the features

Extends to the continuous setting: geodesic properties + sample complexity



FGW in action

�84



Optimal Transport for structured data
FGW in action

Graph classification

Linear classifier: SVM on the indefinite kernel
<latexit sha1_base64="Brf1pDAXS8psZOho9sjFPZqayEY="></latexit>

e�
1
�FGW (Gi,Gj)

A set of labeled graphs 
<latexit sha1_base64="kF6CaG358cOe89JNmbLOJXROWxg="></latexit>

(Gi, yi) . Structure matrices shortest path

Compare with graph kernel approaches + GCN on benchmark datasets
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Optimal Transport for structured data
FGW barycenter

=+1
2 ( )Making sense of: 

�86



<latexit sha1_base64="am+L5vDICHeO5dNefPTTxOK+pP8="></latexit>

inf
x2Rd

Pn
i=1 �ikx� xik22

Euclidean Barycenter:
<latexit sha1_base64="/w7RzozU9ciNxjjjnCH7L3orIQo="></latexit>

(Rd, k.k2)Euclidean Barycenter:

<latexit sha1_base64="OETzCZhVN56JinJ1Bkw+aRIjFaA="></latexit>x1
<latexit sha1_base64="hOMVM3hdA92NOrrhKDrsDmw4ItM="></latexit>x2

<latexit sha1_base64="iJCzIATmmkrxcDnklCNbL43Kaoo="></latexit>x3

<latexit sha1_base64="wF5q8mTraBDvHtacQAVhJpjHhTs="></latexit>

x̂

�87

Optimal Transport for structured data
FGW barycenter

=+1
2 ( )Making sense of: 



Fréchet Barycenter:
<latexit sha1_base64="RpQEWdN/MzHbCW14saR1HWCZrQY="></latexit>

inf
x2X

Pn
i=1 �id(x, xi)p

<latexit sha1_base64="krSXWtWncboOAqS1gfu7B/rkRLg="></latexit>

(X , d) metric space

<latexit sha1_base64="OETzCZhVN56JinJ1Bkw+aRIjFaA="></latexit>x1
<latexit sha1_base64="hOMVM3hdA92NOrrhKDrsDmw4ItM="></latexit>x2

<latexit sha1_base64="iJCzIATmmkrxcDnklCNbL43Kaoo="></latexit>x3

<latexit sha1_base64="wF5q8mTraBDvHtacQAVhJpjHhTs="></latexit>

x̂

<latexit sha1_base64="0GecFhA4m44vUWkWJ402p05URlg="></latexit>

(X , d)

�88

Optimal Transport for structured data
FGW barycenter

<latexit sha1_base64="am+L5vDICHeO5dNefPTTxOK+pP8="></latexit>

inf
x2Rd

Pn
i=1 �ikx� xik22

Euclidean Barycenter:
<latexit sha1_base64="/w7RzozU9ciNxjjjnCH7L3orIQo="></latexit>

(Rd, k.k2)Euclidean Barycenter:

<latexit sha1_base64="OETzCZhVN56JinJ1Bkw+aRIjFaA="></latexit>x1
<latexit sha1_base64="hOMVM3hdA92NOrrhKDrsDmw4ItM="></latexit>x2

<latexit sha1_base64="iJCzIATmmkrxcDnklCNbL43Kaoo="></latexit>x3

<latexit sha1_base64="wF5q8mTraBDvHtacQAVhJpjHhTs="></latexit>

x̂

=+1
2 ( )Making sense of: 



Fréchet Barycenter:
<latexit sha1_base64="RpQEWdN/MzHbCW14saR1HWCZrQY="></latexit>

inf
x2X

Pn
i=1 �id(x, xi)p

<latexit sha1_base64="krSXWtWncboOAqS1gfu7B/rkRLg="></latexit>

(X , d) metric space

<latexit sha1_base64="OETzCZhVN56JinJ1Bkw+aRIjFaA="></latexit>x1
<latexit sha1_base64="hOMVM3hdA92NOrrhKDrsDmw4ItM="></latexit>x2

<latexit sha1_base64="iJCzIATmmkrxcDnklCNbL43Kaoo="></latexit>x3

<latexit sha1_base64="wF5q8mTraBDvHtacQAVhJpjHhTs="></latexit>

x̂

<latexit sha1_base64="0GecFhA4m44vUWkWJ402p05URlg="></latexit>

(X , d)
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Optimal Transport for structured data
FGW barycenter

<latexit sha1_base64="am+L5vDICHeO5dNefPTTxOK+pP8="></latexit>

inf
x2Rd

Pn
i=1 �ikx� xik22

Euclidean Barycenter:
<latexit sha1_base64="/w7RzozU9ciNxjjjnCH7L3orIQo="></latexit>

(Rd, k.k2)Euclidean Barycenter:

<latexit sha1_base64="OETzCZhVN56JinJ1Bkw+aRIjFaA="></latexit>x1
<latexit sha1_base64="hOMVM3hdA92NOrrhKDrsDmw4ItM="></latexit>x2

<latexit sha1_base64="iJCzIATmmkrxcDnklCNbL43Kaoo="></latexit>x3

<latexit sha1_base64="wF5q8mTraBDvHtacQAVhJpjHhTs="></latexit>

x̂

=+1
2 ( )Making sense of: 

