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Overview of the talk
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  Part I: Finding graphs from unstructured data

  Part II: Schur’s Positive-Definite Network 

  Part III: The sketching approach
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X = (x1, · · · ,xn),xi 2 Rd

<latexit sha1_base64="yG6wDoRLa2zwxiBxf6hyfK1NoEM="></latexit>

 Input: a dataset

xi 2 Rd ⇠ µ

<latexit sha1_base64="3mt/wmSiJZMgPnx/BEAbh3oUlQo="></latexit>
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X = (x1, · · · ,xn),xi 2 Rd

<latexit sha1_base64="yG6wDoRLa2zwxiBxf6hyfK1NoEM="></latexit>

n

<latexit sha1_base64="lk5YNLijCZd9yCf6w9FgfFmdwKM="></latexit>

 Input: a dataset

xi 2 Rd ⇠ µ

<latexit sha1_base64="3mt/wmSiJZMgPnx/BEAbh3oUlQo="></latexit>

 Output: graph of relations between  
the d variables 

1

<latexit sha1_base64="O6WL9X/tqap22tpIh+tkPyqw8tc="></latexit>

d

<latexit sha1_base64="J0rt+iW5uDzMOs7/dBfpZZewjZQ="></latexit>

2

<latexit sha1_base64="iPs+ltK2ryKisJnGJriBlqAydv4="></latexit>
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also: genomics,  
biological networks, energy…
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X = (x1, · · · ,xn),xi 2 Rd

<latexit sha1_base64="yG6wDoRLa2zwxiBxf6hyfK1NoEM="></latexit>

⇥ 2 Rd⇥d

<latexit sha1_base64="64aAHxj71bmWj9B7TYwIaGPEcAg="></latexit>

n

<latexit sha1_base64="lk5YNLijCZd9yCf6w9FgfFmdwKM="></latexit>

 Input: a dataset

xi 2 Rd ⇠ µ

<latexit sha1_base64="3mt/wmSiJZMgPnx/BEAbh3oUlQo="></latexit>

 Graph modeled as a matrix:

 Output: graph of relations between  
the d variables 

1

<latexit sha1_base64="O6WL9X/tqap22tpIh+tkPyqw8tc="></latexit>

d

<latexit sha1_base64="J0rt+iW5uDzMOs7/dBfpZZewjZQ="></latexit>

2

<latexit sha1_base64="iPs+ltK2ryKisJnGJriBlqAydv4="></latexit>

also: genomics,  
biological networks, energy…

⇥ij =

<latexit sha1_base64="FddNKQ91rLO+WrshvdK8f665HFo=">AAAqzXicpVpZcxtFEJ5whnAlwBsvAidV4ArGdkhBUeWq+AgKiR0r8RHbOVxaeSUv1kqb3ZVkWYhXfgWv8H944x/Av6C7Z/bSnAGrLO32fF9PT09Pz7HrRd0gSRcX/7r02utvvPnW25ffufLue+9/8OHVax/tJ/1B3PL3Wv1uPz7wmonfDXr+XhqkXf8giv1m6HX9J97ZOpY/GfpxEvR7u+k48p+HzU4vaAetZgqi46vXrj/bPf </latexit>

: interaction between variable i and j

statistical correlations

statistical dependencies



Epilepsy: the big picture
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 One of the most common neurological disorder, affecting 1% of the global 
population

 Nearly 30% of patients are drug-resistant

 Surgical solution: remove the epileptic onset area (resection)



Epilepsy: the big picture

8

 One of the most common neurological disorder, affecting 1% of the global 
population

 Nearly 30% of patients are drug-resistant

 Surgical solution: remove the epileptic onset area (resection)

 Sparse dynamic functional 
connectivity graphs from 
EEG signals
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X = (x1, · · · ,xn),xi 2 Rd

<latexit sha1_base64="yG6wDoRLa2zwxiBxf6hyfK1NoEM="></latexit>

 Input: 

 Output:
xi 2 Rd ⇠ µ

<latexit sha1_base64="3mt/wmSiJZMgPnx/BEAbh3oUlQo="></latexit>

⇥ 2 Rd⇥d

<latexit sha1_base64="64aAHxj71bmWj9B7TYwIaGPEcAg="></latexit>
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⇥ 2 Rd⇥d

<latexit sha1_base64="64aAHxj71bmWj9B7TYwIaGPEcAg="></latexit>

  Gaussian Graphical Model 
µ = N (0,⌃ = ⇥�1)

<latexit sha1_base64="/I+geqJOAWy2yiI7EFdyyb0QDkk="></latexit>

Gaussian assumption

 ⇥ij = 0 ()

<latexit sha1_base64="bmVslAgAnVCleQ7uMJB4RH7NowU="></latexit>

variable i is independent of j conditionally to the others
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⇥ 2 Rd⇥d

<latexit sha1_base64="64aAHxj71bmWj9B7TYwIaGPEcAg="></latexit>

  Gaussian Graphical Model 
µ = N (0,⌃ = ⇥�1)

<latexit sha1_base64="/I+geqJOAWy2yiI7EFdyyb0QDkk="></latexit>

b⌃ = 1
n

Pn
i=1 xix>

i

<latexit sha1_base64="aK/mceZJAEs+kKmTwYqv+4CernQ="></latexit>

Emp. cov.

