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| Overview of the talk

B Part I: Finding graphs from unstructured data




|Graph Learning
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|Graph Learning
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|Graph Learning

I Input: a dataset = = = = = = = = = = = L ). [ Output: graph of relations between
X = (X1, ,Xn) the d variables
A 9  also: genomics,

biological networks, energy...
d

\

x; € R ~ o

I Graph modeled as a matrix:

O c Rdxd

Q, 37 : Interaction between variable i and |

statistical correlations

statistical dependencies




|Epilepsy: the big picture

B One of the most common neurological disorder, affecting 1% of the global
population

I Nearly 30% of patients are drug-resistant

B Surgical solution: remove the epileptic onset area (resection)
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B One of the most common neurological disorder, affecting 1% of the global
population

I Nearly 30% of patients are drug-resistant

B Surgical solution: remove the epileptic onset area (resection)
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| Graphical LASSO

B Gaussian Graphical Model
Gaussian assumption ft = N (0,2 = @~ 1)
W O,;; =0 <= variableiis
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| Graphical LASSO

B Gaussian Graphical Model
Gaussian assumption ft = N (0,2 = @~ 1)

W O,;; =0 <= variableiis of j

B Maximum Likehood estimator ~ Emp.cov. ¥ = = >  x;x,

1

OMLE = arg min — logdet(@) -+ <§, @>F
®>0
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B When 3 is invertible OnMLE = (2)_1
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| Graphical LASSO

B Gaussian Graphical Model
Gaussian assumption ¢ = N (0, X = @_1)

W O,;; =0 <= variableiis of j
T

1

B Maximum Likehood estimator ~ Emp.cov. ¥ = = >  x;x

OMLE = arg min — logdet(@) -+ <§, @>F
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| Graphical LASSO

B Gaussian Graphical Model
Gaussian assumption ¢ = N (0, X = @_1)
W O,;; =0 <= variableiis of j

B Maximum Likehood estimator ~ Emp.cov. ¥ = = > " x;x,

n 1— 1

OMLE = arg min — logdet(@) -+ <§3, @>F
®>0

.Whenf] is invertible Oy = (i)_l
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Input: X = (x1, -+ ,Xp)
x; € RY ~ 14
Output: @ € RA*d

| Graphical LASSO

B Gaussian Graphical Model
Gaussian assumption ft = N (0,2 = @~ 1)

W ©;; =0 <= variableiis independent of j conditionally to the others

B Penalized Maximum Likehood estimator [Friedman-Hastie-Tibshirani, 2007]

Ocrasso = a,rgmin — logdet(@) -+ <§], @>F -+ )\H@HLOﬁ‘
0

H Q) H 1,0ff = Z i< ‘@z i ‘ promotes sparsity for the output graph

)3 OvLE O a1.ASSO
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| Graphical LASSO

B Solving for GLASSO  argmin F(®) = — logdet(®) + (£, 0) + 4[|®]|; o5
0>0

B Schur complement

®11 912
(912 922

0 =
det(®) = det(®,,) X det(05,— 0, O7]0-)
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| Graphical LASSO

B Solving for GLASSO  argmin F(®) = — logdet(®) + (£, 0) + 4[|®]|; o5
0>0

O, 0, B Schur complement
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B Solving for GLASSO  argmin F(®) = — logdet(®) + (£, 0) + 4[|®]|; o5
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| Graphical LASSO

B Solving for GLASSO  argmin F(®) = — logdet(®) + (£, 0) + 4[|®]|; o5
0>0

®, 0 B Schur complement
@ _ 11 12
0, 60, det(®) = det(©,,) x det(d,,—0,, ' O710,,)

F(®) = —logdet(O) — 1og(922—612T®1—11(912) + 6300+ (211, 011) + 2(615,01,) + MOy, o + A1

1
B BCD algorithm: argmin F(®;,0,,,0,,) = — + 01, 076, := 65

0,, 020
LASSO ~ argmin F(©,0,, 92*2) = 2(612, 015) + AlO5 1l + 622912T®1_11912
612
i=d-—1 i=d-2

Then iterates on the columns !! g EIE
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| Graphical LASSO

B Solving for GLASSO  argmin F(®) = — logdet(®) + (£, 0) + 4[|®]|; o5
0>0

O, 0, B Schur complement
e =
0, 60, det(®) = det(©,,) x det(d,,—0,, ' O710,,)

F(©) = —logde(©,,) — 1og(0,—0,, O70,,) + 62000, +(Z11,0,,) + 2(615,0,,) + MOy, o + A1