FGW barycenter

Barycenter of labeled graphs, relational data with attributes

Consider feature space

<latexit sha1_base64="Z1gOONQSMscPap6tHeKUrOOqFaY="></latexit>

min
µ

PK
k=1 �kFGW q,↵(µ, µk)

<latexit sha1_base64="L2iCGblpbLrCIBFJWcDoC/EIKCg="></latexit>

⌦ = (Rd, k.k22) structured data
<latexit sha1_base64="5ALaIhZpD6X8Mc76Q9oZSabMU5k="></latexit>

(Ck,Bk,hk)Kk=1



Optimal Transport for structured data
FGW barycenter

=+1
2 ( )Making sense of: 

FGW barycenter
<latexit sha1_base64="Z1gOONQSMscPap6tHeKUrOOqFaY="></latexit>

min
µ

PK
k=1 �kFGW q,↵(µ, µk)

Barycenter of labeled graphs, relational data with attributes

Consider feature space
<latexit sha1_base64="5ALaIhZpD6X8Mc76Q9oZSabMU5k="></latexit>

(Ck,Bk,hk)Kk=1

<latexit sha1_base64="L2iCGblpbLrCIBFJWcDoC/EIKCg="></latexit>

⌦ = (Rd, k.k22) structured data

<latexit sha1_base64="MX/Cz5WaXjADAUrmpXJfB4YedZQ="></latexit>

Algorithm 1 FGW barycenter

1: Initialize C C0,A A0.
2: while not converged do
3: for k = 1 . . .K do
4: ⇡k  FGW (MABk ,C,Ck,h,hk)
5: end for
6: C 1

hhT

PK
k=1 �k⇡T

kCk⇡k

7: A 
PK

k=1 �kBk⇡T
k diag(

1
h )

8: end while
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Optimal Transport for structured data
Summarization of graph 

FGW coarsening

Given a labeled graph we look for the closest graph w.r.t FGW with fewer nodes 

Projection w.r.t FGW -> barycenter problem with 

<latexit sha1_base64="oyZeyfgr3bmIaIPIGlc++ew8NKs="></latexit>

min
µ

FGW (µ, ⌫) = min
A,C1

FGW (MAB,C1,C2,h,g)

<latexit sha1_base64="FugXyh1Y2i2nyciyJhFEK6+CN50="></latexit>

K = 1
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Optimal Transport for structured data
Summarization of graph 

FGW coarsening

Given a labeled graph we look for the closest graph w.r.t FGW with fewer nodes 

Projection w.r.t FGW -> barycenter problem with 

<latexit sha1_base64="oyZeyfgr3bmIaIPIGlc++ew8NKs="></latexit>

min
µ

FGW (µ, ⌫) = min
A,C1

FGW (MAB,C1,C2,h,g)

<latexit sha1_base64="FugXyh1Y2i2nyciyJhFEK6+CN50="></latexit>

K = 1
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Optimal Transport for structured data
FGW clustering

cluster 
1 

cluster 2
 

cluster 4
 clus

ter 3 

Training dataset examples Given a set of labeled graphs -> k-means using FGW barycenter 

<latexit sha1_base64="yxFHywutZu4PPQ2y0Srtsg5HttA="></latexit>

Algorithm 1 FGW clustering

1: Number of clusters K. Labeled graphs (Ci,Bi,hi)i2[[N ]]

2: Initialize centroids 8k 2 [[K]],Ck  C0,Ak  A0.
3: while not converged do
4: Calculate N ⇥K FGW distances.
5: for i = 1 . . . N do
6: Assign (Ci,Bi,hi) to a cluster k 2 [[K]]
7: end for
8: for k = 1 . . .K do
9: Ck,Ak  FGW barycenter((Ci,Bi,hi)i2cluster k)

10: end for
11: end while
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Optimal Transport for structured data
FGW clustering

cluster 
1 

cluster 2
 

cluster 4
 clus

ter 3 
Training dataset examples Given a set of labeled graphs -> k-means using FGW barycenter Centroids iter
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Optimal Transport for structured data
Conclusion

�95

OT method for structured data (whatever sizes of graphs)

FGW

Provides a soft assignments of nodes + distance between labeled graphs

Can be used for classification + summarization + clustering

Perspectives

Learn structure matrices

Use it for dynamic graph: add a temporal part

Other formulation: match only a small portion of the nodes

cluster 
1 

cluster 2
 

cluster 4
 clus

ter 3 

Training dataset examples Centroids iter



CO-Optimal Transport
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CO-Optimal Transport
Motivations

Two heterogeneous datasets
<latexit sha1_base64="DNrg7QvZYDBy32OpyaiZii7j28w="></latexit>

X = [x1, . . . , xn]T œ Rn◊d

<latexit sha1_base64="p8QIz4NenRXk0bM0QeePas/rXJ8="></latexit>

XÕ = [xÕ
1, . . . , xÕ

nÕ ]T œ RnÕ◊dÕ

We want to measure the similarity of these two datasets (interpretable way) 

Image registration [Haker 2001], HDA [Yang 2018], Word embeddings [Alvarez 2018]

Row= samples, columns= features
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CO-Optimal Transport
Motivations

Two heterogeneous datasets
<latexit sha1_base64="DNrg7QvZYDBy32OpyaiZii7j28w="></latexit>