⇥MLE = argmin
⇥�0

� logdet(⇥) + hb⌃,⇥iF

<latexit sha1_base64="CZ16mj58/9APikrp5aedIPuit60="></latexit>

Gaussian assumption

 When      is invertibleb⌃ = 1
n

Pn
i=1 xix>

i

<latexit sha1_base64="aK/mceZJAEs+kKmTwYqv+4CernQ="></latexit>

⇥MLE = (b⌃)�1

<latexit sha1_base64="NkCTxDevg+u/zuaC+preWpH1JiE="></latexit>

 ⇥ij = 0 ()

<latexit sha1_base64="bmVslAgAnVCleQ7uMJB4RH7NowU="></latexit>

variable i is independent of j conditionally to the others

Si
de

 n
ot

e

  Maximum Likehood estimator 
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⇥�0

� logdet(⇥) + hb⌃,⇥iF
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Gaussian assumption

 When      is invertibleb⌃ = 1
n

Pn
i=1 xix>

i

<latexit sha1_base64="aK/mceZJAEs+kKmTwYqv+4CernQ="></latexit>

⇥MLE = (b⌃)�1

<latexit sha1_base64="NkCTxDevg+u/zuaC+preWpH1JiE="></latexit>

 ⇥ij = 0 ()

<latexit sha1_base64="bmVslAgAnVCleQ7uMJB4RH7NowU="></latexit>

variable i is independent of j conditionally to the others

May not be true 
in high dim n < d

<latexit sha1_base64="QlF5AjOFIweZc+RqMzURtEBAvMI="></latexit>
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  Maximum Likehood estimator b⌃ = 1
n

Pn
i=1 xix>

i

<latexit sha1_base64="aK/mceZJAEs+kKmTwYqv+4CernQ="></latexit>

Emp. cov.
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<latexit sha1_base64="/I+geqJOAWy2yiI7EFdyyb0QDkk="></latexit>

⇥MLE = argmin
⇥�0

� logdet(⇥) + hb⌃,⇥iF

<latexit sha1_base64="CZ16mj58/9APikrp5aedIPuit60="></latexit>

Gaussian assumption

 When      is invertibleb⌃ = 1
n

Pn
i=1 xix>

i

<latexit sha1_base64="aK/mceZJAEs+kKmTwYqv+4CernQ="></latexit>

⇥MLE = (b⌃)�1
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 ⇥ij = 0 ()
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variable i is independent of j conditionally to the others

May not be true 
in high dim n < d

<latexit sha1_base64="QlF5AjOFIweZc+RqMzURtEBAvMI="></latexit>

usually not sparse
True precision matrix. d = 8 Emp covariance matrix, n= 300 Esti precision matrix

⇥ 2 Rd⇥d

<latexit sha1_base64="64aAHxj71bmWj9B7TYwIaGPEcAg="></latexit>

b⌃ = 1
n

Pn
i=1 xix>

i

<latexit sha1_base64="aK/mceZJAEs+kKmTwYqv+4CernQ="></latexit>

⇥MLE = (b⌃)�1

<latexit sha1_base64="NkCTxDevg+u/zuaC+preWpH1JiE="></latexit>
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  Maximum Likehood estimator b⌃ = 1
n

Pn
i=1 xix>

i

<latexit sha1_base64="aK/mceZJAEs+kKmTwYqv+4CernQ="></latexit>

Emp. cov.
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X = (x1, · · · ,xn),xi 2 Rd
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  Gaussian Graphical Model 
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Gaussian assumption

 ⇥ij = 0 ()

<latexit sha1_base64="bmVslAgAnVCleQ7uMJB4RH7NowU="></latexit>

variable i is independent of j conditionally to the others
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  Penalized Maximum Likehood estimator

⇥GLASSO = argmin
⇥�0

� logdet(⇥) + hb⌃,⇥iF + �k⇥k1,o↵

<latexit sha1_base64="9VcXvzZTGSURGQ/L/2lEz4GT3XI="></latexit>

k⇥k1,o↵ =
P

i<j |⇥ij |

<latexit sha1_base64="0HowO2y+p53DYnM1F6mVSbzCnFY="></latexit>

promotes sparsity for the output graph

[Friedman-Hastie-Tibshirani, 2007]

True precision matrix. d = 8 Emp covariance matrix, n= 500 Esti precision matrix GLASSO Esti precision matrix

⇥ 2 Rd⇥d

<latexit sha1_base64="64aAHxj71bmWj9B7TYwIaGPEcAg="></latexit>

b⌃ = 1
n

Pn
i=1 xix>

i

<latexit sha1_base64="aK/mceZJAEs+kKmTwYqv+4CernQ="></latexit>

⇥MLE = (b⌃)�1

<latexit sha1_base64="NkCTxDevg+u/zuaC+preWpH1JiE="></latexit>

⇥GLASSO = argmin
⇥�0

� logdet(⇥) + hb⌃,⇥iF + �k⇥k1,o↵

<latexit sha1_base64="9VcXvzZTGSURGQ/L/2lEz4GT3XI="></latexit>
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  Solving for GLASSO

Θ = (
Θ11 θ12

θ⊤
12 θ22)

argmin
Θ≻0

F(Θ) = − logdet(Θ) + ⟨Σ̂, Θ⟩ + λ∥Θ∥1, off

 Schur complement

det(Θ) = det(Θ11) × det(θ22−θ12
⊤Θ−1

11 θ12)