1
B BCD algorithm: argmin F(®,,,0,,,6,,) =—+0,,' 070, := 6

0,, )
. *\ A A T-—1
LASSO ~ argmin F(O,0,,,05) = 2(61,,0,,) + A0 |1 + 620,, OF, 05
812
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Input: X = (x1,--+,Xn)
X,; © R% ~ 5
Output: @ € RI*d

| Graphical LASSO

B Gaussian Graphical Model
Gaussian assumption ft = N (0,2 = @~ 1)

W O,;; =0 <= variableiis of j

B Penalized Maximum Likehood estimator

AN

OaLAsso = arg min — logdet(@) -+ <E, @>F -+ )\H@‘
®>0

1,oft

I Optimization: convex problem

Coordinate descent

Involves LASSO steps (on the rows)
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B Gaussian Graphical Model
Gaussian assumption ft = N (0,2 = @~ 1)

W O,;; =0 <= variableiis of j

B Penalized Maximum Likehood estimator
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I Optimization: convex problem
Coordinate descent
Involves LASSO steps (on the rows)
I Many large scale variants:

QUIC, Big & QUIC [Hsieh &al, 2013-2014]
SQUIC [Bollhéfer, 2019] + other estimators...
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| Graphical LASSO

B Gaussian Graphical Model
Gaussian assumption ft = N (0,2 = @~ 1)

W O,;; =0 <= variableiis of j

B Penalized Maximum Likehood estimator

OaLAsso = arg min — logdet(@) -+ <E, @>F -+ )\H@‘ 1,0ff
®>0
I Optimization: convex problem Bl Many modelisation variants:
Coordinate descent e — L(g) is 3 of a graph
[Kumar, 2020]

Involves LASSO steps (on the rows)

I Many large scale variants:

QUIC, Big & QUIC [Hsieh &al, 2013-2014]
SQUIC [Bollhéfer, 2019] + other estimators...
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| Graphical LASSO

B Gaussian Graphical Model
Gaussian assumption ft = N (0,2 = @~ 1)

W O,;; =0 <= variableiis of j

B Penalized Maximum Likehood estimator

OaLAsso = arg min — logdet(@) -+ <E, @>F -+ )\H@‘ 1,0ff
®>0
I Optimization: convex problem Bl Many modelisation variants:
Coordinate descent e — L(g) is 3 of a graph
Involves LASSO steps (on the rows) [Kumar, 2020]
. I Complexity of GLASSO:
I Many large scale variants:
QUIC, Big & QUIC [Hsieh & al, 2013-2014] In memory n time
, Big sieh & al, - ~
2 3
SQUIC [Bollhdfer, 2019] + other estimators... 2 > O(d ) O(d )
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| Overview of the talk

B Part I: Finding graphs from unstructured data

B Part lI: Schur’s Positive-Definite Network

B Part lll: The sketching approach
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|SpodNet: Schur’s Positive-Definite Network

B Motivations
B Model-based vs learning-based approach
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B Motivations
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B Neural network architecture for SDP learning with structure
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M Inspired by the GLASSO solver: unrolled architecture
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|SpodNet: Schur’s Positive-Definite Network

B Motivations
B Model-based vs learning-based approach

B Neural network architecture for SDP learning with structure

NN : Sc_l,l__l_ — Sc_ZH_ focus on element-wise sparsity of output

M Inspired by the GLASSO solver: unrolled architecture

B Key ingredient: Schur’s condition for PSDness

@11 912 @11 >0 W Holds for any
O = > () value
6’11_2 0r & of the column !

!! 0y, — 01,097,601, > 0
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|SpodNet: Schur’s Positive-Definite Network

B The architecture

iter. 1

I One layer NN (I
++ )
SRR \
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|SpodNet: Schur’s Positive-Definite Network

B The architecture

I One layer

iter. 1

I Multiple layers:

iter. 1 iter.2 iter.3
NN (7))

NN ([1)— S
_ _ \ \ -i.-

—>»| column-row + diag. updates

L5l

iter. p

iter. 1 iter. 2 iter. 3

column-row + diag. updates

iter. p
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|SpodNet: Schur’s Positive-Definite Network

B Efficient updates

. . . + T —1n+
Ml Each iter. requires the computation of 6, ©7, 60,

— 0(d’)
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|SpodNet: Schur’s Positive-Definite Network

B Efficient updates

. . . + T —1n+
Ml Each iter. requires the computation of 6, ©7, 60,

! We can improve by keeping in memory W = @—1

— O(d?)