X = [x1, . . . , xn]T œ Rn◊d

<latexit sha1_base64="p8QIz4NenRXk0bM0QeePas/rXJ8="></latexit>

XÕ = [xÕ
1, . . . , xÕ

nÕ ]T œ RnÕ◊dÕ

We can apply Gromov-Wasserstein based on the pairwise distances

Row= samples, columns= 
features/variable

The OT matrix gives a reordering of the samples

<latexit sha1_base64="+U/oreGYT5FwuzVbx541TAdNJNY="></latexit>

cX(xi, xj)
<latexit sha1_base64="ukgf7RVpe5CJNMfFU6/RKEAdpZc="></latexit>

cXÕ(xÕ
i, xÕ

j)
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CO-Optimal Transport
Motivations

Two heterogeneous datasets
<latexit sha1_base64="DNrg7QvZYDBy32OpyaiZii7j28w="></latexit>

X = [x1, . . . , xn]T œ Rn◊d

<latexit sha1_base64="p8QIz4NenRXk0bM0QeePas/rXJ8="></latexit>

XÕ = [xÕ
1, . . . , xÕ

nÕ ]T œ RnÕ◊dÕ

We can apply Gromov-Wasserstein based on the pairwise distances

<latexit sha1_base64="+U/oreGYT5FwuzVbx541TAdNJNY="></latexit>

cX(xi, xj)
<latexit sha1_base64="ukgf7RVpe5CJNMfFU6/RKEAdpZc="></latexit>

cXÕ(xÕ
i, xÕ

j)

The OT matrix gives a reordering of the samples

But discards the relationship between the features…

?

Row= samples, columns= 
features/variable
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CO-Optimal Transport
Motivations

Two heterogeneous datasets
<latexit sha1_base64="DNrg7QvZYDBy32OpyaiZii7j28w="></latexit>

X = [x1, . . . , xn]T œ Rn◊d

<latexit sha1_base64="p8QIz4NenRXk0bM0QeePas/rXJ8="></latexit>

XÕ = [xÕ
1, . . . , xÕ

nÕ ]T œ RnÕ◊dÕ

The objective of COOT is to estimate a transport matrix between the samples and 
one between the features

These matrices are estimated jointly and can be used for interpreting relationships 
across spaces

Row= samples, columns= 
features/variable

�100



CO-Optimal Transport
Motivations

Two heterogeneous datasets
<latexit sha1_base64="DNrg7QvZYDBy32OpyaiZii7j28w="></latexit>

X = [x1, . . . , xn]T œ Rn◊d

<latexit sha1_base64="p8QIz4NenRXk0bM0QeePas/rXJ8="></latexit>

XÕ = [xÕ
1, . . . , xÕ

nÕ ]T œ RnÕ◊dÕ

The objective of COOT is to estimate a transport matrix between the samples and 
one between the features

These matrices are estimated jointly and can be used for interpreting relationships 
across spaces

Row= samples, columns= 
features/variable
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CO-Optimal Transport
Motivations

Two heterogeneous datasets
<latexit sha1_base64="DNrg7QvZYDBy32OpyaiZii7j28w="></latexit>

X = [x1, . . . , xn]T œ Rn◊d

<latexit sha1_base64="p8QIz4NenRXk0bM0QeePas/rXJ8="></latexit>

XÕ = [xÕ
1, . . . , xÕ

nÕ ]T œ RnÕ◊dÕ

Weights (histograms)
<latexit sha1_base64="VB/LOUec7jhvCA3GeI5sjXjX+IM="></latexit>

w œ �n, wÕ œ �nÕSamples:
<latexit sha1_base64="8KPfSmBM3R0H8nHrqHkaY8nI/T8="></latexit>

v œ �d, vÕ œ �dÕFeatures:

CO-Optimal Transport

<latexit sha1_base64="352RS3jcWGCh+/OiHVrFKvNI99A="></latexit>

fis : transport matrix between the samples
<latexit sha1_base64="fagS+H3jg46jzR4Ea0EmzQKBCI8="></latexit>

fiv : transport matrix between the features/variables

<latexit sha1_base64="alUU/FkR/OeRCeoxV9u8Abp4fzA=">AABwu3ic7T1pdxw3ctDm2mUub/IxX1qRGUl+JCXSVuz1Pubp5mZDrWhSkiVzaL05eoZtztGanhmS7h3/vfyG/IPsvwjqwtEHeijZye570TySPY2qQqFQKBQKBaiTDpNsdvfuf1372Z/9+V/85V/9/Bdrf/03f/t3f//RL//hVTaZT7vxy+5kOJm+7rSzeJiM45ezZDaMX6fTuD3qDOOvO2ePoPzrRTzNksn4xewyjU9G7cE46Sfd9ky/evvRf37cmo97GiCe5a1OPEjGeTZqD4ej9myaXCxbe3tZ1ErGrYPkVmsa9/LW+XKj1RnOY/10c3k7arUiDbPw </latexit>

min
fisœ�(w,wÕ)
fivœ�(v,vÕ)

q
i,j,k,l |Xi,k ≠ X Õ

j,l|pfis
i,jfiv

k,l
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CO-Optimal Transport
Motivations

Two heterogeneous datasets
<latexit sha1_base64="DNrg7QvZYDBy32OpyaiZii7j28w="></latexit>