Blocks
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  Solving for GLASSO

Θ = (
Θ11 θ12

θ⊤
12 θ22)

argmin
Θ≻0

F(Θ) = − logdet(Θ) + ⟨Σ̂, Θ⟩ + λ∥Θ∥1, off

 Schur complement

F(Θ) = − logdet(Θ11) − log(θ22−θ12
⊤Θ−1

11 θ12) + ̂σ22θ22+⟨Σ̂11, Θ11⟩ + 2⟨ ̂σ12, θ12⟩ + λ∥Θ11∥1, off + λ∥θ12∥1

Blocks

det(Θ) = det(Θ11) × det(θ22−θ12
⊤Θ−1

11 θ12)
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  Solving for GLASSO

Θ = (
Θ11 θ12

θ⊤
12 θ22)

argmin
Θ≻0

F(Θ) = − logdet(Θ) + ⟨Σ̂, Θ⟩ + λ∥Θ∥1, off

argmin
θ22

F(Θ11, θ12, θ22) =
1
̂σ22

+ θ12
⊤Θ−1

11 θ12 := θ⋆
22

 Schur complement

F(Θ) = − logdet(Θ11) − log(θ22−θ12
⊤Θ−1

11 θ12) + ̂σ22θ22+⟨Σ̂11, Θ11⟩ + 2⟨ ̂σ12, θ12⟩ + λ∥Θ11∥1, off + λ∥θ12∥1

Blocks

argmin
θ12

F(Θ11, θ12, θ⋆
22) = 2⟨ ̂σ12, θ12⟩ + λ∥θ12∥1 + ̂σ22θ12

⊤Θ−1
11 θ12

 BCD algorithm:

det(Θ) = det(Θ11) × det(θ22−θ12
⊤Θ−1

11 θ12)
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  Solving for GLASSO

Θ = (
Θ11 θ12

θ⊤
12 θ22)

argmin
Θ≻0

F(Θ) = − logdet(Θ) + ⟨Σ̂, Θ⟩ + λ∥Θ∥1, off

argmin
θ22

F(Θ11, θ12, θ22) =
1
̂σ22

+ θ12
⊤Θ−1

11 θ12 := θ⋆
22

 Schur complement

F(Θ) = − logdet(Θ11) − log(θ22−θ12
⊤Θ−1

11 θ12) + ̂σ22θ22+⟨Σ̂11, Θ11⟩ + 2⟨ ̂σ12, θ12⟩ + λ∥Θ11∥1, off + λ∥θ12∥1

Blocks

argmin
θ12

F(Θ11, θ12, θ⋆
22) = 2⟨ ̂σ12, θ12⟩ + λ∥θ12∥1 + ̂σ22θ12

⊤Θ−1
11 θ12∼LASSO

 BCD algorithm:

det(Θ) = det(Θ11) × det(θ22−θ12
⊤Θ−1

11 θ12)
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  Solving for GLASSO

Θ = (
Θ11 θ12

θ⊤
12 θ22)

argmin
Θ≻0

F(Θ) = − logdet(Θ) + ⟨Σ̂, Θ⟩ + λ∥Θ∥1, off

argmin
θ22

F(Θ11, θ12, θ22) =
1
̂σ22

+ θ12
⊤Θ−1

11 θ12 := θ⋆
22

 Schur complement

F(Θ) = − logdet(Θ11) − log(θ22−θ12
⊤Θ−1

11 θ12) + ̂σ22θ22+⟨Σ̂11, Θ11⟩ + 2⟨ ̂σ12, θ12⟩ + λ∥Θ11∥1, off + λ∥θ12∥1

Blocks

argmin
θ12

F(Θ11, θ12, θ⋆
22) = 2⟨ ̂σ12, θ12⟩ + λ∥θ12∥1 + ̂σ22θ12

⊤Θ−1
11 θ12∼LASSO

 BCD algorithm:

det(Θ) = det(Θ11) × det(θ22−θ12
⊤Θ−1

11 θ12)

Blocks i = d i = d − 1 i = d − 2

Then iterates on the columns



Graphical LASSO

20

  Solving for GLASSO

Θ = (
Θ11 θ12

θ⊤
12 θ22)

argmin
Θ≻0

F(Θ) = − logdet(Θ) + ⟨Σ̂, Θ⟩ + λ∥Θ∥1, off

argmin
θ22

F(Θ11, θ12, θ22) =
1
̂σ22

+ θ12
⊤Θ−1

11 θ12 := θ⋆
22

 Schur complement

F(Θ) = − logdet(Θ11) − log(θ22−θ12
⊤Θ−1

11 θ12) + ̂σ22θ22+⟨Σ̂11, Θ11⟩ + 2⟨ ̂σ12, θ12⟩ + λ∥Θ11∥1, off + λ∥θ12∥1

Blocks

argmin
θ12

F(Θ11, θ12, θ⋆
22) = 2⟨ ̂σ12, θ12⟩ + λ∥θ12∥1 + ̂σ22θ12

⊤Θ−1
11 θ12∼LASSO

 BCD algorithm:

column-row + diag. updates

iter. 1 iter. 2 iter. 3

iter. iter.......

SpodNet layer 1

column-row + diag. updates

...