1 T )
(”)1_11 = W W12W1Tz ‘91+2 ®1119fr2_’@(d )

Woo
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|SpodNet: Schur’s Positive-Definite Network

B Efficient updates

M Each iter. requires the computation of 6’1_"2T®1_11 0, —O(d 3)

! We can improve by keeping in memory W = @—1

1 T
-1 _ T + —1p+ 2
11— Wi " WiaWis ‘912 (")11912_’@(61 )
22

B Maintaining the inverse

®11 ef_Z
B Using Schur’s inversion theorem if @ = T ] the update
912 922
@1 + [0,,1710505 10,17 0,176
11 —
g(y) g(y) o _
W = satisfies W1 = [®+] 1

T
_enloh 1
g(y) g(y)
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|SpodNet: Schur’s Positive-Definite Network

B Examples of implementations
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|SpodNet: Schur’s Positive-Definite Network

B Examples of implementations

M Unrolled Block-Graphical ISTA (UBG)
J i (Op, 619, wpp) = ST, (‘912 — 7T X (61, — le))

417, y" are small perceptrons that learn regularization and step-size
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|SpodNet: Schur’s Positive-Definite Network

B Examples of implementations

M Unrolled Block-Graphical ISTA (UBG)
J (01,619, wip) = ST+ (‘912 — 7" X (615 — le))

417, y" are small perceptrons that learn regularization and step-size

4 Inspired by a proximal coordinate gradient descent step on the
GLASSO objective
Expressivity +
Sparsity +++

Interpretability +++

30



|SpodNet: Schur’s Positive-Definite Network

B Examples of implementations

M Unrolled Block-Graphical ISTA (UBG)
J (01,619, wip) = ST+ (‘912 — 7" X (615 — le))

I Plug and play

f: 09129 512» W12) - Y (‘912 — 7’+ X (512 - WIZ))

+V¥ : R - R9 1 is alearned operator (proximal?)
Expressivity ++
Sparsity ++

Interpretability ++
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|SpodNet: Schur’s Positive-Definite Network

B Examples of implementations

M Unrolled Block-Graphical ISTA (UBG)

f 0912» 512» le) — ST,1+ (‘912 — 7+ X (512 - le))
I Plug and play

J (015,619, wyp) &> ¥ (6’12 — 7T X (61, — le))

B End to end B For all architectures

g = NN(6,,, 6,5, schur) > 0
f:0,, - ®(6),)
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|SpodNet: Schur’s Positive-Definite Network

B Nice but ...

11 —— Amin(©)
10+ A max(diag(9))
104 - —— cond(O)
10734
\’\ with random update of 0,

0 3 6 9 12
Column update index

B One workaround: « adaptive » normalization of the columns
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|SpodNet: Schur’s Positive-Definite Network

B Learning with SpodNet

iter. 1 iter.2  iter.3
NN ()

NN(_< \. -i.-

A ] A A
Z + € I —_— - column row+d1ag updates QiliiI —> 00 0 —VSPOdNet(Z) —N )

gali sl =

iter. p

++
SIS

B Data driven approach M Generate N sparse PSD matrices (@l) i
N

Co. . 2 112
. Minimize LMSE — Z “®l o ®1”F
=1



|SpodNet: Schur’s Positive-Definite Network

B Stability

/\max
Amln

-E 10_1 -i | 102 -; (—/\ — E2E

S § UBG

F<: -\h—-hh—’/’//”/’~ | PNP
101t E

10_23

o 50 100 o s0 100
Epochs Epochs
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|SpodNet: Schur’s Positive-Definite Network

B Performances on generated data

- @+ Ledoit-Wolf (non-sparse) -®- GLAD-Z (non-SPD) —@— GLasso —#— PNP (ours)
-®- OAS (non-sparse) -®- GLAD-O© (non-sparse) —€— UBG (ours) =9 E2E (ours)
d = 100
" U 0.6 -
m O
O
= N 0.4
Z 107 - —
] L.
0.2 -
10100200 500 10100200 500

Number of samples Number of samples
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|SpodNet: Schur’s Positive-Definite Network

B Performances on animals

GLasso (m = 0.61)

EGFM (m = 0.86)

UBG (ours) (im=0.78)
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Wolf
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Robin Eagl Cow
@ . e ag e i
Ant ~ Finch Horse TCamel Rhino
B Dolphin

Chicken Alligator

Salmon lguana Cockroach YNl
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Dog €23 Chimp
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Fith Eagle
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. ) Glragi
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Ant Salmon. Seal
Cockroach

Trout Penguin

43



|SpodNet: Schur’s Positive-Definite Network

B Takeaways

B Architecture for SPD + XXX is hard

B SpodNet: clever column/row update maintains SPD

B Can plug any column value: additional structure (e.g. sparse)

I Numerical stability is still a pain
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| Overview of the talk

B Part I: Finding graphs from unstructured data

B Part lI: Schur’s Positive-Definite Network

B Part lll: The sketching approach
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| Graphical LASSO