X = [x1, . . . , xn]T œ Rn◊d

<latexit sha1_base64="p8QIz4NenRXk0bM0QeePas/rXJ8="></latexit>

XÕ = [xÕ
1, . . . , xÕ

nÕ ]T œ RnÕ◊dÕ

Weights (histograms)
<latexit sha1_base64="VB/LOUec7jhvCA3GeI5sjXjX+IM="></latexit>

w œ �n, wÕ œ �nÕSamples:
<latexit sha1_base64="8KPfSmBM3R0H8nHrqHkaY8nI/T8="></latexit>

v œ �d, vÕ œ �dÕFeatures:

CO-Optimal Transport

<latexit sha1_base64="352RS3jcWGCh+/OiHVrFKvNI99A="></latexit>

fis : transport matrix between the samples
<latexit sha1_base64="fagS+H3jg46jzR4Ea0EmzQKBCI8="></latexit>

fiv : transport matrix between the features/variables

Regularized version: add an entropy term for each transport matrix

<latexit sha1_base64="alUU/FkR/OeRCeoxV9u8Abp4fzA=">AABwu3ic7T1pdxw3ctDm2mUub/IxX1qRGUl+JCXSVuz1Pubp5mZDrWhSkiVzaL05eoZtztGanhmS7h3/vfyG/IPsvwjqwtEHeijZye570TySPY2qQqFQKBQKBaiTDpNsdvfuf1372Z/9+V/85V/9/Bdrf/03f/t3f//RL//hVTaZT7vxy+5kOJm+7rSzeJiM45ezZDaMX6fTuD3qDOOvO2ePoPzrRTzNksn4xewyjU9G7cE46Sfd9ky/evvRf37cmo97GiCe5a1OPEjGeTZqD4ej9myaXCxbe3tZ1ErGrYPkVmsa9/LW+XKj1RnOY/10c3k7arUiDbPw </latexit>

min
fisœ�(w,wÕ)
fivœ�(v,vÕ)

q
i,j,k,l |Xi,k ≠ X Õ

j,l|pfis
i,jfiv

k,l
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CO-Optimal Transport
Formulation & example

CO-Optimal Transport
<latexit sha1_base64="alUU/FkR/OeRCeoxV9u8Abp4fzA=">AABwu3ic7T1pdxw3ctDm2mUub/IxX1qRGUl+JCXSVuz1Pubp5mZDrWhSkiVzaL05eoZtztGanhmS7h3/vfyG/IPsvwjqwtEHeijZye570TySPY2qQqFQKBQKBaiTDpNsdvfuf1372Z/9+V/85V/9/Bdrf/03f/t3f//RL//hVTaZT7vxy+5kOJm+7rSzeJiM45ezZDaMX6fTuD3qDOOvO2ePoPzrRTzNksn4xewyjU9G7cE46Sfd9ky/evvRf37cmo97GiCe5a1OPEjGeTZqD4ej9myaXCxbe3tZ1ErGrYPkVmsa9/LW+XKj1RnOY/10c3k7arUiDbPw </latexit>

min
fisœ�(w,wÕ)
fivœ�(v,vÕ)

q
i,j,k,l |Xi,k ≠ X Õ

j,l|pfis
i,jfiv

k,l

MNIST/USPS example:

Samples: images, Features: pixels
<latexit sha1_base64="Y/Q70M+yvI2dQUT/OWkLl+Bn1cE=">  </latexit>

n = nÕ = 300
<latexit sha1_base64="5t3NWbhN0+hvp03gRMiouQkwdXI="> </latexit>

d = 256, dÕ = 784
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CO-Optimal Transport
Formulation & example

CO-Optimal Transport
<latexit sha1_base64="alUU/FkR/OeRCeoxV9u8Abp4fzA=">AABwu3ic7T1pdxw3ctDm2mUub/IxX1qRGUl+JCXSVuz1Pubp5mZDrWhSkiVzaL05eoZtztGanhmS7h3/vfyG/IPsvwjqwtEHeijZye570TySPY2qQqFQKBQKBaiTDpNsdvfuf1372Z/9+V/85V/9/Bdrf/03f/t3f//RL//hVTaZT7vxy+5kOJm+7rSzeJiM45ezZDaMX6fTuD3qDOOvO2ePoPzrRTzNksn4xewyjU9G7cE46Sfd9ky/evvRf37cmo97GiCe5a1OPEjGeTZqD4ej9myaXCxbe3tZ1ErGrYPkVmsa9/LW+XKj1RnOY/10c3k7arUiDbPw </latexit>

min
fisœ�(w,wÕ)
fivœ�(v,vÕ)

q
i,j,k,l |Xi,k ≠ X Õ

j,l|pfis
i,jfiv

k,l

MNIST/USPS example:
<latexit sha1_base64="352RS3jcWGCh+/OiHVrFKvNI99A="> </latexit>

fisVisualization of 

Better class correspondence
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CO-Optimal Transport
Formulation & example