...

...

NN( ) NN( )
iter. 1 iter. 2 iter. 3

SpodNet layer 2

Update Update

det(Θ) = det(Θ11) × det(θ22−θ12
⊤Θ−1

11 θ12)

∈ S++
d

∈ S++
d∈ S++

d
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X = (x1, · · · ,xn),xi 2 Rd

<latexit sha1_base64="yG6wDoRLa2zwxiBxf6hyfK1NoEM="></latexit>

 Input: 

 Output:
xi 2 Rd ⇠ µ

<latexit sha1_base64="3mt/wmSiJZMgPnx/BEAbh3oUlQo="></latexit>

⇥ 2 Rd⇥d

<latexit sha1_base64="64aAHxj71bmWj9B7TYwIaGPEcAg="></latexit>

  Gaussian Graphical Model 
µ = N (0,⌃ = ⇥�1)

<latexit sha1_base64="/I+geqJOAWy2yiI7EFdyyb0QDkk="></latexit>

Gaussian assumption

 ⇥ij = 0 ()

<latexit sha1_base64="bmVslAgAnVCleQ7uMJB4RH7NowU="></latexit>

variable i is independent of j conditionally to the others

Si
de

 n
ot

e

  Penalized Maximum Likehood estimator 

⇥GLASSO = argmin
⇥�0

� logdet(⇥) + hb⌃,⇥iF + �k⇥k1,o↵

<latexit sha1_base64="9VcXvzZTGSURGQ/L/2lEz4GT3XI="></latexit>

 Optimization: convex problem
Coordinate descent

Involves LASSO steps (on the rows)
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  Gaussian Graphical Model 
µ = N (0,⌃ = ⇥�1)

<latexit sha1_base64="/I+geqJOAWy2yiI7EFdyyb0QDkk="></latexit>

Gaussian assumption

 ⇥ij = 0 ()

<latexit sha1_base64="bmVslAgAnVCleQ7uMJB4RH7NowU="></latexit>

variable i is independent of j conditionally to the others

Si
de
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  Penalized Maximum Likehood estimator 

⇥GLASSO = argmin
⇥�0

� logdet(⇥) + hb⌃,⇥iF + �k⇥k1,o↵

<latexit sha1_base64="9VcXvzZTGSURGQ/L/2lEz4GT3XI="></latexit>

 Many large scale variants:
QUIC, Big & QUIC [Hsieh & al, 2013-2014]

 Optimization: convex problem
Coordinate descent

Involves LASSO steps (on the rows)

SQUIC [Bollhöfer, 2019] + other estimators…
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X = (x1, · · · ,xn),xi 2 Rd
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  Gaussian Graphical Model 
µ = N (0,⌃ = ⇥�1)
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Gaussian assumption

 ⇥ij = 0 ()

<latexit sha1_base64="bmVslAgAnVCleQ7uMJB4RH7NowU="></latexit>

variable i is independent of j conditionally to the others

Si
de
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e

  Penalized Maximum Likehood estimator 

⇥GLASSO = argmin
⇥�0

� logdet(⇥) + hb⌃,⇥iF + �k⇥k1,o↵

<latexit sha1_base64="9VcXvzZTGSURGQ/L/2lEz4GT3XI="></latexit>

 Many large scale variants:
QUIC, Big & QUIC [Hsieh & al, 2013-2014]

 Optimization: convex problem
Coordinate descent

Involves LASSO steps (on the rows)

 Many modelisation variants:

SQUIC [Bollhöfer, 2019]

⇥ = L(G)

<latexit sha1_base64="o+oOz4ESpjuQT4bHJxgbpKqo2+U="></latexit>

is a Laplacian matrix of a graph
[Kumar, 2020]

+ other estimators…
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 Input: 

 Output:
xi 2 Rd ⇠ µ

<latexit sha1_base64="3mt/wmSiJZMgPnx/BEAbh3oUlQo="></latexit>

⇥ 2 Rd⇥d

<latexit sha1_base64="64aAHxj71bmWj9B7TYwIaGPEcAg="></latexit>

  Gaussian Graphical Model 
µ = N (0,⌃ = ⇥�1)

<latexit sha1_base64="/I+geqJOAWy2yiI7EFdyyb0QDkk="></latexit>

Gaussian assumption

 ⇥ij = 0 ()

<latexit sha1_base64="bmVslAgAnVCleQ7uMJB4RH7NowU="></latexit>

variable i is independent of j conditionally to the others

Si
de

 n
ot

e

  Penalized Maximum Likehood estimator 

⇥GLASSO = argmin
⇥�0

� logdet(⇥) + hb⌃,⇥iF + �k⇥k1,o↵

<latexit sha1_base64="9VcXvzZTGSURGQ/L/2lEz4GT3XI="></latexit>

 Many large scale variants:
QUIC, Big & QUIC [Hsieh & al, 2013-2014]

 Optimization: convex problem
Coordinate descent

Involves LASSO steps (on the rows)

 Many modelisation variants:

SQUIC [Bollhöfer, 2019]

⇥ = L(G)

<latexit sha1_base64="o+oOz4ESpjuQT4bHJxgbpKqo2+U="></latexit>

is a Laplacian matrix of a graph
[Kumar, 2020]

 Complexity of GLASSO:

O(d2)