B Penalized Maximum Likehood estimator

OarASSO = arg min — logdet(@) + <E, @>F i )\H@‘ 1,0ff
©®>0
I Optimization: convex problem [ Many modelisation variants:
Coordinate descent e = L(g) is 3 of a graph
Involves LASSO steps (on the rows) [Kumar, 2020]
| I Complexity of GLASSO:
I Many large scale variants:
QUIC, Big & QUIC [Hsieh & al, 2013-2014] In memory n fime
, Big sieh & al, - ~
2 3
SQUIC [Bollhéfer, 2019] + other estimators... 2 > O(d ) O(d )
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' The sketching approach

B High overview:

v,
Random Inverse
projections problem Learned
oo < P > P odel
Parameters
Sketch
m ~ # params < nd




' The sketching approach

B High overview:

generalizes the principles of compressed sensing

Random Inverse
projections problem

Sketch
m ~ # params < nd

)

>| |--->

Parameters

Learned
model
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| The sketching approach

B Obtaining the sketch

B A function called

M Averaging npoints->S = =

n (large)

>

1

d||Xq|Xg

Xn

Da_tase_{:_ X

)
o
S

o
o
S

B Average is a simple idea but ...

B Suitable for

B It can be calculated in

o R 5 R™
n
Zi:1 (I)(Xi)
____________________ A
m™m
“a| Average
A——>8
KA
____________________ Y
Sketch
- m.ﬂr A
1 |[ e
scenarili \93 a
| €| 45
“ “‘,‘:»A ‘ [
>
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| Goal of this talk

W Input: a dataset = = == === = = = = = j> [ Output: graph of relations between

X = (%1, 7Xn)GLASSO the d variables ® € R*¢

/ ) 2

d||Xq| X2 Xnp | "\
BRREE >
Y : < m >
X,; & R% ~ )
GLASSO
In memory In time

>--» O(d?) O(d?)
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| Goal of this talk

M Input: a dataset = = == === ===~
s = Sketch(X) € R™

= > Output: graph of relations between
the d variables ® € R%*¢

2
m =~ # edges )
weeall [yt
< ) >
Sketch
GLASSO
In memory In time
> --»O(d?) O(d?)
Sketching
In memory In time

s--»0(m) < d?|  O(?)

o1




| Goal of this talk

W Input: a dataset = = = === === = - = > Output: graph of relations between

S — Sketch(X) c R™ the d variables ® € R4*¢

2
m =~ # edges )
eealfi, [y
Sketch n

GLASSO _

In memory In time B Why should it work ?

- -» O(d°) O(d”) B The underlying graph is sparse

Sketching B Keep only what we need through

In memory In time the sketch

s==pO(m) <&  O(7)

o2



\Towards theoretical compressive recovery

B The feature operator @ : R¢ — R™
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\Towards theoretical compressive recovery

B The feature operator ® : R — R™

" In this talk:

Aj ~ A isa

O(x) =

1
Jm

(x"Aix,---,x"A,,x)"

o4



\Towards theoretical compressive recovery

B The feature operator ® : R — R™
" In this talk: A j o~ Aisa

d(x) = \/%(XTAlX, oxTALX) T

Gaussian measurements

A ZfZ\Jd N(O, Lixd)

09



\Towards theoretical compressive recovery

B The feature operator @ : R¢ — R™

" In this talk: A j o~ Aisa
1 T T T
d(x) = \/_E(X Aix,---  x ALx)
Gaussian measurements Rank-one measurements
_ T ~
1.1.d 1.1.d

Structured rank-one

End of presentation

B (x) = (|<aj>X>\2)je[[mﬂ

I Inspired by works on low-rank matrix completion
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\Towards theoretical compressive recovery

B The feature operator @ : R¢ — R™

" In this talk: A j o~ A isa
1
d(x) = \/—E(XTAlx, oxTALX) T
Gaussian measurements Rank-one measurements
T
~ N(O Idxd) Aj — ajaj a ~ N(O Id)
1.2.d 1.1.d
Structured rank-one (I)(X) — (| <aj, X> ‘Z)jg[[m]]
End of presentation

I Inspired by works on low-rank matrix completion
Emp. cov.

I Defined a on A:S5; — R™ «

AS =

= (A 8)F)jepm |5= .Zlq)(xi) = AX e R™

ﬂ\H
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| Summary

- >
T
N\

S0

= || X1| X2 Xn

| |

N—"

<y e
Dataset

P(x1)

P(x2)

P (xn)

Sketch

A

Average
—>» S

\

m & (d + 2k)log(d)

m

Graph estimation © € R?*¢

53