CO-Optimal Transport
<latexit sha1_base64="alUU/FkR/OeRCeoxV9u8Abp4fzA=">AABwu3ic7T1pdxw3ctDm2mUub/IxX1qRGUl+JCXSVuz1Pubp5mZDrWhSkiVzaL05eoZtztGanhmS7h3/vfyG/IPsvwjqwtEHeijZye570TySPY2qQqFQKBQKBaiTDpNsdvfuf1372Z/9+V/85V/9/Bdrf/03f/t3f//RL//hVTaZT7vxy+5kOJm+7rSzeJiM45ezZDaMX6fTuD3qDOOvO2ePoPzrRTzNksn4xewyjU9G7cE46Sfd9ky/evvRf37cmo97GiCe5a1OPEjGeTZqD4ej9myaXCxbe3tZ1ErGrYPkVmsa9/LW+XKj1RnOY/10c3k7arUiDbPw </latexit>

min
fisœ�(w,wÕ)
fivœ�(v,vÕ)

q
i,j,k,l |Xi,k ≠ X Õ

j,l|pfis
i,jfiv

k,l

MNIST/USPS example: Visualization of 
<latexit sha1_base64="fagS+H3jg46jzR4Ea0EmzQKBCI8="></latexit>

fiv

USPS colored pixels MNIST pixels through v MNIST pixels through entropic v

Spatial structure preserved (without supervision!)
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CO-Optimal Transport
Properties

<latexit sha1_base64="WIEN7/NDmnDWTvx/5uwy2c4sxTg="> </latexit>Theorem. COOT is a distance

• COOT symmetric and satisfies the triangular inequality,

COOT(X, XÕÕ) Æ COOT(X, XÕ) + COOT(XÕ, XÕÕ)

• Uniform weights. COOT(X, XÕ) = 0 i� n = nÕ, d = dÕ
, ÷‡1 œ Sn (samples) and ÷‡2 œ Sd (features):

’i, k Xi,k = XÕ
‡1(i),‡2(k)

A distance w.r.t permutations of the datasets
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CO-Optimal Transport
Properties

<latexit sha1_base64="WIEN7/NDmnDWTvx/5uwy2c4sxTg="> </latexit>Theorem. COOT is a distance

• COOT symmetric and satisfies the triangular inequality,

COOT(X, XÕÕ) Æ COOT(X, XÕ) + COOT(XÕ, XÕÕ)

• Uniform weights. COOT(X, XÕ) = 0 i� n = nÕ, d = dÕ
, ÷‡1 œ Sn (samples) and ÷‡2 œ Sd (features):

’i, k Xi,k = XÕ
‡1(i),‡2(k)

A distance w.r.t permutations of the datasets

Relation with Gromov-Wasserstein
<latexit sha1_base64="K2iKTclEloZ0z3HUuzIEovL8JPs="></latexit>

Theorem. • Let C œ Rn◊n, CÕ œ RnÕ◊nÕ
be any symmetric matrices, then:

COOT(C, CÕ, w, wÕ, w, wÕ) Æ GW (C, CÕ, w, wÕ).

• When C and CÕ
are squared Euclidean distance matrices:

COOT(C, CÕ, w, wÕ, w, wÕ) = GW (C, CÕ, w, wÕ)

and the optimal transport matrices fiGW = fis = fiv
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CO-Optimal Transport
Solving COOT

CO-Optimal Transport
<latexit sha1_base64="alUU/FkR/OeRCeoxV9u8Abp4fzA=">AABwu3ic7T1pdxw3ctDm2mUub/IxX1qRGUl+JCXSVuz1Pubp5mZDrWhSkiVzaL05eoZtztGanhmS7h3/vfyG/IPsvwjqwtEHeijZye570TySPY2qQqFQKBQKBaiTDpNsdvfuf1372Z/9+V/85V/9/Bdrf/03f/t3f//RL//hVTaZT7vxy+5kOJm+7rSzeJiM45ezZDaMX6fTuD3qDOOvO2ePoPzrRTzNksn4xewyjU9G7cE46Sfd9ky/evvRf37cmo97GiCe5a1OPEjGeTZqD4ej9myaXCxbe3tZ1ErGrYPkVmsa9/LW+XKj1RnOY/10c3k7arUiDbPw </latexit>

min
fisœ�(w,wÕ)
fivœ�(v,vÕ)

q
i,j,k,l |Xi,k ≠ X Õ

j,l|pfis
i,jfiv

k,l

<latexit sha1_base64="D0nXYbQRdwdwE6x2ygL2GrvzNMk="></latexit>

Algorithm 1 BCD for COOT

1: fi
s
(0) Ω wwÕT

, fi
v
(0) Ω vvÕT

, k Ω 0

2: while k < maxIt and err > 0 do
3: fiv

(k) Ω OT (v, vÕ
, L(X, XÕ

) ¢ fis
(k≠1))

4: fis
(k) Ω OT (w, wÕ

, L(X, XÕ
) ¢ fiv

(k≠1))
5: err Ω ||fiv

(k≠1) ≠ fiv
(k)||F

6: k Ω k + 1

7: end while

Non-convex bilinear program: NP-Hard

BCD procedure: alternates OT problems -> converges to a local minima [Konno 1976]
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CO-Optimal Transport
Solving COOT