<latexit sha1_base64="vOOrnrpfOXMjvLVlOnOEROkTIw8="></latexit>

In memory In time
O(d3)

<latexit sha1_base64="BnpgSKTscPBsPCeo6eLb7CHpFAI="></latexit>

b⌃ = 1
n

Pn
i=1 xix>

i

<latexit sha1_base64="aK/mceZJAEs+kKmTwYqv+4CernQ="></latexit>

+ other estimators…
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  Part I: Finding graphs from unstructured data

  Part II: Schur’s Positive-Definite Network 

  Part III: The sketching approach
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SpodNet: Schur’s Positive-Definite Network 

  Motivations 
 Model-based vs learning-based approach
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SpodNet: Schur’s Positive-Definite Network 

  Motivations 
 Model-based vs learning-based approach

 Neural network architecture for SDP learning with structure

NN : S++
d → S++

d

 Inspired by the GLASSO solver: unrolled architecture

focus on element-wise sparsity of output
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SpodNet: Schur’s Positive-Definite Network 

  Key ingredient: Schur’s condition for PSDness

Θ = (
Θ11 θ12

θ⊤
12 θ22) ≻ 0

Θ11 ≻ 0

Blocks
θ22 − θ⊤

12Θ
−1
11 θ12 > 0

⟺ &

 Holds for any 
value  
of the column !

  Motivations 
 Model-based vs learning-based approach

 Neural network architecture for SDP learning with structure

NN : S++
d → S++

d

 Inspired by the GLASSO solver: unrolled architecture

focus on element-wise sparsity of output
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SpodNet: Schur’s Positive-Definite Network 

  The architecture 

column-row + diag. updates

iter. 1 iter. 2 iter. 3

iter. iter.......

SpodNet layer 1

column-row + diag. updates

...

...

...

NN( ) NN( )
iter. 1 iter. 2 iter. 3

SpodNet layer 2

θ+
12 = f(x)

 One layer
column-row + diag. updates

iter. 1 iter. 2 iter. 3

iter. iter.......

SpodNet layer 1

column-row + diag. updates

...

...

...

NN( ) NN( )
iter. 1 iter. 2 iter. 3

SpodNet layer 2

θ+
22 = g(y) + θ+

12
⊤Θ−1

11 θ+
12

> 0

∈ S++
d

∈ S++
d
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SpodNet: Schur’s Positive-Definite Network 

  The architecture 

column-row + diag. updates

iter. 1 iter. 2 iter. 3

iter. iter.......

SpodNet layer 1

column-row + diag. updates

...

...

...

NN( ) NN( )
iter. 1 iter. 2 iter. 3

SpodNet layer 2

θ+
12 = f(x)

column-row + diag. updates

iter. 1 iter. 2 iter. 3

iter. iter.......

SpodNet layer 1

column-row + diag. updates

...

...

...

NN( ) NN( )
iter. 1 iter. 2 iter. 3

SpodNet layer 2

 One layer
column-row + diag. updates

iter. 1 iter. 2 iter. 3

iter. iter.......

SpodNet layer 1

column-row + diag. updates

...

...

...

NN( ) NN( )
iter. 1 iter. 2 iter. 3

SpodNet layer 2

θ+
22 = g(y) + θ+

12
⊤Θ−1

11 θ+
12

> 0
 Multiple layers:

∈ S++
d

∈ S++
d

∈ S++
d∈ S++

d ∈ S++
d
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SpodNet: Schur’s Positive-Definite Network 

  Efficient updates 

 Each iter. requires the computation of θ+
12

⊤Θ−1
11 θ+

12 𝒪(d3)
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SpodNet: Schur’s Positive-Definite Network 

  Efficient updates 

 Each iter. requires the computation of θ+
12

⊤Θ−1
11 θ+

12

 We can improve by keeping in memory 

𝒪(d3)

W = Θ−1

Θ−1
11 = W11 −

1
w22

w12w⊤
12 θ+

12
⊤Θ−1

11 θ+
12 𝒪(d2)
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SpodNet: Schur’s Positive-Definite Network 

  Efficient updates 

 Each iter. requires the computation of θ+
12

⊤Θ−1
11 θ+

12

 We can improve by keeping in memory 

𝒪(d3)

W = Θ−1

W+ =
[Θ11]−1 + [Θ11]−1θ+

12θ+
12

⊤[Θ11]−1

g(y) − [Θ11]−1θ+
12

g(y)

(− [Θ11]−1θ+
12

g(y) )
⊤

1
g(y)

 Using Schur’s inversion theorem if                                      is the updateΘ+ = (
Θ11 θ+

12

θ+
12

⊤ θ+
22)

satisfies W+ = [Θ+]−1

Θ−1
11 = W11 −

1
w22

w12w⊤
12 θ+

12
⊤Θ−1

11 θ+
12 𝒪(d2)

  Maintaining the inverse 
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SpodNet: Schur’s Positive-Definite Network 

  Examples of implementations



35

SpodNet: Schur’s Positive-Definite Network 

  Examples of implementations

 Unrolled Block-Graphical ISTA (UBG)

f : (θ12, ̂σ12, w12) → STλ+ (θ12 − γ+ × ( ̂σ12 − w12))
 are small perceptrons that learn regularization and step-sizeλ+, γ+
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SpodNet: Schur’s Positive-Definite Network 

  Examples of implementations

 Unrolled Block-Graphical ISTA (UBG)

f : (θ12, ̂σ12, w12) → STλ+ (θ12 − γ+ × ( ̂σ12 − w12))

 Inspired by a proximal coordinate gradient descent step on the 
GLASSO objective

 are small perceptrons that learn regularization and step-sizeλ+, γ+

Expressivity +

Sparsity +++

Interpretability +++
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SpodNet: Schur’s Positive-Definite Network 

  Examples of implementations

 Unrolled Block-Graphical ISTA (UBG)

f : (θ12, ̂σ12, w12) → STλ+ (θ12 − γ+ × ( ̂σ12 − w12))
 Plug and play

f : (θ12, ̂σ12, w12) → Ψ (θ12 − γ+ × ( ̂σ12 − w12))

 is a learned operator (proximal?)Ψ : ℝd−1 → ℝd−1

Expressivity ++

Sparsity ++

Interpretability ++
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SpodNet: Schur’s Positive-Definite Network 

  Examples of implementations

 Unrolled Block-Graphical ISTA (UBG)

f : (θ12, ̂σ12, w12) → STλ+ (θ12 − γ+ × ( ̂σ12 − w12))
 Plug and play

f : (θ12, ̂σ12, w12) → Ψ (θ12 − γ+ × ( ̂σ12 − w12))
 End to end

f : θ12 → Φ (θ12)

 For all architectures

g = NN(θ22, ̂σ22, schur) > 0
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SpodNet: Schur’s Positive-Definite Network 

  Nice but …

with random update of  θ12

 One workaround: « adaptive » normalization of the columns
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SpodNet: Schur’s Positive-Definite Network 

  Learning with SpodNet

Σ̂ + ϵI column-row + diag. updates

iter. 1 iter. 2 iter. 3

iter. iter.......

SpodNet layer 1

column-row + diag. updates

...

...

...

NN( ) NN( )
iter. 1 iter. 2 iter. 3

SpodNet layer 2

⋯
∈ S++

d

SpodNet(Σ̂) = Θ̂

  Data driven approach  Generate N sparse PSD matrices

 Minimize LMSE =
N

∑
i=1

∥Θi − Θ̂i∥2
F

(Θi)i
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SpodNet: Schur’s Positive-Definite Network 

  Stability
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SpodNet: Schur’s Positive-Definite Network 

  Performances on generated data

d = 100
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SpodNet: Schur’s Positive-Definite Network 

  Performances on animals
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SpodNet: Schur’s Positive-Definite Network 

  Takeaways

 Architecture for SPD + XXX is hard

 SpodNet: clever column/row update maintains SPD

 Can plug any column value: additional structure (e.g. sparse)

 Numerical stability is still a pain
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  Part I: Finding graphs from unstructured data

  Part II: Schur’s Positive-Definite Network 

  Part III: The sketching approach
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  Penalized Maximum Likehood estimator 

⇥GLASSO = argmin
⇥�0

� logdet(⇥) + hb⌃,⇥iF + �k⇥k1,o↵

<latexit sha1_base64="9VcXvzZTGSURGQ/L/2lEz4GT3XI="></latexit>

 Many large scale variants:
QUIC, Big & QUIC [Hsieh & al, 2013-2014]

 Optimization: convex problem
Coordinate descent

Involves LASSO steps (on the rows)

 Many modelisation variants:

SQUIC [Bollhöfer, 2019]

⇥ = L(G)

<latexit sha1_base64="o+oOz4ESpjuQT4bHJxgbpKqo2+U="></latexit>

is a Laplacian matrix of a graph
[Kumar, 2020]

 Complexity of GLASSO:

O(d2)

<latexit sha1_base64="vOOrnrpfOXMjvLVlOnOEROkTIw8="></latexit>

In memory In time
O(d3)

<latexit sha1_base64="BnpgSKTscPBsPCeo6eLb7CHpFAI="></latexit>

b⌃ = 1
n

Pn
i=1 xix>

i

<latexit sha1_base64="aK/mceZJAEs+kKmTwYqv+4CernQ="></latexit>

+ other estimators…
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  High overview:

n big

<latexit sha1_base64="UsG/64eOrFeSYKagvuXVI33fNo0="></latexit>

Parameters

m ⇡ # params ⌧ nd

<latexit sha1_base64="XfEUlRjOQRJI811FUwKbG/pUL2s="></latexit>

Sketch

Data

Learned  
model

b✓

<latexit sha1_base64="QBH8+n9RCKuBVYPuyvUuhU65wCw="></latexit>

d
bi

g

<latexit sha1_base64="dLO//Tbw3Ykjc+lDusxm6LVVpRM="></latexit>

Random  
projections

Inverse  
problem
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  High overview:

n big

<latexit sha1_base64="UsG/64eOrFeSYKagvuXVI33fNo0="></latexit>

Parameters

m ⇡ # params ⌧ nd

<latexit sha1_base64="XfEUlRjOQRJI811FUwKbG/pUL2s="></latexit>

Sketch

Data

Learned  
model

b✓

<latexit sha1_base64="QBH8+n9RCKuBVYPuyvUuhU65wCw="></latexit>

d
bi

g

<latexit sha1_base64="dLO//Tbw3Ykjc+lDusxm6LVVpRM="></latexit>

Random  
projections

Inverse  
problem

generalizes the principles of compressed sensing 
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  Obtaining the sketch
  A function called feature operator � : Rd ! Rm