CO-Optimal Transport
<latexit sha1_base64="alUU/FkR/OeRCeoxV9u8Abp4fzA=">AABwu3ic7T1pdxw3ctDm2mUub/IxX1qRGUl+JCXSVuz1Pubp5mZDrWhSkiVzaL05eoZtztGanhmS7h3/vfyG/IPsvwjqwtEHeijZye570TySPY2qQqFQKBQKBaiTDpNsdvfuf1372Z/9+V/85V/9/Bdrf/03f/t3f//RL//hVTaZT7vxy+5kOJm+7rSzeJiM45ezZDaMX6fTuD3qDOOvO2ePoPzrRTzNksn4xewyjU9G7cE46Sfd9ky/evvRf37cmo97GiCe5a1OPEjGeTZqD4ej9myaXCxbe3tZ1ErGrYPkVmsa9/LW+XKj1RnOY/10c3k7arUiDbPw </latexit>

min
fisœ�(w,wÕ)
fivœ�(v,vÕ)

q
i,j,k,l |Xi,k ≠ X Õ

j,l|pfis
i,jfiv

k,l

<latexit sha1_base64="D0nXYbQRdwdwE6x2ygL2GrvzNMk="></latexit>

Algorithm 1 BCD for COOT

1: fi
s
(0) Ω wwÕT

, fi
v
(0) Ω vvÕT

, k Ω 0

2: while k < maxIt and err > 0 do
3: fiv

(k) Ω OT (v, vÕ
, L(X, XÕ

) ¢ fis
(k≠1))

4: fis
(k) Ω OT (w, wÕ

, L(X, XÕ
) ¢ fiv

(k≠1))
5: err Ω ||fiv

(k≠1) ≠ fiv
(k)||F

6: k Ω k + 1

7: end while

Non-convex bilinear program: NP-Hard

BCD procedure: alternates OT problems -> converges to a local minima [Konno 1976]

<latexit sha1_base64="yowuSE808biC4dZufaZWQZOln4g="></latexit>

≥ O(n3 log(n)) (p = 2)
<latexit sha1_base64="QO5vaTAi+k+PvEEquuErz2f7KdQ="></latexit>

≥ O(d3 log(d)) (p = 2)
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CO-Optimal Transport
Solving COOT

CO-Optimal Transport
<latexit sha1_base64="alUU/FkR/OeRCeoxV9u8Abp4fzA=">AABwu3ic7T1pdxw3ctDm2mUub/IxX1qRGUl+JCXSVuz1Pubp5mZDrWhSkiVzaL05eoZtztGanhmS7h3/vfyG/IPsvwjqwtEHeijZye570TySPY2qQqFQKBQKBaiTDpNsdvfuf1372Z/9+V/85V/9/Bdrf/03f/t3f//RL//hVTaZT7vxy+5kOJm+7rSzeJiM45ezZDaMX6fTuD3qDOOvO2ePoPzrRTzNksn4xewyjU9G7cE46Sfd9ky/evvRf37cmo97GiCe5a1OPEjGeTZqD4ej9myaXCxbe3tZ1ErGrYPkVmsa9/LW+XKj1RnOY/10c3k7arUiDbPw </latexit>

min
fisœ�(w,wÕ)
fivœ�(v,vÕ)

q
i,j,k,l |Xi,k ≠ X Õ

j,l|pfis
i,jfiv

k,l

<latexit sha1_base64="D0nXYbQRdwdwE6x2ygL2GrvzNMk="></latexit>

Algorithm 1 BCD for COOT

1: fi
s
(0) Ω wwÕT

, fi
v
(0) Ω vvÕT

, k Ω 0

2: while k < maxIt and err > 0 do
3: fiv

(k) Ω OT (v, vÕ
, L(X, XÕ

) ¢ fis
(k≠1))

4: fis
(k) Ω OT (w, wÕ

, L(X, XÕ
) ¢ fiv

(k≠1))
5: err Ω ||fiv

(k≠1) ≠ fiv
(k)||F

6: k Ω k + 1

7: end while

Non-convex bilinear program: NP-Hard

BCD procedure: alternates OT problems -> converges to a local minima [Konno 1976]

In practice BCD converges in few iterations
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CO-Optimal Transport
Domain adaptation in a nutshell

Given a source domain with labels

<latexit sha1_base64="YjD4WY1c6FaMkTRm/Fpzw/Ms9oQ=">AABwFHic7T3LchxHcrXr1y78WK199KVpEqaoAEACEi2tNuDgG+s1KEIASZHCQIx59AzaGMwMp2fwUMfo6E/wV/hqn3xz+Oq7/8D7F6581au7qwekZO9GmBMAeroys7KysrKysrKKnckwy2d37vzXj378e7//B3/4Rz/56cof/8mf/tnPPvj5n7/Mx/NpN33RHQ/H01eddp4Os1H6YpbNhumryTRtn3aG6Vedk4dQ/tVZOs2z8e </latexit>

Ys = {ys
i }Ns

i=1

<latexit sha1_base64="8ByzOFikq6JyIa91evH2b+6q67U="></latexit>

Xs = {xs
i }Ns

i=1
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CO-Optimal Transport
Domain adaptation in a nutshell

Given a source domain with labels

<latexit sha1_base64="YjD4WY1c6FaMkTRm/Fpzw/Ms9oQ=">AABwFHic7T3LchxHcrXr1y78WK199KVpEqaoAEACEi2tNuDgG+s1KEIASZHCQIx59AzaGMwMp2fwUMfo6E/wV/hqn3xz+Oq7/8D7F6581au7qwekZO9GmBMAeroys7KysrKysrKKnckwy2d37vzXj378e7//B3/4Rz/56cof/8mf/tnPPvj5n7/Mx/NpN33RHQ/H01eddp4Os1H6YpbNhumryTRtn3aG6Vedk4dQ/tVZOs2z8e </latexit>