<latexit sha1_base64="Fcm7vJuRA/vFoafhH97HMWriC5Q="></latexit>

  Averaging

  Average is a simple idea but …

n points ! s := 1
n

Pn
i=1 �(xi)

<latexit sha1_base64="orkIvj+oXstlcnBOC8kUuVI/sXc="></latexit>

n points ->

  It can be calculated in parallel …
t

<latexit sha1_base64="mD8f3spumH+rjPgFce23CHNHh6U="></latexit>

  Suitable for distributed /streaming scenarii
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X = (x1, · · · ,xn),xi 2 Rd

<latexit sha1_base64="yG6wDoRLa2zwxiBxf6hyfK1NoEM="></latexit>

n

<latexit sha1_base64="lk5YNLijCZd9yCf6w9FgfFmdwKM="></latexit>

 Input: a dataset

xi 2 Rd ⇠ µ

<latexit sha1_base64="3mt/wmSiJZMgPnx/BEAbh3oUlQo="></latexit>

 Output: graph of relations between  
the d variables 

1

<latexit sha1_base64="O6WL9X/tqap22tpIh+tkPyqw8tc="></latexit>

d

<latexit sha1_base64="J0rt+iW5uDzMOs7/dBfpZZewjZQ="></latexit>

2

<latexit sha1_base64="iPs+ltK2ryKisJnGJriBlqAydv4="></latexit>

O(d2)

<latexit sha1_base64="vOOrnrpfOXMjvLVlOnOEROkTIw8="></latexit>

In memory In time
O(d3)

<latexit sha1_base64="BnpgSKTscPBsPCeo6eLb7CHpFAI="></latexit>

b⌃ = 1
n

Pn
i=1 xix>

i

<latexit sha1_base64="aK/mceZJAEs+kKmTwYqv+4CernQ="></latexit>

GLASSO

GLASSO ⇥ 2 Rd⇥d

<latexit sha1_base64="64aAHxj71bmWj9B7TYwIaGPEcAg="></latexit>
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n

<latexit sha1_base64="lk5YNLijCZd9yCf6w9FgfFmdwKM="></latexit>

 Input: a dataset  Output: graph of relations between  
the d variables 

1

<latexit sha1_base64="O6WL9X/tqap22tpIh+tkPyqw8tc="></latexit>

d

<latexit sha1_base64="J0rt+iW5uDzMOs7/dBfpZZewjZQ="></latexit>

2

<latexit sha1_base64="iPs+ltK2ryKisJnGJriBlqAydv4="></latexit>

O(d2)

<latexit sha1_base64="vOOrnrpfOXMjvLVlOnOEROkTIw8="></latexit>

In memory In time
O(d3)

<latexit sha1_base64="BnpgSKTscPBsPCeo6eLb7CHpFAI="></latexit>

b⌃ = 1
n

Pn
i=1 xix>

i

<latexit sha1_base64="aK/mceZJAEs+kKmTwYqv+4CernQ="></latexit>

GLASSO

⇥ 2 Rd⇥d

<latexit sha1_base64="64aAHxj71bmWj9B7TYwIaGPEcAg="></latexit>

Sketch

Sketching

In memory In time

m ⇡ # edges

<latexit sha1_base64="+LGOMXzuAHp6TvEOdqO3B4ea0n4="></latexit>

O(m) ⌧ d2

<latexit sha1_base64="wnzSCfXIZM0J74Fpib0+MH9RSFM="></latexit>

s = Ex[�(x)] 2 Rm

<latexit sha1_base64="yzx9gt6bG8CGjUChfRfFoP8I7dM="></latexit>

O(?)

<latexit sha1_base64="TM9V/U8Tx26IHiT6Q0UYx4eQCNU="></latexit>

s = Sketch(X) 2 Rm

<latexit sha1_base64="j9f0SqNLylSXTLCAmq5CgVq9AXo="></latexit>
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n

<latexit sha1_base64="lk5YNLijCZd9yCf6w9FgfFmdwKM="></latexit>

 Input: a dataset  Output: graph of relations between  
the d variables 

1

<latexit sha1_base64="O6WL9X/tqap22tpIh+tkPyqw8tc="></latexit>

d

<latexit sha1_base64="J0rt+iW5uDzMOs7/dBfpZZewjZQ="></latexit>

2

<latexit sha1_base64="iPs+ltK2ryKisJnGJriBlqAydv4="></latexit>

O(d2)

<latexit sha1_base64="vOOrnrpfOXMjvLVlOnOEROkTIw8="></latexit>

In memory In time
O(d3)

<latexit sha1_base64="BnpgSKTscPBsPCeo6eLb7CHpFAI="></latexit>

b⌃ = 1
n

Pn
i=1 xix>

i

<latexit sha1_base64="aK/mceZJAEs+kKmTwYqv+4CernQ="></latexit>

GLASSO

⇥ 2 Rd⇥d

<latexit sha1_base64="64aAHxj71bmWj9B7TYwIaGPEcAg="></latexit>

Sketch

Sketching

In memory In time

m ⇡ # edges

<latexit sha1_base64="+LGOMXzuAHp6TvEOdqO3B4ea0n4="></latexit>

O(m) ⌧ d2

<latexit sha1_base64="wnzSCfXIZM0J74Fpib0+MH9RSFM="></latexit>

s = Ex[�(x)] 2 Rm

<latexit sha1_base64="yzx9gt6bG8CGjUChfRfFoP8I7dM="></latexit>

O(?)

<latexit sha1_base64="TM9V/U8Tx26IHiT6Q0UYx4eQCNU="></latexit>

s = Sketch(X) 2 Rm

<latexit sha1_base64="j9f0SqNLylSXTLCAmq5CgVq9AXo="></latexit>

 Keep only what we need through  
the sketch 

 The underlying graph is sparse 

  Why should it work ?
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  The feature operator � : Rd ! Rm

<latexit sha1_base64="Fcm7vJuRA/vFoafhH97HMWriC5Q="></latexit>
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Aj ⇠ ⇤

<latexit sha1_base64="BmEYTW2TtxaadXXK2bqY42fG4XI="></latexit>

  The feature operator � : Rd ! Rm

<latexit sha1_base64="Fcm7vJuRA/vFoafhH97HMWriC5Q="></latexit>

 In this talk: quadratic measurements is a random matrix

�(x) = 1p
m
(x>A1x, · · · ,x>Amx)>

<latexit sha1_base64="VobITy/OPxOLXu4JKf1ssXh8azI="></latexit>
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Aj ⇠ ⇤

<latexit sha1_base64="BmEYTW2TtxaadXXK2bqY42fG4XI="></latexit>

  The feature operator � : Rd ! Rm

<latexit sha1_base64="Fcm7vJuRA/vFoafhH97HMWriC5Q="></latexit>

 In this talk: quadratic measurements is a random matrix

Gaussian measurements

�(x) = 1p
m
(x>A1x, · · · ,x>Amx)>

<latexit sha1_base64="VobITy/OPxOLXu4JKf1ssXh8azI="></latexit>

Aj ⇠
i.i.d

N (0, Id⇥d)

<latexit sha1_base64="WQKwhErmUrPpFbPOk3CpWMlRkWk="></latexit>
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Aj ⇠ ⇤

<latexit sha1_base64="BmEYTW2TtxaadXXK2bqY42fG4XI="></latexit>

  The feature operator � : Rd ! Rm

<latexit sha1_base64="Fcm7vJuRA/vFoafhH97HMWriC5Q="></latexit>

 In this talk: quadratic measurements is a random matrix

Rank-one measurements

Aj = aja>j

<latexit sha1_base64="TEMEsZF0bTcg4CbvenEsorIK9II="></latexit>

�(x) =
�
|haj ,xi|2

�
j2[[m]]

<latexit sha1_base64="B4CJoFQrtfwdVi11OTSQlC3HryU="></latexit>

Gaussian measurements

aj ⇠
i.i.d

N (0, Id)

<latexit sha1_base64="f9J8NbxPOS8peaw0xASrfh5Xc0M="></latexit>

�(x) = 1p
m
(x>A1x, · · · ,x>Amx)>

<latexit sha1_base64="VobITy/OPxOLXu4JKf1ssXh8azI="></latexit>

Aj ⇠
i.i.d

N (0, Id⇥d)

<latexit sha1_base64="WQKwhErmUrPpFbPOk3CpWMlRkWk="></latexit>

Structured rank-one

End of presentation

 Inspired by works on low-rank matrix completion
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Aj ⇠ ⇤

<latexit sha1_base64="BmEYTW2TtxaadXXK2bqY42fG4XI="></latexit>

  The feature operator � : Rd ! Rm

<latexit sha1_base64="Fcm7vJuRA/vFoafhH97HMWriC5Q="></latexit>

 In this talk: quadratic measurements is a random matrix

Rank-one measurements

Aj = aja>j

<latexit sha1_base64="TEMEsZF0bTcg4CbvenEsorIK9II="></latexit>

�(x) =
�
|haj ,xi|2

�
j2[[m]]

<latexit sha1_base64="B4CJoFQrtfwdVi11OTSQlC3HryU="></latexit>

Gaussian measurements

aj ⇠
i.i.d

N (0, Id)

<latexit sha1_base64="f9J8NbxPOS8peaw0xASrfh5Xc0M="></latexit>

�(x) = 1p
m
(x>A1x, · · · ,x>Amx)>

<latexit sha1_base64="VobITy/OPxOLXu4JKf1ssXh8azI="></latexit>

Aj ⇠
i.i.d

N (0, Id⇥d)

<latexit sha1_base64="WQKwhErmUrPpFbPOk3CpWMlRkWk="></latexit>

Structured rank-one

End of presentation

 Inspired by works on low-rank matrix completion

A : Sd ! Rm

<latexit sha1_base64="wmGVrhNLrYX9YJCfzQ6ukJlCZcg="></latexit>

 Defined a linear op. on symmetric matrices

s = 1
n

nP
i=1

�(xi) = Ab⌃ 2 Rm

<latexit sha1_base64="5+5Au6NcMk7aIV2s947FqeACdfo="></latexit>

AS = 1p
m
(hAj ,SiF )j2[[m]]

<latexit sha1_base64="29D3/NlT+Dx8aa6wT7U3fUwYbEY="></latexit>

Emp. cov.
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