Ys = {ys
i }Ns

i=1

<latexit sha1_base64="8ByzOFikq6JyIa91evH2b+6q67U="></latexit>

Xs = {xs
i }Ns

i=1

A target domain

<latexit sha1_base64="KR099gEhXx0rRHnmhkN/6UVIIIc="></latexit>

Xt = {xt
i}

Nt
i=1

Apply/learn a classifier on
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CO-Optimal Transport
Domain adaptation in a nutshell

Given a source domain with labels

<latexit sha1_base64="YjD4WY1c6FaMkTRm/Fpzw/Ms9oQ=">AABwFHic7T3LchxHcrXr1y78WK199KVpEqaoAEACEi2tNuDgG+s1KEIASZHCQIx59AzaGMwMp2fwUMfo6E/wV/hqn3xz+Oq7/8D7F6581au7qwekZO9GmBMAeroys7KysrKysrKKnckwy2d37vzXj378e7//B3/4Rz/56cof/8mf/tnPPvj5n7/Mx/NpN33RHQ/H01eddp4Os1H6YpbNhumryTRtn3aG6Vedk4dQ/tVZOs2z8e </latexit>

Ys = {ys
i }Ns

i=1

<latexit sha1_base64="8ByzOFikq6JyIa91evH2b+6q67U="></latexit>

Xs = {xs
i }Ns

i=1

A target domain

<latexit sha1_base64="KR099gEhXx0rRHnmhkN/6UVIIIc="></latexit>

Xt = {xt
i}

Nt
i=1

related but 
different domains..

Apply/learn a classifier on
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CO-Optimal Transport
Domain adaptation in a nutshell

Given a source domain with labels

<latexit sha1_base64="YjD4WY1c6FaMkTRm/Fpzw/Ms9oQ=">AABwFHic7T3LchxHcrXr1y78WK199KVpEqaoAEACEi2tNuDgG+s1KEIASZHCQIx59AzaGMwMp2fwUMfo6E/wV/hqn3xz+Oq7/8D7F6581au7qwekZO9GmBMAeroys7KysrKysrKKnckwy2d37vzXj378e7//B3/4Rz/56cof/8mf/tnPPvj5n7/Mx/NpN33RHQ/H01eddp4Os1H6YpbNhumryTRtn3aG6Vedk4dQ/tVZOs2z8e </latexit>

Ys = {ys
i }Ns

i=1

<latexit sha1_base64="8ByzOFikq6JyIa91evH2b+6q67U="></latexit>

Xs = {xs
i }Ns

i=1

A target domain

<latexit sha1_base64="KR099gEhXx0rRHnmhkN/6UVIIIc="></latexit>

Xt = {xt
i}

Nt
i=1

Apply/learn a classifier on

<latexit sha1_base64="aLI6QyVax3c2cGzkTR7R47rp+rw="></latexit>

fis Ω OT (Xs, Xt)
[Courty 2015]

<latexit sha1_base64="vnTnIEhFjcwM8YgM/qUwZrj3ewU="></latexit>

X̂s = Tfis(Xs) = NsfisXt

Barycentric mapping:

[Redko 2019]
<latexit sha1_base64="l93c5K1pJTQ8k2cP/eQex/QrJek="></latexit>

Ŷt = fisYs

Label propagation:

�115



CO-Optimal Transport
Domain adaptation in a nutshell

Given a source domain with labels

<latexit sha1_base64="YjD4WY1c6FaMkTRm/Fpzw/Ms9oQ=">AABwFHic7T3LchxHcrXr1y78WK199KVpEqaoAEACEi2tNuDgG+s1KEIASZHCQIx59AzaGMwMp2fwUMfo6E/wV/hqn3xz+Oq7/8D7F6581au7qwekZO9GmBMAeroys7KysrKysrKKnckwy2d37vzXj378e7//B3/4Rz/56cof/8mf/tnPPvj5n7/Mx/NpN33RHQ/H01eddp4Os1H6YpbNhumryTRtn3aG6Vedk4dQ/tVZOs2z8e </latexit>

Ys = {ys
i }Ns

i=1

<latexit sha1_base64="8ByzOFikq6JyIa91evH2b+6q67U="></latexit>

Xs = {xs
i }Ns

i=1

A target domain

<latexit sha1_base64="KR099gEhXx0rRHnmhkN/6UVIIIc="></latexit>

Xt = {xt
i}

Nt
i=1

Apply/learn a classifier on

<latexit sha1_base64="lensFnlJKeghzUVBK5eWRuyQq8w="> </latexit>

(HDA) Xs œ RNs◊d
and Xt œ RNt◊dÕ

with d ”= dÕ

<latexit sha1_base64="aLI6QyVax3c2cGzkTR7R47rp+rw="></latexit>

fis Ω OT (Xs, Xt)
[Courty 2015]

<latexit sha1_base64="vnTnIEhFjcwM8YgM/qUwZrj3ewU="></latexit>

X̂s = Tfis(Xs) = NsfisXt

Barycentric mapping:

[Redko 2019]
<latexit sha1_base64="l93c5K1pJTQ8k2cP/eQex/QrJek="></latexit>

Ŷt = fisYs

Label propagation:
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CO-Optimal Transport
COOT in action: Heterogeneous Domain Adaptation

Caltech/Officie dataset [Saenko 2010]

Adaptation from two different embeddings from Decaf to GoogleNet
<latexit sha1_base64="Rg1QZ82XItDpZ1Mk8rPI0EVagdg="></latexit>

R4096 æ R1024

Unsupervised HDA + Semi supervised HDA (3 samples per class)
<latexit sha1_base64="l93c5K1pJTQ8k2cP/eQex/QrJek="></latexit>

Ŷt = fisYsLabel propagation [Redko 2019]

<latexit sha1_base64="WnVkHTIUCoFTdwYBxVO0ElZ1CwI="></latexit>

fis, fiv Ω COOT(Xs, Xt)
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CO-Optimal Transport
COOT in action: Heterogeneous Domain Adaptation

Caltech/Officie dataset [Saenko 2010]

Adaptation from two different embeddings from Decaf to GoogleNet
<latexit sha1_base64="Rg1QZ82XItDpZ1Mk8rPI0EVagdg="></latexit>

R4096 æ R1024

Unsupervised HDA + Semi supervised HDA (3 samples per class)

Semi supervised 
HDA

<latexit sha1_base64="l93c5K1pJTQ8k2cP/eQex/QrJek="></latexit>

Ŷt = fisYsLabel propagation [Redko 2019]

<latexit sha1_base64="WnVkHTIUCoFTdwYBxVO0ElZ1CwI="></latexit>

fis, fiv Ω COOT(Xs, Xt)
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CO-Optimal Transport
COOT in action: Heterogeneous Domain Adaptation

Caltech/Officie dataset [Saenko 2010]

Adaptation from two different embeddings from Decaf to GoogleNet
<latexit sha1_base64="Rg1QZ82XItDpZ1Mk8rPI0EVagdg="></latexit>

R4096 æ R1024

Unsupervised HDA + Semi supervised HDA (3 samples per class)

Unsupervised 
HDA

<latexit sha1_base64="WnVkHTIUCoFTdwYBxVO0ElZ1CwI="></latexit>

fis, fiv Ω COOT(Xs, Xt)

<latexit sha1_base64="l93c5K1pJTQ8k2cP/eQex/QrJek="></latexit>

Ŷt = fisYsLabel propagation [Redko 2019]
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CO-Optimal Transport

<latexit sha1_base64="c1hImXZ4JLPyVdMZ1/eOsvzMWew="></latexit>

X œ Rn◊d

Search for a simultaneous clustering of 
both samples and features of a dataset
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COOT in action: CO-clustering



CO-Optimal Transport
COOT in action: CO-clustering

<latexit sha1_base64="c1hImXZ4JLPyVdMZ1/eOsvzMWew="></latexit>

X œ Rn◊d

Search for a simultaneous clustering of 
both samples and features of a dataset

<latexit sha1_base64="7BLjD6tkccK1m3GnXY7dDSxOZUw="></latexit>

min
XcœRnÕ◊dÕ

COOT(X, Xc)

COOT CO-clustering

<latexit sha1_base64="zXYXQy9rBRKd2rIsytuK5Hi9VeU="> </latexit>

Xc with nÕ < n, dÕ < d that summarizes X in the best way possible.

<latexit sha1_base64="eV6YShwG2d+pgvpBa9eKY7ER42I="></latexit>

1. Obtain fis
and fiv

by solving COOT(X, Xc)

2. Set Xc to nÕdÕfis€Xfiv
.

Solved by BCD
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CO-Optimal Transport
COOT in action: CO-clustering

<latexit sha1_base64="7BLjD6tkccK1m3GnXY7dDSxOZUw="></latexit>

min
XcœRnÕ◊dÕ

COOT(X, Xc)

Olivetti faces dataset 
[Samaria 1994]
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CO-Optimal Transport
COOT in action: CO-clustering

<latexit sha1_base64="7BLjD6tkccK1m3GnXY7dDSxOZUw="></latexit>

min
XcœRnÕ◊dÕ

COOT(X, Xc)

Olivetti faces dataset 
[Samaria 1994]

SOTA on simulated benchmark dataset from [Laclau 2017] 
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CO-Optimal Transport
COOT in action: CO-clustering

<latexit sha1_base64="7BLjD6tkccK1m3GnXY7dDSxOZUw="></latexit>

min
XcœRnÕ◊dÕ

COOT(X, Xc)

Olivetti faces dataset 
[Samaria 1994]

SOTA on simulated benchmark dataset from [Laclau 2017] 

Movielens dataset (users and films)
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CO-Optimal Transport
Conclusion: take away messages
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USPS colored pixels MNIST pixels through v MNIST pixels through entropic v

OT method for heterogeneous dataset

COOT

Provides interpretable correspondences between samples and features

Works well for HDA + Can be applied for co-clustering

Perspectives

Study the statistics of COOT 
<latexit sha1_base64="da3Qmr3eKcELRHYaBHjy0FqYQaU="></latexit>

(n, d æ Œ ?)

Other formulations (unbalanced, extension to labeled dataset)

Effect of the entropic regularization (convergence), effect of the feature weights)
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Thank you!


